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PREFACE TO THE THIRD EDITION 

The reader^s attention is called to several changes and additions 
that have been made in this third edition of ‘‘Strength of Mate- 
rials.” On account of the great increase in the use of welding, 
two articles on welded joints have been added. Torsion of shafts 
has been treated earlier in the text, and an article on shearing 
stresses in noncircular shafts has been added. All the material 
on elastic resilience has been placed in one chapter. The sub- 
jects of shear centers of channel sections, H-sections with unequal 
flanges, and angle sections have been added. Continuous beams 
with fixed ends and unequal loads or spans have been treated. 
Moments and stresses in beams due to moving loads have been 
discussed. 

In this edition, the deflection of beams has been treated in 
only two ways, by the double integration method and by the 
area moment method. The chapter on the equivalent cantilever 
method has been omitted, since it is felt that it really belongs 
in a course in advanced strength of materials. 

In places in the text in which the author^s experience with his 
students appeared to demand it, additional illustrative examples 
have been solved. Except in a very few cases where certain 
typical problems are necessary, entirely new problems have been 
used. As in the former edition, the answers to all problems have 
been given. 

As in the second edition, the author wishes to acknowledge his 
indebtedness to Director Newlin and to the Forest Service of the 
U. S. Department of Agriculture for the valuable tables on timber, 
and to the American Institute of Steel Construction and the 
Building Code Committee of the U. S. Department of Commerce 
for permission to reprint the tables of specifications for structural 
steel. 

A. P. POORMAN. 

Purdue University, 

Marchy 1937. 
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PREFACE TO THE FIRST EDITION 


This book on Strength of Materials is intended primarily for 
use in undergraduate courses in Mechanics, and is a companion 
volume to the author’s book ‘^Applied Mechanics.” A working 
knowledge of the principles of physics, the calculus, and statics 
is assumed. The theoretical elastic behavior of engineering 
materials is treated concurrently with the results of experiment. 

In this book, as in Applied Mechanics,” a large* number of 
illustrative examples have been worked out in detail to aid the 
student in mastering the relation between theory and application. 
The problems at the end of each article form an integral part of 
the treatment of the subject and should be mastered thoroughly. 
The answers to all problems have been given for the encourage- 
ment of the student. Teachers who prefer that no answers be 
given may accomplish that result by making proper changes in 
the data of the problems. 

In the discussion of reinforced concrete beams, the ^'equivalent 
area” method has been used. A trial of this method for several 
years in the author’s classes has convinced him that his treat- 
ment has decided advantages over the one commonly used. 

The deflection of beams has been treated in three different 
ways. In Chapter VII, the widely used double integration 
method is given. In Chapter XVIII, the area moment method 
is developed and its application to some of the simpler cases is 
shown. In Chapter XIX, the equivalent cantilever method is 
developed. In the simpler cases, this method has no advantages 
over either of the other methods, but in the more complex cases 
its advantages become very evident. For the principles under- 
lying this method, the author is indebted to his colleague, 
Professor C. H. Lawrance. In an excellent article on the subject, 
Professor Lawrance has developed this method much more fully 
than the limits of this book will permit, and has shown its 
application to the theorem of three moments, to continuous 
beams with fixed ends, to portals of bridges, and to bents of steel 
mill buildings. 

vii 



viii PREFACE TO THE FIRST EDITION 

The student should provide himself with a standard steel 
handbook, even though some of the tables of properties of rolled 
steel shapes have been placed at the end of this book for handy 
reference. For permission to reprint Tables IX to XII from the 
Carnegie Pocket Companion, the author wishes to express his 
thanks to the Carnegie Steel Company of Pittsburgh, 
Pennsylvania. 

The author wishes to acknowledge his indebtedness to the 
standard books on Mechanics, in particular to the classic works 
of Rankine and Morley which have been used freely for refer- 
ence, and to those of Merriman, Church and Boyd, which have 
been used by the author as text books in his classes. 

A. P. POORMAN. 

Purdue University, 

July^ 1925. 
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STRENaXH OF MA.TERIALS 

CHAPTER I 

STRESSES AND STRAINS IN TENSION AND 
COMPRESSION 

1. Definitions. — Strength of materials is that branch of mechan- 
ics which treats of the forces acting upon elastic bodies and the 
resulting deformations. The elastic bodies which are considered 
are such as those which compose machines and structures used 
in engineering work. 

Stress is the internal force exerted by one part of a body upon 
the adjoining part. 

Strain or deformation is the change in the dimensions of a 
body caused by stress. 

According to Hookers law, a perfectly elastic body is one in 
which the strain in the direction of the stress is always propor- 
tional to the stress. materials are perfectly elastic, but it 
has been found by experiment that many materials used in 
engineering approximate this condition closely within certain 
limits. Since varying conditions, such as temperature, heat 
treatment, and previous mechanical treatment, change markedly 
the degree of elasticity of any given substance, results of experi- 
ments must continually be used to determine how much or how 
little is the variation of the behavior of any given material from 
the theoretic behavior of the perfectly elastic solid. 

A bar is commonly defined as a solid of prismatic form, that 
is, one having the same size throughout its length, as shown in 
Fig. 1(a). If a plane which intersects a bar is normal to the axis 
of the bar, the intersection of the plane and the bar is called the 
cross section of the bar. The area of this intersection is called 
the section area, as shown at A, in Fig. 1(a). 

An axial force is one which acts along the geometric axis of a 
bar, as force P in Fig. 1(a). If the resultant of a system of dis- 
tributed forces applied to a bar acts along its axis, the system is 
equivalent to an axial force. 
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2. Engineering Materials and Their Mechanical Properties. — 

Before beginning a theoretical discussion of the relations between 
stresses and deformations of elastic solids, it will be well to 
consider briefly some of the materials in common use in modern 
engineering work and their mechanical properties. The chief of 
these are timber, stone, brick, concrete, cast iron, wrought iron, 
steel, copper, and aluminum. 

Timber is light, elastic, resilient, and nonductile. As shown in 
Table I at the end of this volume, the average weight of timber is 
about 36 pounds per cubic foot. Table XIII gives the average 
weights of twenty-four species of American hard or deciduous 
timber, as determined by the Forest Products Laboratory, U. S. 
Forest Service, Madison, Wisconsin. These weights vary from 
26 to 62 pounds per cubic foot at 12 per cent moisture content. 
The average weight of the twenty-four species is 42 pounds per 
cubic foot. 

Table XIV gives the average weights of twenty-four species of 
American soft or conifer timber, which vary from 22 to 41 pounds 
per cubic foot and average 29.7 pounds per cubic foot. The aver- 
age of the entire forty-eight species is 36 pounds per cubic foot. 

On account of the fibrous and cellular structure of timber, its 
strength and elastic properties parallel t^the grain and perpen- 
dicular to the grain are entirely different. 

Stone is low in elasticity and resilience, nonductile, high in 
compressive strength, and low in tensile strength. Stone usually 
has either sedimentary or pressure cleavage planes, in which case 
its strength is not the same in all directions. Compressive 
stresses should always be applied to stone normal to the cleavage 
planes. Tensile and flexural stresses should always act parallel 
to the cleavage planes. The average weight of stone is about 160 
pounds per cubic foot. 

Brick is made from clay or shale which has been dried, pul- 
verized, moistened into mud, molded into proper shape, and 
burned. Brick is lighter than stone, its weight being only 125 
pounds per cubic foot, but, if well burned, its strength approaches 
that of stone. The other properties of brick are very much the 
same as those of stone. 

Concrete is composed of an aggregate of stone, or of sand and 
stone, bound together by hydraulic cement. On account of the 
materials of which it is composed, the properties of concrete are 
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very similar to those of stone. Its tensile strength is exception- 
ally low. The average weight of concrete is about 150 pounds per 
cubic foot. 

Cast iron is a metal produced from iron ores by a process of 
reduction in a blast furnace and refining in a cupola furnac^. 
Cast iron is very high in compressive strength, but is low in tensile 
strength, ductility, and malleability. A fractured surface shows 
a crystalline structure. Small iron castings may be made malle- 
able and increased in tensile strength by annealing in contact 
with decarbonizing material. The addition of nickel increases 
the tensile strength enormously. An amount as small as 2 per 
cent will more than double the tensile strength. The average 
weight of cast iron is about 450 pounds per cubic foot. 

Wrought iron is the term applied to iron which has been purified 
by melting in a reverberatory puddling furnace and by subse- 
quent working while in a pasty condition. Wrought iron is 
comparatively soft and ductile, very tough, malleable, and easily 
welded. It is heavier than cast iron, weighing about 480 pounds 
per cubic foot. In the process of working, the impurities it 
contains in the form of slag are drawn out in such a way as to 
give the metal a fibrous structure, particularly noticeable when 
fractured or when etched by acid. The strength of wrought iron 
is about the same in tension and compression. Wrought iron 
has been largely replaced by steel, especially in structural work, 
but on account of its superior resistance to corrosion, it is coming 
back into use, especially in sheet-metal work. 

Steely in its softer grades, closely resembles wrought iron both 
in chemical composition and in physical properties. The impuri- 
ties contained in the molten iron are removed by a process which 
involves complete fusion, and as a result the structure is granular 
instead of fibrous. Steel is a homogeneous material and has prac- 
tfcally the same strength in tension and compression. It is 
malleable, ductile, easily welded, and in the harder grades may be 
tempered. Its weight is about 490 pounds per cubic foot. 
Ordinary steel is subject to corrosion, a characteristic which 
tends to neutralize its cheapness. The addition to steel of small 
amounts of nickel, tungsten, vanadium, chromium, or molyb- 
denum adds enormously to the strength, hardness, and toughness 
of the metal. Such steels are called alloy steels and have a wide 
use in modern engineering. The addition of 8 per cent nickel 
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and 18 per cent chromium to steel makes the familiar stain- 
less steel, which is very resistant to corrosion under nearly all 
conditions. 

Copper is a reddish metal, highly malleable and ductile, and is 
4n excellent conductor of electricity. It is also highly resistant 
to corrosion, either alone or in alloys with other metals. An 
amount of copper as low as 0.2 per cent improves markedly the 
resistance of steel to corrosion. Copper is alloyed with zinc to 
form brass and with tin to form bronze. An alloy of copper with 
nickel called monel metal is extracted from an ore containing 
both metals without separating them. Copper weighs about 
556 pounds per cubic foot. 

Aluminum is a light, white metal, with a fair degree of ductility 
and malleability. It is highly resistant to corrosion and has an 



(a) (b) 

Fig. 1. 


electrical conductivity about 60 per cent that of copper. It 
weighs about 165 pounds per cubic foot. Its strength is very 
low, about one-third that of steel, but if it is alloyed with about 
3 per cent of copper to form duralumin, its strength may be 
made to approach that of steel, while its weight is increased 
only slightly. 

In addition to these principal engineering materials, there are 
many secondary materials, valuable on account of some special 
property. Among these may be mentioned Dow metal, a 
magnesium alloy weighing only about 115 pounds per cubic 
foot; rubber, valuable for its extreme range of elasticity; a 
synthetic rubber, called duprene, highly resistant to action by 
oils; glass, valuable for its transparency; and cordage and 
leather, valuable for their lightness,* toughness, and flexibility. 

3. Stresses in Tension and Compression. — Figure 1(a) 
represents a bar BC which is acted upon by two equal and oppo- 
site axial forces P, P. These forces tend to pull the bar apart and 
are called tensile forces. The bar is said to be in tension. If, 
now, the part of the bar on the left of section A is considered as a 
^‘free body,'’ there must be placed upon it at the section A, a 
force Pi which represents the action of the part removed upon 
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the part remaining, as shown in Fig. 1(6). The force Pi is the 
resultant of the system of distributed forces which compose the 
internal stress at the section. These internal forces are consid- 
ered to be uniformly distributed over the cross section, so their 
resultant is axial. It is necessary, also, that force Pi be equal and 
opposite to force P, since it must hold force P in equilibrium. 

In a similar manner Fig. 2(a) represents a bar BC in compres- 
sion, since it is acted upon by two equal and opposite axial 
forces P, P directed toward each other. In Fig. 2(6), the part 
of the bar on the right of section A is shown as a free body, upon 
which the force Pi, equal and opposite to force P, replaces the 
action of the left part which has been removed. 

The external compressive forces P, P at the ends of the bar 
are also called hearing stresses. 

(a) (b) 

Fig. 2. 

The unit stress at any section in a bar is the stress upon a unit 
area of the section, and its average value is obtained by dividing 
the total axial load P by the area of the cross section A. If S 
represents the average unit stress. 



The unit of area most commonly used by engineers in the 
United States is the square inch, and stresses are expressed in 
units of pounds per square inch, abbreviated, “Ib./in.^.” The 
bearing pressure of masonry upon its supporting soil or founda- 
tion is commonly expressed in units of tons per square foot. 
British engineers express stresses in units of long tons (2240 
pounds) per square inch, and Continental engineers use kilograms 
per square centimeter. 

If a vertical bar rests upon a horizontal base and carries no 
load but its own weight, the total stress at any horizontal cross 
section is the weight of the part of the bar above that cross 
section. The unit stress at any cross section is obtained by 
dividing the weight of the part of the bar above that cross section 
by the area of the cross section. 
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The unit stress at any section is also given by the weight of 
a bar which has unit cross section and a length equal to the height 
above that cross section. 

If a bar is suspended from its upper end and carries no load 
but its own weight, the same method of solution is used. 

PROBLEMS 

1 . A tie rod 2.5 in. in diameter supports a load of 75,000 lb. Comp\ite 

the unit stress S. Ans. 15,280 lb. /in.®. 

2 . A short timber block 9.6 by 15.8 in. supports a load of 182,000 lb. by 

means of a steel bearing block. Compute the unit stress S in the timber 
block. Ans. 1200 lb. /in.*. 

3. Compute the diameter of a bar to hold a load of 800 lb. with a stress - 

of 22,000 Ib./in.*. Ans. 0.215 in. 

4 . Compute the load necessary to cause a stress of 1000 lb. /in.* in a bar 

1.08 in. in diameter. Ans. 916 lb. 

6. A short piece of steel pipe 12.75 in. outside diameter and 12.00 in. 
inside diameter supports an axial load of 250,000 lb. Compute the unit 
stress. Ans. 17,150 lb. /in.*. 

6. Compute the height of a concrete chimney to cause a stress of 200 

lb. /in.* direct compressive stress at the base, assuming concrete weighs 
150 Ib./cu. ft. Ans. 192 ft. 

7 . If the concrete chimney referred to in Problem 6 is 12 ft. outside 

diameter and 8.5 ft. inside diameter, what must be the size of a square 
concrete base 2 ft. thick to support it if the allowable bearing pressure on 
the supporting soil is 2 tons/ft.*? Ans. 20.94 ft. 

8 . A steel cable 800 ft. long composed of nine wires each 0.148 in. in 

diameter, is hung vertically in a mine shaft and carries a load of 2500 lb. 
Compute the stress at the upper end due to its weight alone, and that due 
to the load alone. Steel weighs 490 Ib./cu. ft. Neglect the angularity of 
the wires. Ans. 2720 Ib./in.*; 16,150 lb. /in.*. 

4. Strains or Deformations in Tension and Compression. — 

A bar which is subjected either to a tensile force or to a com- 
pressive force will change in length, being lengthened by the 
tensile force and shortened by the compressive force. A bar 
of soft rubber illustrates this property very well. It will be 
found that when such a bar has a small load applied in tension, 
it will be elongated an amount which may easily be measured, 
while its cross section is decreased. If another load of the 
same amount is added, the total elongation will be twice as 
much, in accordance with Hooke’s law. If a third load of 
equal amount is added, there will be another equal increase in 
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the elongation, making the total elongation three times what it 
was for one load. If, now, the loads are all removed, the bar will 
return to its original length and cross section. 

In a similar manner, successive equal loads in compression will 
shorten the bar equal amounts and will increase its cross section. 
When the loads are removed, the bar regains its original size 
and shape. 

Practically all other engineering materials behave similarly, 
except that the amount of the deformation is extremely small. 
While a rubber bar may be stretched to two or three times its 
original length without apparent injury, a structural steel bar, 
for instance, may be stretched only about 0.0015 of its original 
length without injury. 

The unit strain in a bar is the deformation in a unit length of 
the bar. If both the load and the cross section of the bar are 
constant, the unit strain is obtained by dividing the total defor- 
mation by the original length. The Greek letter 5 (delta) will be 
used to represent the unit strain. If I is the original length of 
the bar and e the total deformation, 



If either the load or the cross section varies, the quantity e/l 
gives only the average unit strain. The exact value of the unit 
strain at any certain section of the bar is given by the differential 
expression, 5 = de/dl. 

If a bar is suspended from its upper end and carries only its 
own weight, the unit strain varies uniformly from zero at the 
lower end to a maximum value at the upper end. The average 
unit strain is given by the expression d = e/l, but the maximum 
unit strain at the upper end is di = 2e/h 

6. Elastic Limit. — As stated in Art. 4, it is found that for each 
increment in the stress on a bar there is a closely proportional 
increase in the strain, provided a certain limit of stress is not 
exceeded. If a stress greater than this limiting stress is applied, 
the corresponding strain is not proportional to the stress, but 
increases more rapidly. The unit stress at this limit is called 
the 'proportional elastic limit, and is defined concisely as follows: 

The proportio'nal elastic limit is the maximum unit stress up to 
which the strain is proportional to the stress. 
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It is found, also, that if a stress is applied to a bar and then 
removed, the resulting deformation or strain disappears, provided 
a certain limit of stress has not been exceeded. If a stress greater 
than this limit is applied, the resulting strain will not all disap- 
pear when the stress is removed, but a part of it will remain as a 
'permanent set The unit stress at this limit is also called the 
elastic limit, and for nearly all materials agrees very closely with 
the proportional elastic limit. By this definition, the elastic 
limit is the maximum unit stress which may be applied to a bar 
without producing a permanent set 

An accurate determination of the elastic limit, as just defined, 
evidently depends upon the detection of the smallest amount of 
permanent set. Tests with very precise instruments and with 
small increments of load will therefore give lower values than 
tests with less precise instruments and larger increments of load. 
Rapidity of loading and duration of loading affect the values 
obtained to a marked degree. The transmission and distribution 
of the applied load and its balancing by the induced internal 
stresses are not instantaneous. On this account, higher values 
of the elastic limit will be obtained if the loading is rapid than if it 
is slow. Higher values will also be obtained if the readings of 
the deformations are made as soon as the loads are applied, than 
will be obtained if some appreciable time is permitted to elapse. 

Theoretically there is a permanent set for any load, however 
small, since no material solids are perfectly elastic, but with 
ordinary instruments as commonly used, no permanent set 
is noticed until after the proportional elastic limit has been 
exceeded. Unless otherwise stated, the term elastic limit as used 
in this text will mean the proportional elastic limit. Table II 
gives average values of the elastic limit for some common engi- 
neering materials. Tables XIII and XIV give the values of the 
elastic limit of a number of species of timber as determined by 
tests at the Forest Products Laboratory, U. S. Forest Service, 
Madison, Wisconsin. 

PROBLEMS 

1, Compute the length of a vertical aluminum rod suspended at the upper 

end in which the stress at the point of suspension just reaches the elastic 
limit. Ans. 10,470 ft. 

2. Compute the length of a copper wire suspended in water in which the 
stress at the upper end is one-half of the elastic limit. Ans. 1460 ft. 
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3 . In a test of an 8-in. concrete cylinder in compression, six readings 

between zero and the elastic limit are desired. Compute the necessary 
increment of load. Ans. 8377 lb. 

4 . A steel wire 1200 ft. long and 0.18 in. in diameter for which the elastic 

limit is 80,000 lb. /in.*, is suspended in a mine shaft. What load in addition 
to its own weight will cause the stress at the upper end to reach the elastic 
limit? Ans. 1932 lb. 

6. Modulus of Elasticity. — Young^s modulus or the modulus of 
elasticity is the ratio of the unit stress to the corresponding 
unit strain for any value of the unit stress below the propor- 
tional elastic limit. As stated in Art. 4, this ratio is practically 
constant, and may therefore be obtained by dividing any incre- 
ment of unit stress by the corresponding increment of unit 
strain. The same relation holds true and practically the same 
values are obtained in both tension and compression for the 
common engineering materials. 

The modulus of elasticity will be represented by E and will be 
used in units of pounds per square inch. If S represents the unit 
stress and 5 the corresponding unit strain, 



It will be seen that if 8 becomes unity, E — so the modulus 
of elasticity may be considered as the unit stress which would 
stretch a bar to twice its original length, provided the elastic 
laws remained true through that range. Rubber is the only 
material for which the elastic laws hold true for this amount of 
deformation. As stated in Art. 4, the elastic range for structural 
steel is only about 0.0015 of this amount. 

Table II gives average values of the modulus of elasticity for 
some common engineering materials. Tables XIII and XIV give 
the values of the modulus of elasticity of a number of species of 
timber as determined by tests at the Forest Products Laboratory, 
U. S. Forest Service, Madison, Wisconsin. 

PROBLEMS 

1 . A steel bar 0.50 in. in diameter when tested in tension, stretched an 

amount of 0.0069 in. in a lengtfi of 8 in. with a load of 5000 lb. Compute S^ 
5, and E. Ans. 25,460 lb./in.»; 0.0008625; 29,500,000 Ib./in.*. 

2 . A concrete cylinder 8 in. in diameter tested in compression, shortened 

an amount of 0.0032 in. in a length of 15 in. with a load of 20,000 lb. Com- 
pute E, Ana. 1,870,000 lb. /in.*. 
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3 . A deep-well pump rod is 186 ft. long. If it is made of monel metal 
weighing 553 lb. per cu. ft. and E = 15,000,000 lb./in.^ how much is it 
stretched by its own weight? If it is in. in diameter, how much is it 
stretched when under a tension of 500 lb.? Ans. 0.0531 in.; 0.379 in. 

4 . Compute the pull necessary to stretch a steel wire 0.2 in. in diameter 
and 750 ft. long an amount of 2 in. HE- 26,000,000 Ib./in.*. 

Am. 182 lb. 


7. Stresses in Bars of Two Materials. — If a bar carrying 
tensile or compressive loads is composed of two materials with 
different moduli of elasticity, the material with the lower modulus 
will take less unit stress than the other for the same deform&tion. 
Let h be the unit strain, Si and S^ the unit stresses, Ei and Ei 
the moduli of elasticity, and P the total load applied. Then, 
since 5 = S/E^ 

Si _ S2 
El E^ 


or 



Let the ratio of the moduli, E^IEiy be called n^. Then 

S<i = n^Siy 

and 

P = AiSi H” A 2 S 2 = {Ai + n2i4.2)Si. 

The quantity n2A2 may be called the equivalent area, and is th^ 
amount of area of the one material which would replace the 
area ^^2 of the other, and have the same unit strain. 

If there are three different materials, a similar procedure is 
followed. Areas A 2 and A3 are replaced by their equivalent 
areas, n2A2 and nzAz. 

EXAMPLE 


A copper bar 2 in. wide and in. thick is placed between two structural 
steel bars each 2 in. wide and % in. thick. Compute the unit stress and 
the unit strain in each material caused by a tensile load of 20,000 lb. Com- 
pute the elongation in a length of 2 ft. 

Solution.— Ijet Ai be the area of the copper and A 2 the area of the steel. 
Ai « lsq.in.,A 2 - 1.5 sq. in., = 15,000,040 Ib./in.*, and J ?2 = 29,000,000 
lb. /in.*. 


n% 

UiAi 


_ 29 
El 15 
1.933 X 


« 1.933. 

1.5 « 2.9 sq. in. 
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This area, 2.9 sq. in., is the area of copper which would be equivalent to the 
1.5 sq. in. of steel. The original area of the copper plus the copper equiva- 
lent of the area of the steel is then 


A\ + W 2 A 2 = 1 -f 2.9 = 3.9 sq. in. 

S^ = = 5128 Ib./in.*. 

^2 = n-Si = 1.933 X 5128 = 9914 lb./in.». 
5128 


8 = 


= 0.000342. 


15,000,000 
e = = 24 X 0.000342 - 0.0082 in. 


PROBLEMS 

1 . A concrete cylinder 8 in. in diameter and 16 in. long is reinforced with 
four structural steel rods, each 1 in. in diameter. Compute the unit stress 
in each material and the total deformation due to an axial compressive load 
of 80,000 lb. 

Ans. Sx = 864 Ib./in.^; S2 = 12,500 Ib./in.^; e = 0.006912 in. 

2 . A block of timber 16 in. square is reinforced with a 6- by 6- by 1-in. 
structural steel angle at each corner. Using the value of as 1,750,000 
lb./in.^ compute the total axial load which will cause a stress of 18,000 
lb. /in.* in the steel. Compute the unit stress in the timber. 

Am, 1,070,000 lb.; 1087 lb. /in.*. 

3 . A piece of structural steel pipe 12.5 in. outside diameter and 12 in. 

inside diameter is filled with concrete. If the allowable stress in the steel 
is 18,000 lb. /in.* and that in the concrete is 1000 Ib./in.*, what total axial 
load may be applied? Am. 252,600 lb. 

4 . A 1-in. steel bolt extends through a brass tube which is 1 in. inside 
diameter, 1.6 in. outside diameter, and 12 in. long. The threads on the 
bolt have a pitch of 0.15 in. Compute the unit stress in each material 
when the nut on the bolt is turned down one-tenth of a turn. 

Ans, Si = 15,570 Ib./in.*; S 2 = 9980 Ib./in.*. 

6. A cast-iron cylinder 4 in. in diameter is surrounded by a concrete block 
12 in. square, at each corner of which is a structural steel angle 6 by 6 by 

in. Compute the unit stress in each material due to an axial load of 
600,000 lb. Am, 8050 Ib./in.*; 1073 Ib./in.*; 15,560 Ib./in.*. 

8. Temperature Stresses. — Through ordinary ranges of tem- 
perature, bodies expand as their temperature rises, and contract 
as their temperature falls. The relative change of dimension 
per degree of temperature is called the coefficient of tempera- 
ture and is here represented by the Greek letter c (epsilon). 
Table VI gives values of the coefficients of temperature for several 
materials for both Fahrenheit and centigrade scales. 

If a bar is free to expand or contract as its temperature rises 
or falls, there will be no change in its condition of internal 
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stress. If, however, a bar is partly or wholly restrained, the 
same internal stress will be induced, below the elastic limit, 
as would be necessary to cause the same change in length. As 
shown in Art. 6, S = E8. If t is the number of degrees change in 
temperature, 5 = €<, so /S = EeL 

PROBLEMS 

1 . A steel fence wire 0.148 in. in diameter is stretched between fixed end 

posts with a tension of 300 lb. when the temperature is 90°F. If the elastic 
limit of the wire is 40,000 Ib./in.^ to what temperature could the wire fall 
without causing a permanent set? Ans. — 29.7®F. 

2 . Steel railroad rails 39 ft. long are laid in a track with spaces of ia. 

between their ends when the temperature is 40°F. What will be the space 
between them when the temperature is — 20®F.? At what temperature 
will the rails just touch? What will be the unit stress in the rails when the 
temperature is 140°F.? A7is. 0.3075 in.; 81°F.; 11,100 lb. /in.*. 

3 . The inside diameter of a locomotive tire is 71.97 in. at a temperature 
of 60°F. Compute the temperature when the diameter is 72.06 in. If the 
tire is then placed on the wheel and the inside diameter of the tire is 72.00 in. 
when it is cooled again to 60°F., what is the unit stress in the tire? 

Ans, 252.6°F.; 12,100 Ib./in.*. 

9. Poisson’s Ratio. — Exper;ment has shown that when a bar 
is subjected to a tensile stress, its transverse dimensions are 
shortened at the same time that its axial dimension is lengthened. 
Similarly, when a bar is subjected to a compressive stress, its 
transverse dimensions are lengthened at the same time that its 
axial dimension is shortened. Below the clastic limit, the trans- 
verse deformation is proportional to the stress the same as is the 
axial deformation. Since both the unit lateral deformation and 
the unit axial deformation are proportional to the stress, their 
ratio is constant. This ratio of the unit lateral deformation to 
the unit axial deformation is called Poisson ratio, and is denoted 
by m. The average value of m for cast iron is about 0.25, the 
value for wrought iron and steel is about 0.30, and for brass and 
copper it is about 0.33. 

In case direct axial stresses are applied in two directions or in 
all three directions, each axial stress produces its deformation 
independently of the others, and the total change in any one 
dimension is the algebraic sum of all of the deformations in that 
direction. 

Since stresses are proportional to deformations, the equivalent 
stress in any direction is given by the expression S = Eb, 
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EXAMPLE 1 


eaooo 


The steel bar shown in Fig. 3 is 2 in. wide, 1 in. thick, and 12 in. long. If 
the value of E is 30,000,000 Ib./in.*, compute the new dimensions of the bar 
and the equivalent lateral unit stress due to an axial tensile load of 60,000 lb. 

Solution. — ^I-iet the X, F, and Z axes be placed as shown in Fig. 3. The 
direct unit stress in the X direction is St - 60,000/2 ~ 30,000 lb. /in.*. 
The unit axial elongation due to this y, 

load is hx = S/E — 0.001 in., and 
the total elongation is c* = 12 X 

0.001 = 0.012 in. Each lateral 
dimension is shortened, the unit 
shortening being 0.3 X 0.001 = 

0.0003 in. The 2-in. dimension 
then becomes 2 — 2 X 0.0003 = 1.9994 in. The 1-in. dimension becomes 
1 — 0.0003 = 0.9997 in., and the 12-in. dimension becomes 12 -f 0.012 
= 12.012 in. The equivalent lateral unit stress in each direction is 0.0003 
X 30,000,000 = 9000 Ib./in.*. 




eqooo 
X 


Flo. 3. 


EXAMPLE 2 

If the bar described in Example 1 has an additional load of 648,000 lb. in 
compression parallel to the Y axis, compute the new dimensions and the 
equivalent stress in each dire(;tion. 

Solution . — Parallel to the Y axis, the direct unit stress is Sy — 648,000/24 
= 27,000 lb. /in.*. The 1-in, dimension is shortened an additional amount 
of by — 27,000/30,000,000 = X).0009 in., and so becomes 1 — 0.0003 -• 
0.0009 == 0.9988 in. The 2-in. dimension is lengthened by an amount of 
2 X 0.3 X 0.0009 = 0.00054 in. and so becomes 2 — 0.0006 + 0.00054 = 
1.99994 in. The 12-in. dimension is lengthened an additional amount of 
12 X 0.3 X 0.0009 ~ 0.00324 in., and becomes 12 + 0.012 + 0.00324 = 
12.01524 in. 

The unit elongation in the 12-in. dimension is 0.01524/12 = 0.00127 in., 
and the equivalent unit stress is 0.00127 X 30,000,000 = 38,100 lb. /in.* 
tension. The unit shortening in the 2-in. dimension is 0.00006/2 = 0.00003 
in., and the equivalent unit stress is 0.00003 X 30,000,000 = 900 lb. /in.* 
compression. The unit shortening in the 1-in. dimension is 0.0012 in., 
and the equivalent unit stress is 0.0012 X 30,000,000 = 36,000 lb. /in.* 
compression. 


PROBLEMS 

1 . If the loads mentioned in the examples above are removed, and a load 
of 288,000 lb. in compression is applied parallel to the Z axis, what are the 
new dimensions of the bar? Am. 12.00288 in.; 1.00024 in.; 1.99840 in. 

2. If the load mentioned in Problem 1 is in addition to the two mentioned 
in the examples, what are the equivalent stresses in the three directions? 

Am. 46,300 Ib./in.* tension; 28,800 Ib./in.* compression; 24,900 Ib./in.* 
compression. 
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3. A steel reinforcing bar is 0.8760 in. in diameter when unstressed. Com- 

pute its diameter when stressed to 18,000 lb. /in.* in tension if ^ = 29,000,000 
Ib./in.*. Am, 0.87584 in. 

4. A steel punch is 1.0625 in. in diameter and 3.380 in. long. What are 
its dimensions when it is exerting a pressure of 130,000 lb. to punch a hole 
through a plate? E - 30,000,000 llx/in.*. Am, 1.06406 in.; 3.3635 in. 

10. Stress-strain Diagrams. — The relation between the stress 
applied to a bar and the resulting strain or deformation is shown 
graphically by means of the stress-strain diagram. In making 
tests from which to obtain data for plotting stress-strain dia- 
grams, it is necessary to take simultaneous readings of the load 



-J.. 1.1 A ...A A..\ 

0 0.02 0.04 0.06 0.08 0.10 0.12 0.14 0.16 0.18 0.20 0.22 0.24 

Unit Str<;iin 

Fig. 4. — Stress-strain diagram of medium steel. 


and the deformation, from which the values of the unit stresses 
and the corresponding unit strains may be computed. The 
usual method of making such tests is to apply a certain load 
to the test piece by means of a testing machine. In the usual 
form of testing machine the amount of the load applied to the 
test piece is measured by moving a counterweight along a gradu- 
ated scale beam until it balances the pressure exerted through 
the test piece upon the weighing platform. The value of the 
deformation is determined by the readings of an instrument 
which measures accurately the distance between two given 
cross sections of the test piece. 

The stress-strain diagram is then drawn by plotting a series of 
points whose ordinates represent different values of the unit 
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stress to which the test piece was subjected, and whose abscis- 
sas represent corresponding values of the unit deformation. 
Through these points a line is drawn which is called the stress- 
strain curve. 



Unit Strain 

Fig. 5. — Stress-strain diagram of boiler-plate steel. 

The diagrams for medium structural steel, boiler-plate steel, 
and wrought iron resemble each other very closely, as shown in 
Figs. 4, 5, and 6. The diagrams shown are for tests in tension, 
but tests in compression give similar curves. 



Unit Strain 

Fio. 6. — Stress-strain diagram of wrought iron. 

In tests of cast iron, the curves show a great difference in 
tension and compression, as shown in Fig. 7. The elastic limit in 
compression is more than twice as great as in tension, and the 
ultimate strength in compression is about four times as great as 
in tension. 
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The curves for timber in tension and in compression parallel to 
the grain (Fig. 8) are very close together except for the values 

90,000 

80.000 

70.000 

60.000 
U) 

S 50,000 

L. 

-f- 

40.000 
^ 30,000 

20.000 
10,000 


Unit Strain 

Fig. 7. — Stress-strain diagram of cast iron. 

of the ultimate strength. The ultimate strength in tension is 
appreciably higher. 

In the diagram for concrete (Fig. 9) the curve for compression 

is the only one shown. Accu- 
rate tests of concrete in tension 
are very difficult to make and 
are of small practical value, 
since concrete should not be 
used in tension. 

In Fig. 10 are shown the 
curves for brass and copper, 
both in tension and in com- 
pression. These curves are 
typical of ductile materials. 

0 0.001 0.002 0003 0004 0.005 Such materials do not reach an 

Unit Strain ultimate value in compression. 

Fig. 8 . — Stresa-Btrain diagram of timber. , . , , . . . 

but merely continue to increase 

indefinitely in cross-section area as the load increases. 

Since the modulus of elasticity E is the ratio of any increment 

of unit stress to the corresponding increment of unit strain up to^ 
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the elastic limit, the numerical value of E is given by the slope 
of the straight part of the stress-strain curve in terms of the 
units used in plotting the diagram. 


OCSoOC>OOC>C> 

Unit strain 

Fia. 9. — Stress-strain diagram of concrete. 

11. Yield Point, Ultimate Strength, and Rupture Strength. — In 

Fig. 4 is shown the stress-strain diagram for medium structural 
steel in tension, a diagram which is typical of ductile metals. 
Up to point A on the curve the strain is proportional to the 
stress, so the curve from 0 to A is a straight line. The unit 



Unit Strain 

Fig. 10. — Stress-strain diagram of brass and copper. 

stress at A where this proportionality ceases is the proportional 
elastic limit, which for steel and wrought iron agrees closely 
with the elastic limit up to which a bar may be stressed with no 
permanent set. In commercial tests of steel and wrought iron in 
tension, no attempt is made to determine the elastic limit, as no 
measurements of the deformation are made. 
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For stresses above the elastic limit, the strain increases at 
a faster rate, until at point B on the curve the deformation con- 
tinues with little or no increase in the load. This unit stress 
is called the yield point Bars which have been rolled hot and 
have not been machined are coated with an oxidized mill scale 
which is not elastic. As the metal begins to yield, the inelastic 
mill scale begins to fall off in small flakes. Since the material 
is neither absolutely homogeneous nor uniform in cross section, 
all of the test piece does not reach the yield point at the same 
time. At one or more places the metal will begin to stretch and 
the mill scale to fall, while the remainder of the bar apparently 
remains unchanged. The area where the mill scale is falling 
gradually spreads until the entire bar is stretched, during which' 
time the load remains constant or decreases slightly. The harder 
grades of steel and other nonductile metals have no true yield 
point, but show only a slight bend in the stress-strain curve just 
above the elastic limit. 

After all of the bar has passed the yield point, it begins to 
recover strength, so that in order to continue the elongation it is 
necessary to increase the load, slowly at first, as at C, Fig. 4, 
then more rapidly as at D, then more slowly again as at E. For 
a second time the increase in load slows down until finally the 
.stretching continues with no further increase in the load, as at F, 
This load is the maximum load and the unit stress at this load is 
called the ultimate strength of the material. 

After the load has remained constant a short time at this 
maximum value, the additional stretch becomes localized and a 
neck is formed. The load then decreases and finally the bar 
breaks at a load somewhat le.ss than the maximum load. This 
is the rupture loadj and the unit stress at rupture is called the 
rupture strength of the material. Materials which do not form 
a neck when tested in tension have a continually rising curve, 
and the ultimate strength and the rupture strength are the same. 

All three of these stresses, the yield point, the ultimate strength, 
and the rupture strength, are the nominal stresses, that is, they 
are computed by using the original area of the cross section. 

In tests in compression, ductile materials have no true ultimate 
strength. Except for the frictional resistance to expansion at 
the bearing surfaces, such test pieces deform plastically after 
the elastic limit is reached. The volume remains constant, so the 
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cross-section area increases as the length decreases, and the 
bar continues to change in shape without fracture. Hard and 
brittle materials develop stresses and strains in compression very- 
much as they do in tension, and finally fail by splitting or shearing 
along some diagonal plane or planes. 

Table II at the end of this volume gives the average values of 
the ultimate strength of a number of engineering materials. 

PROBLEMS 

1. A steel bar 0.874 in. in diameter held a load of 22,100 lb. in tension 
when the mill scale began to fall, a load of 38,600 lb. at the maximum, and 
a load of 33,000 lb. when it ruptured. Ckjmpute the yield point, the ulti- 
mate strength, and the rupture strength. 

Ans. 36,800 lb./in.«; 64,300 Ib./in.*; 55,000 Ib./in.*. 

2 . Compute the maximum load on a cast-iron bar 1.3 by 3.2 in. in cross 
section when tested in tension and when tested in compression. 

Ans. 83,200 lb. ; 332,800 lb. 

3 . How high could a concrete tower be built before the concrete is crushed 

at the base by its own weight? Ans. 2400 ft. 

4 . What length of aluminum wire suspended at its upper end would 

break with its own weight? If suspended in water, what length would 
break with its own weight? 21,820 ft.; 35,120 ft. 

12. Percentage of Elongation and of Reduction of Area. — In 

tensile tests of steel and wrought iron, as was explained in Art. 
11, the test piece is elongated 
practically uniformly through- 
out its length until the ultimate 
.strength is reached. After the 
ultimate strength has been 
passed, the elongation and the 
reduction of cross section are 
localized at the neck. 

Both the elongation and the 
reduction of area of tensile test 
pieces are measures of the 
ductility of the metal. Figures 
11 to 15 are reproductions of 
photographs of standard test 
bars, showing the variation in the amount of elongation and 
reduction of area in different grades of steel and wrought iron. 

Since ductility is a very important property of metals for 
certain kinds of construction, standard specifications, such as 
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those of the American Society for Testing Materials, require 
a certain percentage of elongation as a minimum. Table VII 



Fig. 14. — Reinforcing steel. 


gives the specifications of the American Society for Testing 
Materials for wrought iron and several grades of steel. 

Two standard gage lengths of test pieces have been adopted, 
an 8-inch length for rods, plates, and shapes from which a test 
bar 16 to 18 inches long may be cut, and a 2-inch gage length for 





Art. 12] STRESSES AND STRAINS IN TENSION 


21 


forgings, castings, bridge pins, rollers, and similar members 
from which it is not practicable to cut so long a test piece. 
Rivet rods and small rolled bars are tested in the form in which 



Fiq. 15. — Spring steel. 


they are rolled. Test pieces from jilates, structural shapes, 
and bars are the full thickne.ss of the material and are prepared as 
shown in Fig. 16. If this is impracticable, test pieces may be 


About 3 ^ . , ^ Paralki sech'onat least 




^- 44 - 4 - 1 - 


• • • 


-About 18 /,v- ^ 


. 4 . 


'• § 


Fio. 16. — A. S. T. M. standard test bar. 


made as shown in P"ig. 17 for such material as heads and flanges of 
railroad rails, or as shown in Fig. 18 for such material as castings 
and bridge rollers. 



Fig. 17. — Turned test bar. 


In m airing the measurement for the computation of the 
percentage of elongation, the broken parts of the test piece are 
fitted together in the same relative position as before fracture 
and the new length is measured with a scale. The increase in 
length divided by the original length gives the relative elonga- 
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tion, and this value multiplied by 100 gives the percentage of 
elongation. 

As can readily be seen, a large part of the elongation of a ductile 
test piece occurs in the neck and along the shoulder just back of 
the neck. If the fracture occurs close to the end gage mark, a 
relatively large part of the elongation comes outside of the gage 
length and so is not measured. Specifications permit that if a 
test piece fractures outside of the middle third, and if on that 
account the percentage of elongation is too low, another test 
piece may be substituted. 

The difference between the original area of the cross section 
and the area of the cross section at the fracture gives the reduc- 
tion of area. This reduction of area divided by the original area 


shoivn, but the ends 
may be of any shape 
to fit the holders of 

l< --Z- - J the testing machine 

6age length for Elongation a my that 

after Fracture the had shall be axta! 

Fig. 18. — A. S. T. M. standard test bar for 2-inch gage length. 

gives the relative reduction of area, and this relative reduction of 
area multiplied by 100 gives the percentage of reduction of area. 
It should be noted that the area used is not necessarily the area 
of the fracture, but is the smallest cross section at the neck. 
Ductile materials tested in tension usually fail finally by shearing 
along one or more diagonal planes, giving an area of fracture 
larger than the smallest cross section. Shearing fracture in 
tensile tests will be discussed further in Art. 19. 

PROBLEMS 

1 . A test bar 1.50 in. wide and 0.50 in. thick, with an 8-in. gage length 
was tested in tension with the following results: final gage length, 10.52 in.; 
dimensions of smallest cross section at fracture, 0.97 by 0.38 in. Compute 
the percentage of elongation and the percentage of reduction of area. 

Ans. 31.5 per cent; 50.9 pef cent. 

2. A test bar of structural steel, 1.00 in. wide, 0.19 in. thick, with an 8-in. 
gage length, was tested in tension with the following results: load at yield 
point, 6920 lb.; maximum load, 12,600 lb.; dimensions at fracture, 0.70 by 
0.13 in. The final dimensions between the 1-in. gage marks are shown in the 
following table: 


NOTE '-The aage 
lengfhmrallel section, 
am fillets shall be as 
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Intervals Between 
Gage Marks 

0-1 

1-2 

2- 3 

3- 4 

4- 5 

5- 6 

6- 7 

7- 8 


Final Dimension 
1.22 
1.27 
1.18 
1.26 
1.25 

1 .55 (neck) 
1.22 
1.18 


Compute the yield point, the ultimate strength, the percentage of elongation, 
and the percentage of reduction of area. Will this bar pass the specifications 
of the American Society for Testing Materials for structural steel? 

Ans. 36,400 lb. /in.*; 66,300 lb. /in.*; 26.6 per cent; 52.1 per cent. 

3. From the data of the table of Problem 2, compute the percentage of 
elongation for the following intervals: 2-8; 3-7; 4-6. 

Ans. 27.3 per cent; 32 per cent; 40 per cent. 

4. A tension test piece of structural steel with the shape and dimensions 
shown in Fig. 18 held a load of 7000 lb. at the yield point and a load of 15,000 
lb. at its maximum. The final gage length was 2.48 in. In what items 
does this test bar fail to pass the specifications of the American Society for 
Testing Materials? 

13. Working Unit Stresses and Factor of Safety. — As previ- 
ously stated, it has been found by experiment that a stress greater 
than the elastic limit produces a permanent deformation of the 
material, and a small number of repetitions of such stress will 
usually cause failure. It has also been found by experiment 
that, even though the stress is kept below the elastic limit, a 
large number of repetitions of the loading may cause failure, 
especially if the stress is reversed. Such fractures apparently 
begin with small cracks which spread progressively on account 
of the greater stress at the base of the crack, and after failure 
the fracture even of ductile material has the appearance of a 
brittle material. Such failures are called fatigue failures, but 
the term progressive fracture would be more descriptive. 

The maximum unit stress to which a material may be subjected 
repetitively an indefinite number of times without failure is 
called the eudurauce limit, a value somewhat below the elastic 
limit. 

Safe working unit stresses for machine members or structural 
members subjected to repetitive stresses must be less than the 
endurance limit if failure is to be avoided, while for all other 
members they must be less than the elastic limit. Tables of 
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allowable unit stresses give values which some authority has 
determined to be safe for the conditions of loading stated. 
Tables III and IV, at the end of this volume, give extracts from 
the New York Building Laws and the American Bridge Company 
specifications. Table V gives extracts from the table of safe 
working stresses for timber recommended by the Forest Products 
Laboratory,, Madison, Wisconsin, and approved by the Building 
Code Committee of the U. S. Department of Commerce. For 
other grades of timber and for timber exposed to the weather, 
certain reductions in the allowable stresses must be made. For 
complete data on these reductions, see the American Society for 
Testing Materials Standards, 1933, Part II. 

Table XV gives the safe working stresses for steel recom- 
mended by the Building Code Committee. This committee 
recognizes two grades of steel: (1) steel considered acceptable, but 
of which the origin and physical characteristics are not definitely 
determined, and (2) steel which conforms to the standard specifi- 
cations of the American Society for Testing Materials for 
structural steel for buildings. Table XVI gives the specifications 
of the American Institute of Steel Construction for steel which 
conforms to the American Society for Testing Materials standards. 

The term, factor of safety of a material, as commonly used, is 
the ratio of its ultimate strength to its working stress. As 
noted above, the value of the safe working stress of a material 
should be based upon the endurance limit or the elastic limit, 
rather than upon the ultimate strength, and this method is 
coming into use more and more. However, even though the 
endurance limit or the elastic limit is used to determine the safe 
working stress, the value of its ‘^factor of safety^^ in terms of 
the ultimate strength is still in common use. 

In addition to the requirement that safe working stresses must 
be within the endurance limit or the elastic limit, the possible 
deterioration of a member due to wear, corrosion, rotting, 
or other cause during the normal life of the structure must 
always be taken into consideration. 

PROBLEMS 

1 . If the allowable stress for steel eyebars is 36,000 lb. /in.*, how many 
bars 12 in. wide and 2 in. thick will be necessary to carry a load of 1500 
tons? Am. Four. 
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2. By the New York Building Laws, what must be the size of a square 
limestone pier to support a column load of 1800 tons? Ans, 6 ft. 

3. By means of the specifications of the American Bridge Company, get 
the commercial size of a round tie-rod to carry a load of 28,000 lb. 

Am. IH in. 

4. Western-hemlock floor joists 3 in. wide, 20 in. deep, and 20 ft. long, 

spaced 18 in. center to center, support 2-in. flooring of the same material 
and a superimposed floor load of 250 lb. /ft.* of floor area. If the joists are 
supported on a concrete wall at each end, what must he the thickness of the 
walls to furnish the necessary supporting area? Western hemlock weighs 
28 Ib./cu. ft. Am. 4.37 in. 

6. With a factor of safety of 4, what load may be placed upon a wrought- 
iron bar 3 in. in diameter which just passes the specifications of the American 
Society for Testing Materials? Ans. 84,820 lb. 

6. A hollow rectangular concrete pier is to be 3 by 4 ft. o\itside dimensions. 
If it is to carry a load of 500,000 lb. with a factor of safety of 6, what must 
be the inside dimensions if all walls are the same thickness? 

Am. 17 by in. 

14. Actual Stresses. — In all of the preceding discussion, unit 
stresses have been computed by dividing the total load by the 
original area of the crovss section. This is the usual method, and 
stresses are always so meant if no qualifying statement is made. 

For purposes of comparison, however, it is sometimes desirable 
to compute the actual unit stresses of ductile materials in tension 
by dividing the total load by the actual area of the cross section 
at that time. For stresses below the elastic limit there is no 
appreciable difference between the actual unit stress and the 
stress as usually computed, since the elastic reduction in area is 
very small. After the elastic limit has been passed, however, the 
larger permanent deformations occur which may readily be 
measured. For values of the unit stress between the elastic 
limit and the ultimate strength, the area of the cross section at 
any given load may be computed by dividing the volume, which is 
practically a constant, by the length at that load. That is, if A and 
I are the original cross-section area and length respectively. A' and 
V the area and length respectively at any given load, and V the 
volume, 

V — Al — AT. (Approx.) 

A' = y- (Approx.) 

As soon as the ultimate strength has been passed and the test 
piece begins to neck, the relation stated above is no longer true, 
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and the only method of determining the area at the smallest part 
of the neck is by direct measurement. On account of the 
rapidity of change both in the load and in the area of cross section 
at the neck, these measurements are extremely difficult to make. 
The final measurement of the cross section at the fracture may be 
made accurately, but the exact load which the test piece was 
holding just previous to fracture is difficult to determine. It is 
seen, then, that accurate values of the actual unit stresses may be 
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Fig. 19. — Stress-strain diagram of steel. Actual stress. 


obtained below the ultimate strength, but not between the ulti- 
mate strength and the rupture strength. 

It should be noted that although there is sometimes a reduction 
in the load just after the yield point, and in the unit stress , as 
ordinarily computed, there is no reduction in the actual stress. 
Figure 19 shows the actual stress-strain curve compared with 
the curve as usually drawn. 

16. Effect of Stresses above the Elastic Limit. — As has already 
been mentioned in Art. 5, a bar which is stressed to a value 
exceeding the elastic limit receives a deformation, some of which 
remains as a permanent set after the stress has been removed. 
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In the case of nonductile materials, such overstressing causes 
permanent injury, and a few repetitions of such loading are 
usually sufficient to cause rupture. 

If such a material as wrought iron, mild steel, or medium 
steel is stressed to a value exceeding the yield point, its physical 
properties are changed markedly. Its yield point is raised and 
its deformation above the yield point is decreased. It becomes 
harder, stiffer, and much less ductile. Cold-drawn steel or 
wrought-iron wire, deformed reinforcing bars, and cold-rolled 
steel shafting are examples of such overstressed material. 



Unit Stroiin 

Fio. 20. — Stress-strain diagram of steel. Interrupted loading. 


Figure 20 represents the stress-strain diagram for a bar ot 
medium steel stressed in tension. Point A on the curve repre- 
sents the elastic limit and point B represents the yield point. 
When the stress had reached the value indicated by point C, the 
loading was interrupted and the stress was reduced to zero, as 
indicated at point D. As the stress was reduced, the strain 
decreased by an amount D'Z) while the part OD remained as a 
permanent set. The cross section was permanently reduced. 
Line CD is practically parallel to line OA. 

The load was immediately applied again and up to point E the 
curve practically coincided with the former curve CD, showing 
that the modulus of elasticity of the material remained unchanged. 
After passing the elastic limit at E, the stress readied a new 
yield point value at F, slightly higher than the former stress at 
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C and considerably higher than the former value of the yield 
point at B. 

A second interruption of the loading, when the stress had 
reached a value indicated by point G, gave a similar interruption 
of the curve. If the bar had been loaded continuously, the 
stress-strain diagram would have been very similar to the upper 
part of the diagram as shown. 

In computing the values of the stresses used in the diagram. 
Fig. 20, the original area was used. If after either interruption 
the new cross-section area had been used and the stresses com- 
puted for that area, the values of both the elastic limit and the 
yield point would have been higher. 
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16. Shearing Stresses. — Shearing forcevS upon a bar are forces 
which cause or tend to cause one part of a bar to slip with respect 
to the part next to it. In order that there shall be shearing 
stress along the cross section of a bar such as that shown in 
Fig. 21, the external loads must necessarily act in opposite 
directions and in different planes of action, normal to the bar. 
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Fig. 21. 



Fig. 22. 


Only the part of the bar betwe^en these planes is subject to the 
shearing action. At each cross section of the bar between M 
and N there is a tendency for the part of the bar on the left of 
that section to slip downward with respect to the part on the 
right side of that section. If A is the area of the cross section 
of the bar, the average unit shear- ^ 
ing stress is = P/A, The bar — | 

MN is really a beam in which M 

longitudinal tension and compres- ^ 

sion are developed, and these stresses affect the unit intensity of 
the shearing stress over the cross section as will be explained 
in Art. 54. 

If two plates are held together by a rivet. Fig. 22, and equal 
and oppositely directed forces P, P are applied, the cross section 
of the rivet between the plates is subjected to a shearing stress, 
the average unit intensity of which is S, = P/ A, 

If two plates are welded together by means of fillet welds, 
as shown in Fig. 23, the area at the base of each fillet along the 
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plane MN is subjected to shearing stress. If A is the area of 
contact of the two fillets with the plates along the plane MiV, the 
average unit intensity of the shearing stress is = P/A. 

If a force P is applied to a punch to punch a hole through 
a plate as shown in Fig. 24, the metal around the circumference 
of the slug MN must fail in shear as the slug is separated from 
the rest of the plate. If d is the diameter of the punch and 
t the thickness of the plate, the area sheared 
is A = Trdtf and the average unit shearing 
stress is /Sa — PI A. 

Even in the case of the rivet between 
two plates, of the fillet weld between two 
plates, and of the slug punched out of a plate, 
there is a slight bending or beam action, 
and on this account the shearing stress 
is not uniform over the cross section. It is 
customary, however, to neglect this vsmall variation in these 
three cases and make computations as though the stress were 
uniform. 

A bar in torsion is one such as that shown in Fig. 25 to which 
couples are applied at each end to twist it around its own axis. 
In this case pure shearing stresses are developed on each cross 
section between the twisting couples, since the couples cause 
neither bending nor direct tension or compression. Each of 
the thin plates or disks of which the bar may be assumed to 
consist has equal and opposite 



Fig. 24. 





Fig. 25. 


twisting couples on its two 
faces. These twisting couples e =^ 7 — 
consist of shearing forces which 
at every point are acting 
normal to the radius in the plane of the cross section. The dis- 
tribution of these shearing forces will be discussed in Chap. IV. 

It is evident from static conditions that a single set of shear- 
ing forces cannot exist alone upon a rigid body in equilibrium, 
since together they form a couple. Figure 26(a) represents a bar 
subjected to two external shearing loads P, Pi. The elementary 
parallelepiped at M, shown to a larger scale in Fig. 26(6), has 
acting upon it the two equal and opposite shearing forces P, F, 
each of which is equal to S^ah, The moment of this couple is 
S^b. The necessary balancing couple cannot be furnished by 
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either tensile or compressive forces, but only by an induced 
shearing couple consisting of forces F', F', in the horizontal 
surfaces as shown in Fig. 26(c). If the unit shearing stress in 
each horizontal surface is Ss\ the total force F' is S/ab, and the 
moment of the induced couple becomes Ssdbh, Since the two 
couples are equal and opposite, 

Ssahb = Ss'abL 

S. = S/. 


P 




A direct shearing stress cannot exist alone, but induces a shearing 
stress of equal unit intensity upon a plane normal to the plane of 
direct shear. 


PROBLEMS 

1. If the rivet shown in Fig. 22 is 1^4 6 diameter and the allowable 
average unit shearing stress is 8800 Ib./in.®, what is the allowable force P? 

Ans. 9750 lb. 

2. If the ultimate strength of a bolt is 60,000 Ib./in.* and the 

ultimate shearing strength of the head of the bolt is 40,000 lb. /in.*, what 
must be the thickness of the head of the bolt in order to resist being stripped 
from the bolt? Ans, in. 

3. Compute the force required to punch a hole through a J^-in. 

plate, if the ultimate shearing strength of the plate is 45,000 lb. /in.*. Com- 
pute the average unit compressive stress in the punch. 

Ans, 39,800 lb.; 160,000 Ib./in.*. 

4. If Sc is the allowable unit compressive stress in a punch, Sa the ultimate 
unit shearing stress in a plate, t its thickness, and d the diameter of the 
punch, show that the maximum thickness of the plate through which a 
hole of given diameter may be punched is given by the expression, t = 
dSc/^,. 

6. Show that the expression d = 4:Sat/Se gives the minimum diameter of 
the hole that can be punched through a given plate. 

17. Shearing Strains and Shearing Modulus of Elasticity. — 
A bar of elastic material which is subjected to a pair of shearing 
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forces such as P, P', Fig. 27, is distorted in shape, since each thin 
plate of which the bar may be assumed to be composed is dis- 
placed slightly downward with respect to the one on the right of 
it. The total shearing deformation in the length I is e, and the 
unit shearing strain, or the shearing strain at a distance of unity 
from the fixed plane, is given by the 
expression, 


The bar shown in Fig. 27 is really a 
beam in which it is not possible to develop 
the shearing stresses and strains indicated 
without developing also tension in the upper fibers, compression 
in the lower fibers, and a deflection of the left end with respect 
to the right end due to the bending. It is impossible, therefore, 
to determine the values of 6, experimentally from such a bar, 
since the deflection is composed of the two parts, that due to 
shear and that due to bending. 

In the bar which is twisted around its own axis. Fig. 25, the 
deformation is all due to shear. Since the bar is elastic, each of 
the thin plates or disks of which the bar may be assumed to con- 
sist, twists on its axis with respect to those on each side of it. 
The element ABj after the bar is twisted, takes the new position 
A'B. At the outer surface the deformation is from A to A', the 
distance e. The unit shearing strain is given by the expression, 



The modulus of elasticity in shear, denoted by is the ratio 
of the unit shearing stress in a bar to the resulting shearing 
strain. 


P 


I 


Fig. 27. 



For homogeneous materials for which Poisson's Ratio m = 0.25 
to 0.30, the value of is about two-fifths of the value of E, 
Table VIII at the end of this volume gives average values of E, 
for several engineering materials. 
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PROBLEMS 

1 . A solid cylindrical shaft is 4 in. in diameter and 80 ft. long. If Eg =* 
11,500,000 lb. /in.*, what unit shearing stress is caused when one end of the 
shaft is twisted 15® with respect to the other end? Ans. 6280 lb. /in.*. 

2 . The wire of a torsion balance is 0.2 in. in diameter and 4 ft. long. If 

Eb = 12,000,000 lb. /in.* and allowable Sg = 20,000 lb. /in.*, through what 
total angle may the balance be rotated? Ans. 91° 41'. 

18. Tension and Compression Caused by Shear. — In Fig. 

28(a) is shown the end view’ of the elementary parallelepiped 
from the bar in shear, Fig. 26, with both the direct and the 
induced shearing forces acting. The right lower half of this 
parallelepiped is showm as a free body in Fig. 28(6). If d is 
the length of the diagonal, the forces upon the diagonal surface 
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Fig. 28 . 




are the shearing force S^ad and the compressive force ScOd. 
Since the free body is in equilibrium, the summation of the 
forces in a direction normal to the diagonal surface must equal 
zero. 

Scad = Sstth cos 0 + SgOb sin 6. 
h h 

Sc == Ss-^ cos d + Ss^ sin 6. 

Sc = 2Sb sin 6 cos 6. 

Sc = Ss sin 26. 

This expression becomes a maximum when sin 2^ = 1. For 
this value, 26 = 90°, 6 = 45°, and Sc = &. 

Upon the other diagonal plane the stress is tension, as shown 
in Fig. 28(c). This stress also reaches a maximum value of 
St = S, when 6 = 46°. 

A direct shearing force and its induced shearing force cause a 
resultant compressive stress of the same unit intensity on a diagonal 
plane at an angle of 45° with the plane of either shearing forces and 
a resultant tensile stress of the same unit intensity on the other 
diagonal 45° plane. 
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The effect of the resultant compressive stress caused by shear 
will be discussed in Art. 126. It causes diagonal column action 
in the webs of plate girders and I-beams. The effect of the 
resultant tensile stress caused by shear will be discussed in Art. 
86. It causes diagonal tension in reinforced concrete beams. 

19. Shearing Stresses Caused by Direct Tension or Com- 
pression. — In Fig. 29(a) is shown a bar MN under the action of 
tensile forces P, P. Let the bar be separated 
into two parts by the diagonal plane CD, at 
the angle 6 with the cross section of the bar, 
and let the lower part of the bar be taken as 
a free body, as shown in Fig. 29(6). At the 
section CD the force P, equal and opposite to 
the force P at the bottom, is resolved into 
its two components, normal and parallel to 
the section CD. If A is the area of the cross 
section of the bar, the area of the diagonal 
section CD is A /cos B. The unit shearing stress upon the plane 
CD is given by the expression. 



/S, = 


-r sin 6 cos 0 
A 


2A 


sin 2d. 


This expression becomes a maximum when sin 20 = 1. For 
this value, 20 = 90° and 0 = 45°. 

p 

Max. S* = 


It is evident that if force P were a force in compression, the 
same value of the induced shearing stress would be obtained. 

Direct tensile or compressive forces induce a diagonal shearing 
stress whose maximum unit intensity is one-half that of the direct 
stress and whose plane is inclined at an angle of 45° with the 
cross section. 

The relation just derived is true for all values of the stress 
up to the ultimate strength. Ductile materials in tension just 
after passing the elastic limit often show diagonal lines on the 
surface, indicating planes of slip in shear. Ductile materials 
in tension will also usually fracture partly or wholly along a 
diagonal plane, as shown in Fig. 30. In circular bars this causes 
the well-known “cup'' fracture. Timber, stone, brick, neat 
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cement cubes, concrete blocks, and similar materials tested to . 
destruction in compression usually show well-defined diagonal 



Fig. 30. — Diagonal shearing fracture caused by tension. 


shear fracture. The structure of the material will sometimes 
change slightly the direction of the plane of failure. Figure 31 
shows typical failures in shear caused by compression. 



Fig. 31. — Diagonal shearing fracture caused by compression. 
PROBLEMS 

1 . A steel bar in. square is loaded with 10,000 lb. in tension. Compute 
the unit shearing stresses on diagonal planes at angles of 30, 40, 45, and 50' 
with the cross section of the bar. 
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Ans. 17,320 Ib./in.^; 19,696 Ib./in.^; 20,000 Ib./in.*; 19,696 Ib./in.*. 

2 . A steel bar 1.06 by 0.17 in. failed in diagonal shear on a plane at an 
angle of 42® with the cross section when subjected to a tensile load of 10,050 
lb. Compute the amount of the unit shearing stress on this plane. Com- 
pute the amount of the theoretical maximum unit shearing stress. 

Ans. 27,720 lb./in.2; 27,885 Ib./in.*. 

3 . After rupture, the dimensions of the diagonal area of fracture of the 
bar described in Problem 2 above, were 0.71 by 0.18 in. Compute the 
actual unit shearing stress on the area of fracture. Ans. 52,620 lb. /in.®. 

4 . Using the values given in Table V, compute the maximum angle that 
the grain of a short block of cypress loaded in compression may have with 
its length. If the grain is at an angle of 15° with its length, by what per- 
centage must the allowable load be reduced? Ans. 5° 15'; 63.5 per cent. 
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RIVETED AND WELDED JOINTS 

20. Stresses in Simple Riveted Joints. — If two plates are held 
together by a rivet as shown in Fig. 32 and a load is applied in 
tension, the force is transmitted from one plate to the other 
through the rivet. At the rivet the plate.^ lap over each other, 
so the joint is called a lap joint. Let p be^the width of the 
plate, t its thickness, and d the diameter of the rivet. The unit 
tensile stress in the gross area, as at section AJ5, is St = P/A = 
P/pi. At the section CD through the rivet hole, the cross- 


C A 



Fig. 32. 


section area is only {p — d)tf and the average unit tensile stress 
in the net area is St = P/ (p — d)L 

It has been found by experiment that the intensity of stress at 
the edges of the rivet hole is considerably higher than the average 
value, but in ordinary commercial work this variation in stress is 
commonly neglected. In this chapter the average unit tensile 
stress will be used. 

On the side of the rivet at E in the upper plate and on the 
opposite side of the rivet in the lower plate, force is transmitted 
from the plate to the rivet in compression or bearing. On 
account of the curved surface of the rivet and the rivet hole, the 
stress is variable in direction and in unit intensity, but if the rivet 
fills the hole, the unit intensity of the bearing stress cannot 
exceed the amount that it would be if the total pressure were 
acting upon* the projected area id. The unit stress in bearing 
is therefore computed as Sc = P/td. 

37 
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At the cross section of the rivet in the plane between the two 
plates, the pull from one plate is transmitted across into the 
other by means of shear in the rivet. This shearing stress is 
assumed to be uniformly distributed over the cross section, so 
the unit shearing stress is aS, = 4P/7rd^ 

There is also a shearing stress in the plate at the sections F 
and (j. Fig. 33. The value of the average unit shearing stress at 
these sections is obtained by dividing the load P by twice the 
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area between the edge of the plate and the edge of the rivet hole. 
Added strength of the plate in shear may be obtained easily by 
placing the rivet hole farther from the edge of the plate. Except 
in unusual cases, therefore, no examination of the strength of the 
plate in shear is necessary if the joint is designed according to 
some standard specifications for riveting. 

Since forces P, P, Fig. 32, are not in the same plane, there 
are bending and tensile forces exerted upon the rivet in addition 
to the bearing and shearing forces. If the resultant of the 



pressure from each plate upon the rivet is assumed to act midway 
between the surfaces of the plate, the moment upon the rivet 
is PL This moment must be balanced by an equal and opposite 
moment consisting of bearing forces P', P', exerted by the plate 
upon the head of the rivet, as shown in Fig. 34(a). These 
forces cause tension in the rivet. 

A bending force is likewise exerted upon each plate at the 
rivet, tending to bend the plates as shown in Fig. 34(6). If the 
bending stress in the plate exceeds the elastic limit of the mate- 
rial, the plate will be permanently deformed, causing some 
redistribution of the stress upon the rivet. 
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A rivet which is driven tight while hot will tend to contract 
upon cooling and this contraction, if prevented by the plates, 
will cause some tensile stress in the rivet. There is also a 
frictional force developed between the plates due to this tension 
in the rivet. It is customary in the computation of stresses in 
riveted connections to neglect both the initial tension in the 



Fig. 35. 


rivet and the frictional rcsistan(‘c between the plates, since 
accuracy of computation is extremely difficult and both of the 
forces are greatly reduced as soon as initial slip occurs. 

In Fig. 35, a lap joint is shown in which the two plates are 
connected by four rivets. Each one of the rivets is assumed to 
transmit one-fourtli of the stress from one plate to the other. 
The net cross-section area of each plate through the first rivet 
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Fio. 36. 

hole must carry the total load P. The net cross-section area 
of each plate through the two rivet holes in the middle row 
carries only three-fourths of the load P, since one-fourth of the 
load has been transmitted through the first rivet into the other 
plate. The four rivet areas in the plane between the two plates 
must carry the total load in shear and each rivet area is assumed 
to carry one-fourth of the load. Similarly, each of the four 
rivets must carry one-fourth of the load P in bearing on the 
side of the rivet. 
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In Fig. 36, the two plates are connected by nine rivets, and 
each rivet is assumed to transmit of the load from one plate 
to the other. The net cross-section area of each plate in row 1 
must carry the total load P. The net cross-section area of each 
plate in row 2 carries only % of P since } 9 of P has been trans- 
mitted by the first rivet into the other plate. The net cross- 
section area of each plate in row 3 carries only % of P, since 
% of P has been transmitted by the three rivets into the other 
plate. The nine rivet areas in the plane between the two plates 
must carry the total load in shear and each rivet area is assumed 
to carry of the load. Similarly each rivet is assumed to carry 
y^ of the load in bearing on the side of the rivet. 

In general, sizes of undriven rivets vary by eighths of an inch. 
Rivet holes are usually made inch larger in diameter than 
the cold rivet. When used, the rivets arc heated red hot and 
in the process of riveting are enlarged to fill the holes completely. 
If the corresponding holes in the plates are concentric and a 
perfect job of riveting is done, the diameter of the hole and the 
finished rivet should be used in computations of shearing and 
bearing stresses. If the corresponding holes are not concentric, 
the original or nominal diameter of the rivet should be used. 

If rivet holes are punched and the plate is not subsequently 
annealed, the material at the edge of the hole is injured to a 
certain extent. On this account specifications commonly require 
that for punched holes the net section of the plate in tension 
shall be obtained by deducting from the width of the plate the 
nominal diameter of the rivet plus 3^^ inch. If rivet holes are 
drilled, or are subpunched and reamed to size, the actual net 
section is used. 

For lap joints with plates thicker than inch, the bending 
action mentioned above becomes excessive and butt joints are 
customarily used. Figure 37 represents two main plates a, a 
butted together and attached to each other by means of two 
cover plates or butt straps h, 6, to form a butt joint. It is 
necessary to examine the stresses on only one side of the middle. 

Each rivet is said to be acting in double shear, since it would 
be necessary to shear two cross-section areas of each rivet in 
order to separate the main plate from the cover plates or butt 
straps. The bearing of the main plate on the rivets, since it is 
between the two butt straps, is called enclosed hearing^ in con- 
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tradistinction to plain bearing as in the butt straps and in the 
plates of lap joints. It is customary to permit higher allowable 
values for enclosed bearing than for plain bearing. For this 
reason and also because there are usually more rivets in the last 
row of rivets in a butt joint than in the first row, the butt straps 
must be thicker than one-half of the thickness of the main plate. 

The stresses in tension in the main plate are computed the 
same as they are in the lap joint. The stress in tension in 
the cover plates is a maximum at the inner row where all of the 
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Fig. 37. 

force must be carried by the area remaining after the three rivet 
holes are cut out. 


EXAMPLE 1 

In Fig. 35, let each plate be 5 in. wide and H in* thick, the rivets in. 
in diameter in punched holes, and the load 8000 lb. Compute the 

unit tensile stress in the gross area, the unit tensile stress in the net area 
in the first row of rivets and in the second row of rivets, the unit shearing 
stress in the rivets, and the unit bearing stress on the side of the rivets. 
Use the nominal size of the rivets. 

Solution, — Tension j gross area. Gross area = 5 X 0.25 = 1.25 sq. in. 
S, = ^ = 6400 Ib./in.*. 

Since the holes are punched, the diameter of hole deducted is ^ in. 
Tension^ first row. Net area = 4.375 X 0.25 = 1.094 sq. in. 

Tension^ second row. Net area = 3.75 X 0.25 = 0.9375 sq. in. 

Shear. The area of the rivets in shear is 4 X 0.1963 = 0.7854 sq. in. 
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Bearing, The area of the rivets in bearing is 4 X 0.25 X 0.5 = 0.5 sq. in. 
S, = = 16,000 lb./in.». 

. U.O 

EXAMPLE 2 

In Fig. 37, let the main plates be 10 by in., the butt straps 10 by in., 
the rivets 1 in. in diameter in Ij^fe-in. drilled holes, and the load 80,000 lb. 
Compute the unit tensile stress in the main plates at the first two rows of 
rivets, and in the butt straps at the third row, the unit shearing stress in the 
rivets, the unit bearing stress on the sides of the rivets both in the main 
plate and in the butt straps. Use the nominal size of the rivets. 

Solution, — Since the holes are drilled, the diameter of the hole deducted 
is 1.0625 in. 

Tension, first row. Net area = 8.9375 X 0.75 — 6.7 sq. in. 

St^ “ " 0 7 " ~ 11,930 lb. /in.®. 

Tension, second row. Net area = 7.875 X 0.75 = 5.91 sq. in. 

= g X -g - Q j- == 11,280 Ib./in.®. 

Tension, butt straps, third row. Net area = 6.8125 X 0.5 X 2 = 6.8125 
sq. in. 

6.8125 1^1^20 Ib./in. . 

Shear, There are six rivets, all in double shear, so the area in shear is 
2 X 6 X 0.7854 = 9.425 sq. in. 

c 80,000 o.iomu /• 2 

S, = -^^25' "" lb. /in.®. 

Bearing, main plate. The bearing area in the main plate is 6 X 0.75 X 1 = 
4.5 sq. in. 

« 80,000 2 
«c = ■■ I g— = 17,800 lb. /in.®. 

4.0 

Bearing, hvU straps. The bearing area in the butt straps is 6 X2 X0.5 XI 
= 6 sq. in. 

S.' = = 13,330 Ib./in.*. 

PROBLEMS 

1. Two plates each 3 by M in. are fastened together in a lap joint by a 
%-in. rivet in ijfe-in. punched holes. Compute the unit tensile stress in 
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the plates in the gross section and in the net section, the unit shearing stress 
in the rivet, and the unit bearing stress on the side of the rivet due to a 
tensile load of 8000 lb. 

Am. 5330 Ib./in.*; 8000 Ib./in.*; 13,300 Ib./in.*; 18,300 lb./in.». 

2. In Fig. 35, let each plate be 5 by 3^ in., and the rivets 5^ in. in diameter 
in ^J^6-in. punched holes. When the plates are loaded in tension so that 
the shearing stress in the rivets is 9000 lb. /in.*, what is the unit tensile 
stress in each row of rivets and the unit bearing stress on the side of the 
rivets? 

Am. Stt = 7710 Ib./in.*; St^ = 7350 Ib./in.*; Sc - 10,600 Ib./in.*. 

3. In Fig. 36, let each plate be 6 by % in., and the rivets in. in diameter 
in ?i6“in. drilled holes. Compute all of the governing stresses due to a 
load of 20,000 lb. 

Am. St, = 9830 Ib./in.*; St, = 9730 Ib./in.*; St, = 8250 Ib./in.*; 
S, = 11,330 Ib./in.*; Sc = 11,850 Ib./in.*. 


21. Deformations in Riveted Joints. — When a riveted joint is 
stressed so that it fails, such failure may occur in any one of 
several different ways. The plate may stretch and neck at the 
rivet hole and finally fail in tension, as shown in Fig. 38(a). 
The plate may compress behind the rivet, as shown in Fig. 38(6). 

The plate may shear between 

the rivet hole and the edge of 

the plate, as shown in Fig. — J— 1 — — -1 ' 

38(c). On account of the bulg- 

ing of the plate behind the rivet, Q Q ^ j 

the plate may fail in tension < C/ ^ 

at right angles to the direction ^ (e) Q | 

of the load, as shown in Fig. (d) (f) 

38(d). The rivet may fail in 

shear, as shown in Fig. 38(e). In the case of a lap joint, the 
plates may be bent as shown in Fig. 34(6). Manifestly, before 
failure occurs, it is possible for the joint to be deformed in 
several of these ways at the same time. 

If there are two or more rows of rivets and the rivets are stag- 
gered, the line of fracture in tension may zigzag back and forth 
from one line of rivets to the other, as shown in Fig. 38(/). In 
this case the failure is partly in tension and partly in shear. 

22. Stresses in Structural Riveted Joints. — In modem struc- 


tural work the plates and steel shapes which compose beams, 
tmsses, towers, and similar structures are usually held together 
by rivets. Figure 39 represents a portion of a column com- 
posed of two channels and two plates. The only requirement 
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for the rivets is that they shall be spaced closely enough to make 
the parts of the column act together as a unit. There is no 
method of computing the stresses caused in the rivets by a load 



on the column. Figure 40 represents a joint on the 
upper chord of a roof truss. The stress in the mem- 
ber c must be transmitted to the plate b by means of 
the rivets. 



Fio. 39. 


Fio. 40. 


The rivets are stressed both in compression and in shear. If 
the member c is composed of one angle, the rivets are acting in 
single -shear; that is, only one cross-section area is subjected to a 
shearing stress. If the member c is composed of two angles, the 
rivets are acting in double shear. There is less stress in the 
member d, so fewer rivets are needed to connect it to the plate. 



Fig. 41. 


Figure 41 represents a portion of a column composed of a web 
plate, four angles and two flange plates, to which is attached an 
I-beam girder. The connection consists of two angle bars, a, 
a, riveted to the web of the I-beam, and an angle bracket b upon 
which the girder rests. The rivets transmit the end reaction of 
the girder to the column and are stressed both in shear and 
in compression. Similar connections, but with the bracket 
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angle omitted, are used to fasten the floor stringers to the 
web of the girder. In the floor systems of bridges, similar 
but more elaborate connections are used to fasten the stringers 
to the floor beams, and the floor beams in turn to the trusses. 

In addition to the direct vertical end reaction just mentioned, 
the loading upon the girder may cause a bending moment in the 
connection, the amount of the moment depending upon the 
rigidity of the connection. Upon the upper rivets through 
the web of the I-beam there will be caused an additional shearing 
stress horizontally, the shear from the web of the I-beam acting 
on the rivets away from the column. Upon the two rivets 
through the flange of the I-beam, and usually upon the lower 
rivets through the web, depending upon the spacing, there will be 
shearing forces in the opposite direction. Upon the upper rivets 
connecting the angles to the column, this bending moment causes 
a direct tension. At the lower part of the connection, the 
corresponding compression acts directly between the angles and 
the column. 

Except in special cases, the bending moment mentioned in the 
preceding paragraph is neglected. In steel handbooks, tables of 
safe loads on I-beams fastened with such connections are com- 
puted for vertical end reactions only. In case it is assumed that 
the rigidity of the connection is sufficient to cause moment at the 
end of the beam, the specifications of the American Institute of 
Steel Construction require that the allowable tensile stress in the 
rivets shall not exceed a value of 13,500 pounds per square inch 
on the nominal size of the rivet. 

In structural work it is usually difficult to have the punching 
done with sufficient accuracy to insure that corresponding rivet 
holes are concentric. The following is the specification of the 
American Institute of Steel Construction. 

The accuracy of punching shall be such that for any group of holes 
when assembled, 75 per cent shall admit a rod equal to the diameter of 
the cold rivet at right angles to the plane of the connection, otherwise 
the holes shall be reamed. Likewise, when work is assembled, all holes 
which will not admit a rod H inch smaller than the nominal diameter 
of the cold rivet shall be reamed. 

Since such variations are permitted in structural work, it is 
manifest that the nominal size of the rivet should be used in 
computations of stresses. Structural tables of safe shearing 
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and bearing strengths of rivets are based on the nominal diameter . 
In all of the following problems in structural riveting, the nominal 
size is to be used. 

The sizes of rivets commonly used in structural work are 
Ml %, Ml Ml and 1 inch. 

The riveting of plate girders will be discussed in Art. 56. 

EXAMPLE 

In Fig. 40, member d consists of two angles, each by 2 by iJi*» 
carries a load of 16,000 lb. in tension. The rivets are % in. in diameter in 
punched holes. The plate 5 is in. thick. Compute the unit 
tensile stress in the net section of the angles, the unit shearing stress in the 
rivets, and the unit bearing stress on the side of the rivets in the plate and 
in the angles. 

Solution, — Tension. Since the holes are punched, the area deducted for 
the hole is 2 X 0.875 X 0.3125 = 0.547 sq. in. Net area = 2.62 — 0.547 = 
2.073 sq. in. 

St = - 2 ^^- = 7720 lb. /in.*. 

Shear, The rivets are in double shear, so the shearing area is 4 X 0.4418 = 
1.767 sq. in. 


S. = = 9060 lb./in.>. 

Bearing, In the plate, the net area in bearing is 2 X X He = 0.844 
sq. in. 

s. = 18,960 lb./in.». 

In the angles, the net area in bearing is 2 X M X 5^^ = 0.9375 sq. in. 

PROBLEMS 

1 . In Fig. 40, member c is composed of two angles, each 3 by 2 by K e 
in. As in the example above, the plate is He thick and the rivets are 
H in. in diameter in i^e-in. punched holes. Compute the unit shearing 
stress in the rivets and the unit bearing stress on the side of the rivets in the 
plate and in the angles due to a load of 25,000 lb. 

Ane, S, « 9430 Ib./in.*; Sc = 19,750 Ib./in.*; S/ = 17,780 Ib./in.*. 

2 . In Fig. 41, the girder is a 15-in. 65-lb. I-beam and carries an end 
reaction of 60,000 lb. to the column through the three angles, each 5 by 5 by 

in. The rivets are in. in diameter. Compute the unit shearing stress 
in the rivets between the angles and the flange plate of the column, and the 
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unit bearing stress on the side of the rivets in the angles. Neglecting the 
bending moment of the girder on the column and assuming two-thirds of 
the reaction to be carried by the four rivets through the web of the girder, 
compute the unit shearing stress in these rivets and the unit bearing stress 
in the web of the girder and in the connection angles. 

Ans. 11,300 Ib./in.*; 13,300 Ib./in.*; 11,300 lb./in.»; 20,600 Ib./in.*; 
13,300 lb./in.». 

3. The structural joint shown in Fig. 42 is a part of the frame of a steam 
shovel. Member a is composed of four angles, each 3 by 3 by % in., and 
carries a load of 75,000 lb. in compression. Member b consists of two plates, 
each 8 by % in. Member c consists of 
one angle 6 by 6 by % in. The gusset 
plate d is Ja in. thick, and rivets are % 
in. in diameter in punched holes. 

Compute the total stresses in members h 
and c. Compute the unit shearing stress 
in the rivets in member a, the unit bearing 
stress on the side of the rivets in member 
a, and the unit bearing stress on the side 
of the rivets in the gusset plate at member 

а. Compute the maximum unit tensile 
stress in member 6, the unit shearing stress 
in the rivets in member 5, the unit bearing 
stress on the side of the rivets in member 
hj and the unit bearing stress on the side 
of the rivets in the gusset plate at member 

б. Compute the unit shearing stress in the 
rivets in member c, the unit bearing 
stress on the side of the rivets in member c, 
the side of the rivets in the gusset plate at member c. 

Am. 67,230 lb.; 54,890 lb. In member a, Sn = 7790 lb. /in.*; Se =* 
14,290 Ib./in.*; S/ = 17,140 Ib./in.*. In member 5, St = 14,940 Ib./in.*; 
S, = 9320 Ib./in.*; Sc - 17,070 Ib./in.*; S/ = 20,490 Ib./in.*. In member 
c. Sc = 11,410 Ib./in.*; Sc = 20,910 Ib./in.*; Sc' = 12,550 Ib./in.*. 

23. Design of Structural Riveted Joints. — In the design of 
riveted joints in structural work, the allowable unit stresses in 
the plates in tension and compression, and in the rivets in shear 
and compression, either are given or are assumed. As a first 
consideration, there must be enough area of cross section of rivet 
or rivets to carry the load in shear. This area may be furnished 
by a certain number of rivets of a given size, by a smaller num- 
ber of rivets of a larger size, or by a larger number of rivets 
of a smaller size. Difficulty of riveting the large rivets limits the 
size in one direction, and difficulty of punching or drilling smaller 
holes through a plate limits the size in the other direction. 



and the unit bearing stress on 
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With the size and number of rivets determined, the thickness 
of the plate necessary to carry the stress in compression may next 
be computed. If the plate as thus determined is excessively 
thin, a smaller number of a larger size of rivets may be used and 
a new computation made. If, on the other hand, the plate is 
excessively thick, a larger number of smaller rivets should be 
used. ' ' 

Steel plates usually vary by sixteenths of an inch, but can be 
obtained on order by thirty-seconds of an inch. 

In the case of a tie plate, after the thickness of the plate has 
been determined, the width necessary to carry the load in tension 
may be computed. 

For end connections of girders attached to columns, the 
thickness of the web is known, so with an assumed size of rivet, 
the number of rivets necessary to carry the end reaction in com- 
pression should be computed first. Examination should then 
be made in shear and the number changed if necessary. 

The minimum spacing of rivets is usually determined by the 
size of the riveter and must be large enough so that the head of 
a previously driven rivet does not interfere with the riyeter. A 
minimum spacing of three times the diameter of the rivets is a 
common requirement. 


EXAMPLE 1 

Design a lap joint in a tie bar to carry a load of 42,000 lb., using allowable 
values as follows: St — 12,000 Ib./in.*; S, == 9000 lb. /in.*; Sc = 18,000 
lb. /in.*. Rivet holes are to be punched. 

Solution , — Assume first %-in. rivets. The shear area required is 
42,000/9000 = 4.67 sq. in. The number of rivets is 4.67/0.4418 == 10.6, 
so 11 rivets will be required. 

In bearing, 11 X 18,000 X 0.75 X ^ = 42,000. 

t = 0.283 in. 

It will be necessary to use a J^e-in. plate. 

If there is one rivet in the first row, the width p of the plates is given by the 
expression, 

(p ~ K) X ^6 X 12,000 * 42,000. 
p = 12.075 in. 

If there are two rivets in the first row, the width p = 12.95 in. 

Another solution wUl now be made, using %-in. rivets. For %-in. rivets, 
the number of rivets is 4.67/0.6013 « 7.76, so 8 rivets will be required. 
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In bearing, 8 X 18,000 X 0.875 X t = 42,000. 

t = 0.333 in. 

It will be necessary to use a ^-in. plate. 

If there is one rivet in the first row, the width p of the plates is given by 
the expression, 

(p -1) XH X 12,000 = 42,000. 
p = 10.33 in. 

If there are two rivets in the first row, the width p = 11.33 in. 

In any of these designs, plates which are thicker and narrower may be used, 
the only requirement of the design being that the net area of the plate in 
the first row of rivets shall be sufficient. 

For the design using J^-in. rivets with one rivet in the first row, plates 
in. thick and 7.875 in. wide could be used. This plate is slightly heavier 
than the one which is thinner and wider, but it might be preferable on 
account of being narrower. 


E^MPLE 2 

A 15-in. 50-lb. I-beam used as a girder carrying a total load of 56,000 lb. 
uniformly distributed is to be connected to columns at each end. Design 
the end connections, each to consist of two angle sections, using allowable 
values of the unit stresses as follows: S» = 10,000 lb. /in.*; in plain bearing. 
Sc = 16,000 lb. /in.*; in enclosed bearing, Se - 20,000 lb. /in.*. 

Solution . — ^Each end reaction is 28,000 lb. The thickness of the web of 
the I-beam is 0.55 in. Assume rivets and let n be the number of 

rivets through the web of the girder. Since this is enclosed bearing, 

20,000 X % X 0.55 X w = 28,000. 
n = 3.4. 

Four rivets must be used. The number of rivets required in shear will now 
be determined. The rivets through the web of the girder are in double 
shear. 


10,000 X 2 X 0.4418 X n = 28,000. 
n = 3.2. 

Four rivets will be sufficient in shear also. The clear depth of web of the 
I-beam is 12.468 in., so a spacing or pitch of 3 in. can be used. The con- 
nection angles will be made 12 in. long. 

The rivets connecting the angles to the column are in single shear, so the 
number required would be 

n' =* 2 X 3.2 * 6.4. 

Seven rivets would be sufficient. On account of symmetry, however, it 
will be necessary to use 8 rivets, 4 on each side. 
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The thickness of the angles will now be determined. These are in plain 
bearing, so 

16,000 X%XeX4X2 = 28,000. 

0.292 in. 

The nearest commercial thickness larger than 0.292 in. is 0.3125 in., or 

Me in. 

From the table of clearances required for riveting, and distance to edge 
of plate, the minimum width to the inside of the leg of the angle would be 

1.25 + 1-25 = 2.5 in. This, added to the thickness of the angle gives 
2.8125 in. for the minimum size of the angle. The nearest commercial 
size above this is 3 in., so 3- by 3-in. angles could be used. The standard 
connection angle for this size of beam as given by the American Bridge 
Company is 4 by 3J^ by io., with four J^-in. rivets. This size permits 
heavier loading than assumed above. The angle with unequal legs is used 
so that there is no danger of interchanging the two legs. 

PROBLEMS 

1 . In Example 1 above, make a design using 1-in. rivets. 

Ans. 6 rivets; t = Jfg in.; p = 9.125 in. 

2 . Design a butt joint in a tie plate to carry a load of 24,000 lb. with the 
following allowable values of the unit stresses; 

St * 14,000 lb./in.2; S, = 9,000 lb. /in. S* Sc - 19,000 lb. /in.*. 

(As in Example 1, several designs are possible.) 

Ans. For J^-in. rivets, plates 4.67 by K 6 in. ; five rivets on each side, butt 
straps ^6 in. thick. 

3 . Design angle connections for the beam described in Example 2 above 
if ^-in. rivets are used, with the same allowable values. 

Ans, Connection angles 3 by 3 by ^6 in. » 10 in. long, with 5 rivets 
through the web, 10 rivets to the column. 

4 . A 36-in. 150-lb. I-beam used as a girder is to carry a total uniformly 
distributed load of 480,000 lb. Design the end connection angles, assuming 
%-in. rivets, and using the following allowable values: for power-driven 
rivets in the web. Sc = 13,500 Ib./in.*; plain bearing Se = 24,000 lb. /in.*; 
enclosed bearing Se = 30,000 lb. /in.*; for hand-driven rivets in the out- 
standing legs. Sc = 10,000 lb. /in.*; plain bearing, Se = 16,000 lb. /in.*. 
The thickness of the web is 0.625 in. and the clear depth of the web is 

32.25 in. 

Ans, Connection angles 6 by 6 by Ke in., 30 in. long, with 15 rivets 
through the web, 40 rivets through the outstanding legs. 

24. Boiler^ Tank, and Pipe Riveting. — Boilers, tanks, and 
large cylindrical pipes which carry fluids under pressure are 
often built of plates curved to shape and fastened together by 
rivets. The riveted joints usually extend longitudinally and 
circumferentially. 
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In Fig. 43 are shown views of single-riveted, double-riveted, 
and triple-riveted lap joints. When there are two or more 
rows of rivets, the rivets may be staggered as in Fig. 43(6), 



(a) (b) (c) (d) 

Fio. 43. 

or they may be placed oppositely, as in Fig. 43(c). In Fig. 44 
are shown views of single-riveted, double-riveted, and triple- 
riveted butt joints. The distance between two adjacent rivets 
in the same row is called the pitch and is denoted by p. The 




pitch of a joint is the pitch of the outside row of rivets. The 
length p is called a repeating section^ and it is customary to use 
the repeating section as the unit in any computation rather 
than the entire length of the joint. The distance between two 
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adjacent rows of rivets is called the gage and is denoted by gf, 
as shown in Fig. 43(6) and 43(c). 

It is a common requirement in specifications for boiler, tank, 
and pipe riveting that the minimum distance permitted between 
rivets shall be three times the nominal diameter of the rivet. 
This refers to pitch in all cases, to gage if the rivets are opposite 
in the rows, and to diagonal distance if the rivets are staggered. 

To aid in making a tight joint, the exposed edges of the 
plates are caulked. This is done with a caulking tool which 
upsets or thickens the edge of the plate, forcing it tight against 
the surface of the adjoining plate. In order that proper caulking 
of the joints may be done, a maximum pitch of eight or ten 
times the thickness of the plate is all that is permitted. Plates 
which are to be caulked are sheared with a bevel edge. Caulking 
is usually done on one side only. 

The sizes of rivets for boilers, tanks, and pipes are the same 
as those used in structural work, with the addition of some larger 
sizes. The sizes most commonly used are and 1 inch, 

but larger sizes up to 1)4, ii^ch are in common use. Even sizes 
as large as 23 ^^ inches are used in heavy cracking stills for crude 
oils. As in structural work, rivet sizes vary by eighths of an 
inch. As ordinarily rolled, plates vary by sixteenths of an inch, 
but intermediate sizes may be obtained on special order. 

In boilers, tanks, and pipes it is customary to require that 
if holes are punched, they shall be subpunched and then reamed 
to size. Such work is subpunched, then assembled and reamed 
so that holes are always concentric. If the metal is too thick to 
be punched, plates which are to fit together are assembled and 
then drilled. Rivets are usually power-driven under well^ 
controlled conditions. On this account it is customary in such 
work to consider that the finished rivet completely fills the hole, 
so the size of the finished rivet is used in computing shearing and 
bearing stresses and strengths. The diameter of the actual 
rivet hole is used in computing the area to be deducted in obtain- 
ing the net section in tension. This method will be used in the 
solution of all problems in boiler, tank, and pipe riveting. 

26. Strength and Efficiency of Lap Joints. — The strength 
of a joint is the total load it will hold in any of the ways in which 
it may possibly fail. A single-riveted or double-riveted lap 
joint can fail in any one of three ways, and only three. 
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1. Tension in the net section of the plate in the row of rivets. 
If St is the ultimate unit tensile strength of the plate, t its thick- 
ness, and d the diameter of the rivet hole (and the finished 
rivet), the ultimate strengthen tension of the repeating section p 
in length is 

Pt = (p ~ d)tSt, 

2. Shear of the cross-section area of the rivet or rivets. If n 
is the number of rivet areas in length p, S, the ultimate unit 
shearing strength of the rivets, and A == 7rd^/4 the area of the 
cross section of the rivet, the ultimate strength in shear of the 
rivets in the repeating section p in length is 

P. = nAS,, 

3. Bearing on the sides of the rivets or rivet holes. If m is the 
number of rivets in length p, and Se the ultimate unit bearing 
strength of the rivets or rivet holes, the ultimate strength in 
bearing of the rivets in the repeating section p in length is 

Pc = midSc^ 

The expressions just given apply also to triple-riveted or 
quadruple-riveted lap joints if the pitch of rivets in all rows 
is the same. If, for either of these joints, however, the pitch 
in the inner row or rows is less than that in the outer rows, 
the joint may fail in a fourth way: 

4. Tension in the net section of the plate in the second row and 
shear (or bearing) of the rivet in the first row. Let Pi be the 
strength of one rivet in shear (or bearing, if it is less). The 
ultimate strength of the repeating section p in length in this 
fourth way is 

P /3 + Pi = (p ~ 2d)tSt + AS, (or tdSc). 

The strength of length p of the unriveted plate in tension 
is 

P = ptSt, 

The efficiency of a joint is the ratio of the least strength of the 
joint to the strength of the unriveted plate in tension. 

The following table gives the ultimate unit stresses for boiler 
steel as given in the Boiler Code of the American Society of 
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Mechanical Engineers, and also for tank and pipe steel as given 
by the Chicago Bridge and Iron Works. 


Ultimate Unit Stresses 
(Pounds per Square Inch) 


Unit stress 

Boiler steel (A. S. M. E.) 

Tank steel 
(C. B. & I. W.) 

s, 

55,000 

60,000 

s. 

44,000 

45,000 

s. 

95,000 

90,000 


In recent years, a 3 per cent nickel steel with values averaging 
30 per cent higher than those given in the American Society of 
Mechanical Engineers Boiler Code, has been used in loco- 
motives on the Canadian Pacific Railway. The use of the 
stronger material permitted the increase of boiler pressures from 
200 pounds per square inch up to 250 pounds per square inch 
without any increase in the thickness of the boiler plate. 

EXAMPLE 1 

A double-riveted lap joint for M-in. plates has rivets with a pitch 
of 2}i in. Compute the three strengths and the efficiency of the joint, 
using the values given by the Boiler Code of the American Society of 
Mechanical Engineers. 

Solution , — ^The rivet holes are He iu. larger than the undriven rivet, so 
d =- He ill- 

Pt = (2.125 - 0.6625) X 0.25 X 55,000 = 21,480 lb. 

P. * 2 X 0.2485 X 44,000 « 21,870 lb. 

P. - 2 X 0.5625 X 0.25 X 96,000 26,720 lb. 

Strength P* is the smallest, and therefore governs. 

P » 2.125 X 0.25 X 65,000 = 29,220 lb. 

Efficiency - = 0.736, or 73.6 per cent. 

EXAMPLE a 

A quadruple-riveted lap joint for H-in. plates has rivets with a 

pitch of 3.56 in. in the two inner rows and a pitch of 7.1 in. in the two outer 
rows. Compute the four str^gths and the efficiency of the joint, using the 
values given by the Chicago Bridge and Iron Works. 

Solution , — ^The length of the repeating section is 7.1 in. and there are six 
rivets in this length. The diameter of the rivet holes is ^He “ 0.8126 in. 
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Pt = (7.1 - 0.8125) X 0.376 X 60,000 = 141,470 lb. 
P, = 6 X 0.6186 X 46,000 ■= 140,000 lb. 

Pc = 6 X 0.8126 X 0.376 X 90,000 - 164,6301b. 


The strength in shear is less than the strength in bearing, and 


Pi 

P.. + P. 


— * 23,330 lb. 

(7.1 - 1.625) X 0.375 X 60,000 + 23,330 


146,520 lb. 


Strength P, is the smallest of the four. 


P = 7.1 X 0.375 X 60,000 = 159,750 lb. 

140 000 

Efficiency = 159 7^ “ 0.876, or 87.6 per cent. 

PROBLEMS 

1 . A single-riveted lap joint for Jle-hi. plates has ^-in. rivets with a 

pitch of 2 in. Compute the efficiency of the joint, using the values of the 
American Society of Mechanical Engineers. Ans. 59.4 per cent. 

2. A double-riveted lap joint for plates has 1-in. rivets with a 

pitch of 3.5 in. Compute the efficiency of the joint, using the values of 
the American Society of Mechanical Engineers. Ana, 69.6 per cent. 

3. A triple-riveted lap joint for plates has %-in. rivets, with a 

pitch of 2 in. in the inner row and a pitch of 4 in. in the outer rows. Com- 
pute the efficiency of the joint, using the values of the Chicago Bridge and 
Iron Works. Ans. 82.8 per cent. 

4. Solve Problem 3 if the pitch is 2 in. in all rows. Ana. 65.6 per cent. 

6. A quadruple-riveted lap joint for J^-in. plates has J^-in. rivets with a 

pitch of 5 in. in all rows. Compute the efficiency of the joint, using the 
values of the Chicago Bridge and Iron Works. Ans. 81.3 per cent. 

26. Strength and Efficiency of Butt Joints. — If the two straps 
of a butt joint are the same width and the pitch of the rivets is 
the same in all of the rows, the joint can fail in any one of the 
same three principal ways as a lap joint. 

1. Tension in the net section of the main 'plate in the first row 
of rivets. 

= (p - d)tSt. 

2. Double shear of the rivet areas. 

P, = nAS^. 

3. Bearing on the sides of the rivets or rivet holes in the main 
plate. ^ 

‘ Contrary to the procedure in structural riveting, it is not customary in 
boiler, tank, or pipe riveting to allow higher values in enclosed bearing than 
in plain bearing. The same unit stress in bearing is used in the main plates 
as in the butt straps. 
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Pc = mtdSc. 

If the pitch is greater in the first row than in the second row, 
there are two other possible ways in which the joint may fail. 

4. Tension in the main plates in the second row and shear (or 
hearing) of the rivet in the first row, 

Pu + Pi = (p ~ 2d)tSt + 2AS, (or WS.). 

5. Tension in the net section of the butt straps in the inner row 
of rivets. 

PI = 2(p - nd)f&t^ 

If one of the butt straps is wider than the other, some of the 
rivets are in double shear and some are in single shear. In (3), 
the bearing is in the main plate for the rivets which are in double 
shear, but in the butt strap for the rivet in single shear. In 
(4), the bearing is on the side of the rivet in the butt strap. 

In case there are two or more extra rows of rivets through the 
wide butt strap, there are still other ways in which failure may 
occur, as by tension in the third row and shear (or compression) of 
the rivets in both the first and second rows. Each type of multi- 
ple-riveted joint must be examined in all of the possible ways in 
which it may fail. 

EXAMPLE 1 

A double-riveted butt joint for 1-in. plates has %-in. butt straps, both of 
the same width, and IJ^-in. rivets with a pitch of 7.6 in. in the first row and 
one of 3.8 in. in the second row. Compute the strengths and the efficiency of 
the joint, using the values of the American Society of Mechanical Engineers. 

Solution: 

Pt, - (7.6 - 1.3125) XIX 55,000 = 345,800 lb. 

P. = 6 X 1.353 X 44,000 = 357,200 lb. 

Pc = 3 X 1 X 1.3125 X 95,000 = 374,000 lb. 

The strength in shear is less than that in bearing, and the strength of one 
rivet in shear is Pi — 357,200/3 = 119,000 lb. 

Pit + Pi = (7.6 - 2.625) X 1 X 55,000 + 119,000 - 392,600 lb. 
p/ = (7.6 - 2.625) X 1.25 X 55,000 = 342,000 lb. 

The value of P/ is the smallest of the five. 

P = 7.6 X 1 X 55,000 = 418,000 lb. 

04.0 non 

Efficiency = jf g 'oo g 0.818, or 81.8 per cent. 
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EXAMPLE 2 

A triple-riveted butt joint has main plates, J^-in. butt straps, and 
5i“in. rivets with a pitch of 6 in. in the first row and one of 3 in. in the 
other two. The rivets in the first row extend through only one butt strap 
and the main plate, while those in the second and third rows extend 
through both butt straps and the main plate. Compute the five strengths 
and the efficiency of the joint, using the values of the Chicago Bridge and 
Iron Works. 

Solution: 

Pi, - (6 - 0.8125) X 0.5 X 60,000 - 155,600 lb. 

P. = 9 X 0.5185 X 45,000 = 210,000 lb. 

Pc = (4 X 0.5 X 0.8125 + 0.375 X 0.8125) X 90,000 = 173,700 lb. 

The strength of one rivet area in shear is 210,000/9 = 23,330 lb. The 
strength of one rivet in bearing in the butt strap is 0.375 X 0.8125 X 
90,000 = 27,420 lb. The value of Pi is therefore 23,330 lb. 

+ Pi = (6 - 1.625) X 0.5 X 60,000 + 23,330 = 154,580 lb. 

P/ = (6 - 1.625) X 0.75 X 60,000 = 196,875 lb. 

The value of 154,580 lb. is the least of the five. 

P = 6 X 0.5 X 60,000 = 180,000 lb. 

1 K4 Kcn 

Efficiency = ^80 000 ~ 

PROBLEMS 

1. A single-riveted butt joint has )^-in. main plates, butt straps, 

and J^-in. rivets with a pitch of 2% in. Compute the efficiency of the joint, 
using the values of the American Society of Mechanical Engineers. 

Ans. 61.6 per cent. 

2. A double-riveted butt joint has main plates, butt 

straps, both of the same width, and J^-in. rivets with a pitch of 6 in. in the 
outer row and one of 3 in. in the inner row. Compute the efficiency of the 
joint, using the values of the American Society of Mechanical Engineers. 

Ans. 80.3 per cent. 

3. Solve Problem 2 if the pitch is 3 in. in both rows. 

Ans. 68.7 per cent. 

4. A triple-riveted butt joint has %-in. main plates, J^-in. butt straps, 
and l}^-in. rivets with a pitch of 10 in. in the outer row and one of 5 in. in 
the other two. The rivets in the first row extend through only one butt 
strap and the main plate, while those in the second and third rows extend 
through both butt straps and the main plate. Compute the efficiency of 
the joint, using the values of the American Society of Mechanical Engineers. 

Ans. 88.0 per cent. 

6. A quadruple-riveted butt joint has K-in* plat^, ?^-in. butt 

straps, and %-in. rivets. The rivets in the first and second rows extend 
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through only one butt strap and the main plate, while those in the third 
and fourth rows extend through both butt straps and the main plate. 
The pitch in the first row is 15.4 in., that in the second row is 7.7 in., and that 
in the third and fourth rows is 3.85 in. Compute the efficiency of the joint, 
using the values of the Chicago Bridge and Iron Works. 

Ans, 93.2 per cent. 

27. Stresses across Longitudinal Joints in Thin Cylinders. — 

Boilers, pipes, and tanks, as ordinarily constructed, are thin 
cylinders in which the tensile stresses in the plate may be con- 
sidered to be uniform throughout the thickness of the plate at any 
section. 

In a thin cylinder which is subjected to internal fluid pressure, 
the pressure is normal to the surface at all points. These normal 
pressures develop tensile stresses at all sec- 
tions in the walls of the cylinder. Let Fig. 45 
represent one-half of a ring cut from such a 
cylinder, and let its length be unity in the 
direction of the axis of the cylinder. Let St 
be the unit tensile stress in the wall of the 
cylinder, t the thickness of the wall, r the 
radius of the cylinder, and R the internal 
pressure on unit area. At A in Fig. 45, the 
pressure upon the differential area one unit 
in length and rdd in width is Rrd$. The 
horizontal component of this pressure is Rr cos Bd$, The total 
horizontal pressure to the right is given by the expression, 

Rr cos Odd, This pressure to the right is balanced by the 

“2 

tensile forces in the metal acting to the left, 


2Stt 
Rr « SiL 




Rr cos dd0 = 


Rr ^9 


] 1 - 

■J o 


Sft 
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This is the relation between the internal pressure and the stress 
in a circumferential direction, tending to open a longitudinal 
crack. 

If there are longitudinal riveted joints in the cylinder, the 
effective net thickness of the plate is the product of the actual 
thickness of the plate and the efficiency of the joint. For 
example, if the plates of a boiler are inch thick and a longi- 
tudinal joint has an efficiency of 80 per cent, the effective net 
thickness of the plate is 0.5 X 0.80 = 0.4 inch. That is, a 
plate 0.4 inch thick with no joint would be just as strong as the 
3^^-inch plate with a joint. For cylinders with longitudinal 
riveted joints, in terms of the actual thickness of the plates, 

Rr = Sit X eff. 


In tanks and pipes containing liquids and open to the air at 
the top, the pressure at any point is equal to the weight of a 
column of the liquid of the same height as the vertical distance 
from the point to the surface of the liquid. This vertical 
distance is called the head. If the head in feet is A, the pressure 
in pounds per square inch for water which weighs 62.5 pounds 
per cubic foot is 


^ 62.5A 
144 


0.434A. 


A head of 100 feet of water causes a pressure of 43.4 pounds per 
square inch. 

Oil is lighter than water, and for an average weight of 58 pounds 
per cubic foot, the pressure per square inch is 72 = 0.403A. 
For tar which averages 75 pounds per cubic foot, the pressure 
per square inch is 72 = 0.521 A. 


EXAMPLE 1 

A water pipe 6 ft. in diameter is made of plates, and the longitudinal 
joints are triple-riveted lap joints, with H-in. rivets. The pitch is 2% in. 
in the inner row and 5K in. in the outer rows. Compute the factor of 
safety when the head of water on the pipe is 300 ft. Use the values of the 
Chicago Bridge and Iron Works. 

Solution: 

Ptj - (5.5 - 0.9375) X 0.5 X 60,000 = 136,880 lb. 

P. = 4 X 0.6903 X 45,000 = 124,250 lb. 

Pc = 4 X 0.5 X 0.9375 X 90,000 - 168,750 lb. 
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Pt^ + Pi = (6.6 - 1.876) X 0.6 X 60,000 + 31,060 - 139,810 lb. 

P - 6.6 X 0.6 X 60,000 = 166,000 lb. 

The effective net thickness = 0.5 X 0.753 = 0.3765 in. 

R = 0.434 X 300 = 130.2 Ib./in.*. 

130.2 X 36 = iSi X 0.3765. 

St = 12,420 Ib./in.*. 

A f r A 60,000 . oo 

Factor of safety = 

EXAMPLE 2 

A boiler 4 ft. in diameter is made of IJ^-in. plates and has double-riveted 
longitudinal butt joints with IJ^-in. rivets which have a pitch of 5 in. in 
both rows. The butt straps are in. thick and both arc the same width. 
Using the values of the American Society of Mechanical Engineers, compute 
the safe steam pressure with a factor of safety of 4. 

Solution: 


P, - (5 - 1.4375) X 1.25 X 55,000 - 244,920 lb. 
P, = 4 X 1.623 X 44,000 = 285,650 lb. 

Pc = 2 X 1.25 X 1.4375 X 95,000 - 341,410 lb. 

P = 5 X 1.25 X 55,000 = 343,750 lb. 


Efficiency = 


244,920 


= 0.712. 


343,750 

P X 24 = 13,750 X 1.25 X 0.712. 
R = 510 Ib./in.*. 


PROBLEMS 

1 . An open cylindrical water tank with the axis vertical is 25 ft. in diame- 

ter and 40 ft. high. It is made of 34-in. plates with double-riveted lap joints. 
Rivets are 34 in. in diameter with a pitch of 2 in. Compute the factor of 
safety when the tank is full of water, using the values of the Chicago Bridge 
and Iron Works. Ans. 4.14. 

2 . A cylindrical boiler is made of ^^-in. plates and has longitudinal single- 
riveted lap joints with J4-in. rivets and a pitch of 234 in. Using the valiums 
of the American Society of Mechanical Engineers and a factor of safety of 5, 
compute the maximum diameter of boiler for a steam pressure of 120 Ib./in.*. 

Ans. 40 in. 

3 . A boiler 5 ft. in diameter is made of 134-in. plates. The longitudinal 
joints are triple-riveted butt joints and the rivets are 134 in. in diameter. 
The pitch in the outer row is 10 in. and that in the inner rows is 5 in. 
The butt straps are ^Ji 2 in. thick. -The rivets in the first row’ extend 
through only one butt strap and the main plate, while those in the second 
and third rows extend through both butt straps and the main plate. Using 
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the values of the American Society of Mechanical Engineers and a factor of 
safety of 4.5, compute the safe steam pressure. Ann, 377 lb. /in.®. 

4. An oil tank 117 ft. in diameter has the bottom ring made of 
plates. The vertical joints are quadruple-riveted lap joints with %-in. 
rivets and a pitch of 3.53 in. in all rows. Using the values of the Chicago 
Bridge and Iron Works, determine the safe height of the tank with a factor 
of safety of 3. Ans. 27.2 ft. 

6. If the vertical joints of the surge tank of a water-power pipe line are 
to have an efficiency of 90 per cent and the tank is to be 55 ft. in diameter 
and 130 ft. high, compute the thickness of the bottom plate with a factor of 
safety of 4. Use the values of the Chicago Bridge and Iron Works. 

Ans. in. 

28. Stresses across Circumferential Joints in Thin Cylinders 
and in Spheres. — To determine the 
stress in the longitudinal direction in 
a cylinder tending to open a circum- 
ferential crack, consider the part of the 
cylinder shown in Fig. 46 as the free 
body. The total longitudinal pressure 
of the fluid with a unit pressure of li 
pounds per square inch is irrHi. The 
balancing longitudinal stress in the 
metal is 2TrtSt. Since these are equal, 

irr^R = 2Ta'tSt. 

Rr = 2Sit. 

It will be seen from this expression that the stress tending to 
open a circumferential crack in a cylinder is only one-half as 
much as that tending to open a longitudinal crack, so the required 
efficiency of a circumferential joint in a boiler or pipe is only 
one-half that of the longitudinal joint. Even though a multiple- 
riveted butt joint of high efficiency is required for the longitudinal 
joints, a single-riveted or double-riveted lap joint will usually 
be sufficient for the circumferential joints. In the case of tanks 
open to the air at the top and with the axis vertical, the only 
stresses in the circumferential joints are those caused by the 
weight of the tank above and by the wind. The chief require- 
ment is that the joint shall be tight enough to hold the contents of 
the tank. 

The expression Rr = 2Stt applies also to the stress in a sphere 
caused by internal fluid pressure, as will be seen by considering 



Fig. 46. 
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the pressure upon the projected area of the hemisphere, which 
is the same as that upon the flat end of a closed cylinder. 


PROBLEMS 


1 . Prove that for the boiler referred to in Problem 3, Art. 27, a double- 
riveted lap joint with a pitch of 6 in. would be strong enough for the circum- 
ferential joints, but a single-riveted lap joint with the same pitch would not. 

2 . A spherical gas container 45 ft. in diameter is to hold gas at a pressure 

of 40 lb. /in.*. If it is to have double-riveted lap joints with an efficiency of 
72 per cent, what must be the thickness of the plates for an allowable tensile 
stress of 15,000 lb. /in.*? Ans. 

3 . A spherical gas container is 60 ft. in diameter and is made of ^-in. 
plates. The joints are triple-riveted lap joints, with J^-in. rivets and a 
pitch of 3.16 in. in all rows. Using the values of the Chicago Bridge and 
Iron Works, compute the safe internal pressure with a factor of safety of 4. 

Am. 36.6 Ib./in.*. 

29. Design of Joints of Maximum EfiSiciency. — A joint of any 
given type has its maximum efficiency with the minimum amount 
of material when it has equal strengths in all of the possible ways 
in which it may fail. For the simple joints which may fail in 
only the three principal ways, that is, by tension in the main 
plate, by shear of the rivets, or by bearing on the side of 
the rivets, it simple relation between ty d, and p may be 
obtained. 

As before, let m be the number of rivets in bearing and n the 
number of rivet areas in shear. The strength of the repeating 
section p in shear is equated to the strength in bearing, and also 
the strength in tension is equated to that in bearing. In terms 
of the diameter d of the finished rivet, the strength of one area 
of the rivet in shear is ird^S,/A. 


P, -P. 

nvd^Sa 


mtdSc. 

, _ 4mSc, 
vnS, 


Pi = Pc 

(p — d)tSt = nUdSc. 

p ^ 
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In terms of t, 


P = 

Efficiency = 



p — d 
V 

- d 

( 4 ; + ')* 

mSe 

ITlSe H“ St 


In the table beloWj the computed values of d in terms of 
of p in terms of ty and of the efficiencies for several of the simpler 
types of joints are given for both the values of the Boiler Code of 
the American Society of Mechanical Engineers and the values 
used by the* Chicago Bridge and Iron Works. All rows have the 
same number of rivets. If values other than these are used and 
with different ratios of the allowable stresses in tension, shear, and 
bearing, a corresponding table should be computed. 


Type of 



joint 

d 


Eff. 

d 

V 

Eff. 

LI 

2.7U 

7.5 ^ 

0.633 

2.54/ 

6.25/ 

0.60 

L2 

2.m 

12,25< 

0.775 

2.54/ 

■la 

0.75 

L3 

2.76t 

17.0 / 

0.838 

2.54/ 


0.82 

B1 

1.3& 

3.751 

0.633 

1.27/ 

3.13/ 

0.60 

B2 

L38( 

6.13/ 

0.775 

1.27/ 


0.75 

B3 

1.38( 


0.838 

1.27/ 


0.82 


Commercial sizes of plates and rivets must of course be used. 
In general, the nearest commercial size of plate thicker than the 
computed size will be used. The efficiency of a joint will be 
lowered by changing the size of the rivet either way from the 
computed size. If a larger size is used, the efficiency in tension 
will be lowered. If a smaller size is used, the efficiencies in 
compression and in shear will be lowered. Since the size d 
computed is the diameter of the finished rivet and therefore 
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of the rivet hole, the value of d selected to be used must be the 
nearest odd sixteenth to the value of d as computed, and the 
original or nominal diameter of the rivet will be the even six- 
teenth of an inch smaller. The pitch is ordinarily used as 
computed, but may be changed to the nearest eighth of an inch. 
Standard rules for riveting will sometimes require further 
modification in the design, which in general will still further 
reduce the efficiency. 


EXAMPLE 1 

Using the values of the Chicago Bridge and Iron Works and a factor of 
safety of 4, design a double-riveted butt joint of maximum efficiency for a 
water pipe 10 ft. in diameter under a head of 320 ft. 

Solution . — From the table on p. 63, the maximum efficiency for this joint 
is 0.75. 


Rr = Stt X eff. 

0.434 X 320 X 60 = 15,000 X t X 0.75. 
t = 0.74 in. 
d = h27t = 0.94 in. 
p 5.08^ = 3.75D in. 

The commercial sizes to be used will be as follows: t = in.; r = Ke in.; 
d = 0.9375 in. (%-in. rivet). 


EXAMPLE 2 

Using the ultimate strengths of nickel-steel boiler plate and rivets as 
follows, design a triple-riveted lap joint of maximum efficiency for a boiler 
5 ft. in diameter to carry a steam pressure of 250 lb. /in.* with a factor of 
safety of 4. St-^ 80,000 Ib./in.*; S, = 55,000 Ib./in.*; So = 115,000 
lb. /in.*. 

Solution . — The number of rivets in a repeating section is 3, so m ~ 3 and 
n « 3. 


^ _ 3 X 115,000 

Efficiency ^ ^ 115,000 + 80,000 

250 X 30 = 20,000 X t X 0.812. 
t = 0.462 in. 


= 0.812. 


, 4 m 5c. 


1.23 in. 


(”* 1 + 0 


d = 6.55 in. 


The commercial values used will be as follows: t — H in.; d =» 1.1875 in, 
(lH“in, rivet). 
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PROBLEMS 

1. Using the values of the American Society of Mechanical Engineers 
with a factor of safety of 4.5, design a double-riveted lap joint for a boiler 
40 in. in diameter with a steam pressure of 135 lb. /in.*. 

Ans. Computed values: t == 0.285 in.; d = 0.784 in.; p = 3.49 in. Use 
J^6-in. plates, and rivets in holes. 

2. Using the values of the Chicago Bridge and Iron Works with a factor 
of safety of 5, design a single-riveted butt joint of maximum efficiency for a 
water tank 40 ft. in diameter and 50 ft. high. 

Ans. Computed values: t = 0.723 in.; d = 0.919 in.; p = 2.26 in. Use 
t — yin.) t' — in.) d = 0.9375 in. {%An. rivet). 

3. Using the values of the Chicago Bridge and Iron Works with a factor 
of safety of 4, design a triple-riveted butt joint of maximum efficiency for a 
pipe 6 ft. in diameter under a head of 820 ft. of water. 

Ans. Computed values: t = 1.042 in.; d = 1.323 in.; p = 7.291 in. 
Use t - IHe in.; t' = ii>.; d = 1.3125 in. (IJ^-in. rivet). 

4. Using ultimate iSt = 70,000 lb. /in.*, = 55,000 lb. /in.*, /Sc = 110,000 
lb. /in.*, and a factor of safety of 4‘, design a double-riveted butt joint of 
maximum efficiency for a tank 100 ft. in diameter and 40 ft. high to hold tar. 

Ans. Computed values: t — 0.94 in.; d == 1.20 in.; p = 4.97 in. Use 
t = 1 in.; in.; d = 1.1875 in. (IJ^-in. rivet). 
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30. Fillet-welded Joints. — Welding may be defined as the 
joining of two pieces of metal by means of fusion. The two 
surfaces to be joined are heated by 
means of an electric arc or an oxyacety- 
lene torch, and material from the fused 
welding rod is deposited between them 
to form the union. The welding rod 
should always be of the same composi- 
tion as the plates to be welded. In the 
fillet weld, such as is shown in Fig. 47, 
the fused metal is deposited in a triangular corner or fillet between 
the two pieces to be joined. In this case the fillet is deposited at 
the edge or side of the upper plate, and the weld is called a side 
fillet weld. 

If tensile forces are applied to the joint as shown, the metal 
in the fillet is subjected to shearing forces. The minimum 
section in the fillet is along the diagonal distance a, called the 
throat of the weld, which is 0.707 times the base of the weld for 
a 46® fillet. 

The American Welding Society gives the following allowable 
loads per linear inch of 45® fillet, for different sizes of fillets: 
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Ji-in. base of weld 
Jle-bi. base of weld 
%-in. base of weld 
Ke-bi. base of weld 
base of weld 


2000 Ib./lin. in. 
2500 Ib./lin. in. 
3000 Ib./lin. in. 
3500 Ib./lin. in. 
4000 Ib./lin. in. 


These values are at the rate of 11,300 pounds per square inch 
allowable shearing stress in the throat of the weld. 

The weld shown in Fig. 48 is called an end fillet weld, and the 
material in the fillet is stressed both 
in tension and in shear. It has been 
found from tests by the photoelastic 
method that a 30°~60° fillet with the 
long base in shear gives a much better 
distribution of the stress than the 
ordinary 45° fillet. Such welds should 
be used only as auxiliary welds, and 
only if it is not possible to develop the required strength by 
means of the side welds. 

If an angle section is to be welded to a plate by means of side 
fillet welds, and the load in the angle is to act along the cen- 
troidal axis of the angle, it is necessary to have a longer weld 
along the heel of the angle than along the toe, as shown in Fig. 49. 
Let pi be the stress per linear inch in the weld. With the 


<4: 




Fig. 48. 



angle as the free body, the equation of moments about any 
point at the lower edge of the angle gives. 


Similarly, 


Pia(ci + C2) = Pca. 

PC2 


a — 


Pl(Ci + C2) 


b 


Pci 

PliCi + C2)’ 
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PROBLEMS 

1 . If the narrow plate shown in Fig. 47 is 6 by H in. and is to develop an 

allowable stress in tension of 18,000 lb. /in.*, what must be the length of lap 
of the two plates for )^-in. side welds? Ana, 6^ in. 

2. A 6-in. 8.2-lb. channel has a 7.5-in. lap on the connecting plate at its 

end. If it is to develop an allowable stress of 18,000 lb. /in.* in tension, 
what size of side fillet weld should be used? Ana. %-in. 

3. A 6- by 4- by %-in. angle is to have its 6-in. leg welded to a plate by 

means of side fillet welds. If Ke-in. welds are to be used and the allowable 
tensile stress in the angle is to be 16,000 lb. /in.*, what lengths a and b are 
required? Ana. 9.06 in.; 17.7 in. 

31. Butt-welded Joints. — In a butt-welded joint, the plates 
are butted together and their edges welded. Plates from Ke to 
inch in thickness can be butt-welded very easily with square 



(a) (b) 

Fig. 60. 


edges. Plates between }^i and Yz inch in thickness are usually 
beveled to form a single-V weld, as shown in Fig. 50(a). Plates 
thicker than Y inch are usually beveled on both sides to form a 
double-V weld, as shown in Fig. 50(5). If in either case the root 
of the weld is not completely filled with fused material, very 
large localized stresses may be caused. The excess material 
above the V may also be an element of weakness and cause large 
localized stresses in the plate at the edge of the weld. For the 
best results the bead should be only slightly rounded and should 
meet the straight surface of the plate smoothly. On account of 
the change of properties of the metal which has been fused, it is 
sometimes necessary to anneal the plates after welding. 

The butt weld is used extensively in steel pipe lines for gas, 
oil, and steam, for pressure vessels such as gas spheres, oil- 
cracking stills and retorts, and for open water and oil tanks. 
In many such tanks the floors and roofs are welded and the 
sides riveted, but in recent years many tanks have been erected 
with welded joints throughout. 

The American Welding Society gives the following allowable 
unit stresses for butt joints in tension or compression, either 
direct or in bending: 



68 STRENGTH OF MATERIALS [Chap. Ill 

Tension on section through throat of weld 13,000 lb. /in.*. 

Compression on section through throat of weld. . . 18,000 lb. /in.*. 


Problems involving plates with butt joints are identical with 
those involving plain plates, with the exception of the lower 
allowable value in tension. 


PROBLEM 

1 . A steel pipe 3 ft. in diameter with metal in. thick has longitudinal- 
welded butt joints. Compute the safe internal pressure. 

Ans. 180.6 lb. /in.*. 



CHAPTER IV 


TORSION OF SHAFTS 

32. Shearing Stresses in a Circular Shaft. — As explained in 
Art. 17, a circular shaft which is twisted about its own axis by 
a torque T at each end is subjected to pure shearing stress. Let 
Fig. 51 represent such a shaft twisted in a counterclockwise 



Fio. 51. 


direction by the couple T\ = 2Pr at the right end and in the 
opposite direction by the balancing couple T 2 = 2Pt at the left 
end. Let Fig. 52 represent a cross section of the shaft, as that 
at A in Fig. 51, and let S, be the unit 
shearing stress at the outer fiber. 


^ — is the unit shearing stress at unit / 

f 'P P \ 

distance from the axis. v \ 

^ is the unit shearing stress at the I OM ^ 

distance p from the axis. \ / 

is the shearing force on the 

^ Fig. 62. 

differential area dA, 

is the moment about 0 of the force on the area dA. 
r 

~ J pHA is the total moment about 0 of all of the internal 
shearing forces. 

The quantity J * pHA is the polar moment of inertia of the 
cross section and may be represented by J. 
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The polar moment of inertia of a circle is / == 

or 

is the internal moment or resisting torque. 

V 

Since this internal torque holds in equilibrium the external 
torque T, 



The unit stress at any point other than the outer fiber is 
proportional to its distance from the center of the shaft and is 
given by the expression, 



PROBLEMS 

1. A solid steel shaft 3 in. in diameter is twisted by a force of 1000 lb. at 
the end of a lever 4 ft. long. Compute the maximum shearing stress. 

Ans, 9050 lb. /in.*. 

2 . If allowable Sa in a steel shaft is 10,000 lb. /in.*, what torque T is safe 

for a shaft 16 in. in diameter? Ans. 670,200 ft.-lbs. 

3 . If safe Sa = 9000 lb. /in.*, what must be the diameter of a solid circular 

shaft subjected to a torque of 120 in.-lb.? Ans, 0.408 in. 

4 . A steel oil pipe is 8.625 in. outside diameter and 7.981 in. inside diame- 
ter. In tightening up the screwed joints of the pipe, six men exert a pres- 
sure of 150 lb. each on a pipe wrench at an average distance of 10 ft. from 
the center of the pipe. Compute the maximum shearing stress. 

Ans, 3230 lb. /in.*. 

6 . If the inside diameter of a shaft is to be oi the outside 
diameter, what must be the size of a shaft to transmit a torque of 84,000 
in.-lb. with an allowable shearing stress of 7500 lb. /in.*? Ans, 4.6 in. 

6. If the shaft described in Problem 5 is steel, how much weight is saved 
per foot by using it instead of a solid shaft? Ans. 19.5 lb. 

33. Shearing Strain in a Circular Shaft. — When a cylindrical 
shaft is subjected to a torque, any line which was originally an 
element of the cylinder is twisted about the axis and takes a 
helical shape, as shown in Fig. 53. In this figure, OQ is the 
axis of the cylinder and .AB is the oripnal position of an element. 
If the radius AQ remains fixed in position as the torque 2Pr is 
applied to each end, the radius OB will twist through the angle 0 
and will take the position OB', and the element AB will take the 
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helical shape AB\ The arc BB’ is therefore the total shearing 
deformation at the outer surface of the shaft in length I, and in 
amount is equal to rd. The unit shearing deformation, 3, is 
given by the expression 


Since 



S, = Esds, 


S, 


EstO 

I 


Fig. 53. 



Also, since 

r 

T = Mi 

^ I 

PROBLEMS 

1. A brass spindle in. in diameter and 3 in. long is subjected to a torque 

of 84 in.-lb. Through what angle is one end twisted with respect to the 
other? (See Table VIII for values of Es.) Ans. 0° 29' 25". 

2. If the shaft described in Problem 2, Art. 32, is 40 ft. long, how much 

is one end twisted wilh respect to the other? Ans. 2® 52'. 

3. A steel shaft 10 ft. long is to transmit a torque of 48,000 in.-lb. The 

allowable shearing stress is 8000 lb. /in.* and the twist must not exceed 1°. 
Compute the diameter necessary. Ans. 4.09 in. 

4. A shaft 6 ft. long is 2 in. outside diameter and 1.75 in. inside diameter. 

How much is one end twisted with respect to the other when stressed to 
8000 lb. /in.* shearing stress? Ans. 2® 45'. 

6. If the shearing elastic limit of aluminum wire is 12,000 lb. /in.*, in 
what length may a wire 0.1 in. in diameter be twisted through one complete 
revolution without injury? Ans. 8.73 ft. 

34. Transmission of Power by a Shaft. — It is shown in 
mechanics that the work of a rotating force upon a rotating body 
is T being the torque of the force and B the angle through 
which the rotating body turns. If a shaft is being rotated at a 
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constant speed against a resistance, the work done in one revolu- 
tion is 2TrT. If r is in units of inch-pounds and if iV is the 
number of revolutions per minute, the work done in a minute is 
2wTN inch-pounds. Since 396,000 inch-pounds of work per 
minute constitute one horsepower, the number of horsepower, 
represented by Ap, is given by the expression, 

2wTN 

^ 396,000* 

T = 63,025 

N 

PROBLEMS 

1 . If allowable S, = 9000 Ib./in.^ how many horsepower will a 6-in. 

shaft transmit when rotating at 180 r.p.m.? Ans. 1090 hp. 

2 . Compute the diameter of a shaft to transmit 6000 hp. at 180 r.p.m., 

with allowable S^ - 8000 lb. /in. 2 . Ans. 11 in. 

3. If the inside diameter of a hollow shaft is to be of the outside 

diameter, what must be the size of shaft to transmit 120 hp. at 3600 r.p.m. 
with an allowable stress of 7500 Ib./in.*? Ans. 1.278 in. 

4 . A steel shaft 2 in, in diameter is transmitting 358 hp. at 2400 r.p.m. 

Through what angle is it twisted in a length of 5 ft.? Ans. r43'. 

35. Shearing Stresses in Noncircular Shafts, — When a cir- 
cular bar is twisted, each cross section of the bar remains a 
plane circle, as may be shown by tests. When a noncircular bar 
is twisted, however, any original cross section of the bar does 
not remain plane, but is warped, as can be seen by ruling rec- 
tangles on bars of rubber of rectangular or ellipsoidal cross section 
and twisting them. On account of the warping of the cross 
sections, the rectangles at the middle of the long side of the 
rectangular bar have the largest shearing distortion and there- 
fore the material at this point has the largest shearing stress, 
while that at the corners approaches zero. At the middle of the 
short side of the cross section there is some distortion in shear, 
but of smaller amount than that at the middle of the longer side. 

Similarly, the rectangular figures at the ends of the shorter 
axis of the bar with an elliptical cross section have a larger 
shearing distortion than those at the ends of the longer axis, 
indicating a larger shearing stress there. 

Saint Venant made a complete analysis of the distribution 
of the shearing stresses in a bar with a rectangular cross section, 
and for a section with long side a and short side 6, developed 
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the following expression for the maximum shearing stress, T 
being the torque. 


TVyr CY 3(X + l.Sb^ 

Max. S, = — T- 




For a square section, b = a and 


max. Sa = 


4.8r 


For a circular section of diameter a, 

e ^ 5.ir 


It will be seen from this that with the same torque, the maxi- 
mum . stress in a bar with a square section is only 6 per cent 
smaller than that in a bar with a circular section of the size of 
the inscribed circle, while the weight is 27 per cent greater. 

PROBLEMS 

1 . Compute the size of a square shaft to transmit a torque of 10,000 in.-lb. 

with an allowable shearing stress of 5000 lb. /in.*. Am. 2.125 in. 

2 . Compute the diameter of a circular shaft to transmit the same torque 

with the same stress as that given in Problem 1. Am. 2.17 in. 

3 . Design a rectangular shaft, with side a = 46, to transmit the same 
torque with the same stress as that given in Problem 1 and compare its 
weight with that of the circular shaft. Am. 4.8 by 1.2 in.; 1.56 to 1. 

4 . Compare the torsional resistance of a bar 6 by iii- i^^ cross section 

with that of a hollow circular bar made by forming the plate into a tube, 
butt-welded, with a mean circumference of 6 in. Am, 1 to 10.58. 



CHAPTER V 


SHEAR AND MOMENT IN BEAMS 

36. Loads and Supports on Beams. — A beam may be defined 
as a bar of material upon which are acting transverse loads and 
reactions. In buildings, bridges, and such structures, beams 
are usually horizontal and the loads are usually weights. In 
machines, beams may have any direction and the loads are often 
pressures from other parts of the machine or from other outside 
bodies. 

Loads are classified as (1) concentrated loads; (2) uniformly 
distributed loads; and (3) varyingly distributed loads. Wheel 

loads and the pressures of floor 
beams on girders are examples 
of concentrated loads. Reac- 
tions on beams are usually con- 
sidered to be concentrated, the 
point of application being the 
center of the area of contact. 
Distributed loads may be of 
uniform intensity or of varying 
intensity. Uniformly distri- 
buted loads are much more 
common than loads of varying 
intensity. W ater pressure on a 
vertical wall and the weight of piles of granular material such 
as sand, grain, or cement piled high at one side of a bin and 
sloping down to zero at the other side, are examples of loads of 
varying intensity. 

A beam which is fixed at one end and free at the other is 
called a cantilever beam, as shown in Fig. 54(a). A beam which 
is supported at the ends is called a simple beam, as shown in 
Fig. 64(6). The beam shown in Fig; 54(c) is fixed at the ends. 
A beam may be continuous over several supports ai\d it may 
overhang a support, as shown in Fig. 55. 

74 




Abt. 37] 


SHEAR AND MOMENT IN BEAMS 


75 


In the case of simple beams and of overhanging beams with 
two supports, it is necessary to compute the reactions by the 
principle of moments. 

Since the beam which is acted upon by its loads and reactions 
is in equilibrium, the summation of moments of all of the external 
forces with respect to any axis equals zero. If this axis of 
moments is chosen on the line of action of one of the reactions, 
the equation of moments will determine the reaction at the 
other support. A second moment equation will then determine 
the remaining reaction. The equation = 0 will give a 


w per unit 



. Fig. 65. 

check solution. If the loading is symmetrical, each reaction 
is one-half of the total load. 

PROBLEMS 

1. A timber beam 4 in. wide, 16 in. deep, and 30 ft. long is supported at 
the ends and carries a load of 250 lb. per linear ft. in addition to its own 
weight. Compute the reactions. (See Table I for the weight of timber.) 

Ans. 3990 lb. 

2. A 12-in. 31.8-lb. structural I-beam 20 ft. long carries a superimposed 
uniformly distributed load of 400 lb. per linear ft.‘ and a concentrated load 
of 6800 lb. at the middle. Compute the reactions. Aws. 7718 lb. 

3. Solve Problem 2 if the left support is moved to a point 4 ft. from the 

left end. Ans, 9648 lb. ; 5788 lb. 

4. A simple reinforced concrete beam is 6 ft. wide, 4 ft. deep, and 30 ft. 
long. In addition to its own weight it carries a uniformly distributed load 
of 250 lb. /ft.® of floor area, a concentrated load of 20,000 lb. 6 ft. from the 
left end, and another of 44,000 lb. at the middle. Compute the reactions. 

Ans. 1 14,500 lb. ; 102,500 lb. 

5. A beam 40 ft. long weighing 112 lb. per linear ft. is supported at the 
left end and at a point 6 ft. from the right end. It carries a brick masonry 
wall 16 in. thick which is 12 ft. high for a distance of 10 ft. at the left end, 
and then slopes down to 6 ft. high at the right end. Compute the reactions. 

Ans. 31,7801b.; 35,1001b. 

37. Shearing Forces in Beams. — The transverse loads and 
reactions acting upon a beam have a tendency to shear it off at 
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any cross section. In Fig. 56, consider as a free body the part of 
the beam on the left of the section MN. The free body with the 
forces acting upon it is shown in Fig. 56(b). The forces external 
to the beam are P and wl\j both acting downward. In order that 
this free body may be held in equilibrium, there must be added 

to it at the section MN the internal 
forces as shown. These must 
consist of a tensile force T in the 
upper part of the section, a com- 
pressive force C in the lower part 
of the section, and a vertical 
shearing force V acting upward in 
the section. Since the forces T and 
C have no vertical components, and since the vertical summation 
of the forces on the free body must equal zero, 

V — P — wli = 0. 

F = P + wh. 

Consider next t simple beam, Fig. 57, weighing 1000 pounds 
and supporting a load of 2000 pounds at the middle. In Fig. 



Fia. 66. 



57(b) is shown as a free body the part of the beam on the left of 
section MN, The upward reaction at the left end is 1500 pounds 
and the downward force of the weight of this part is 200 pounds. 
It is seen that it is necessary for equilibrium that the shearing 
force F 2 at the section MN shall act downward. As before, the 
summation of the vertical forces must equal zero, so 

F 2 + 200 - 1500 = 0. 

Fa =* 1300 pounds. 



Art. 38] 


SHEAR AND MOMENT IN BEAMS 


77 


If the part of the beam on the left of section MiNi is con- 
sidered as the free body, as shown in Fig. 57(c), the shearing force 
Fe is upward. 

Fe + 1500 - 2600 = 0. 

Fe = 1100 pounds. 

When the expression ^‘vertical shear at a section^' is used, the 
internal shear is meant, but its amount is determined by the 
vertical summation of the external forces on the beam on the left 
of that section. The sign of the vertical shear at any section is 
determined from the direction of the vertical summation of the 
forces on the left of that section. The shear is said to be positive 
if this vertical summation of forces is upward, and negative if 
it is downward. The shear at section MN is therefore positive; 
that at section AfiiVi is negative. 

PROBLEMS 

1. In Fig. 56, P == 800 lb., w — 320 lb. per linear ft., and U - 12 ft. 

Compute the vertical shear at the section MN. Am. —4640 lb. 

2. In the beam shown in Fig. 57, compute the vertical shear at the left 
of the load, at the right of the load, and at the left of the right reaction. 

Am. +1000 lb.; -10001b.; -1500 lb. 

3. A simple beam 6 ft. long weighs 30 lb. Compute the shear just inside 
the left reaction and at each foot along the beam. 

Am. Fo = 15 lb.; Fi = 10 lb.; F2 = 5 lb.; Fa - 0; F4 = -5 lb.; 
Fa = -101b.; Fe = -151b. 

38. Shear Equations and Shear Diagrams. — It was noticed 
in the solution of the problems in Art. 37 that there is a regular 
variation in the amount of the shear from left to right across the 
beam until a concentrated load or reaction is reached. With 
downward loads, this variation is always a reduction, the amount 
of the reduction per unit length being the weight of the uniformly 
distributed load per unit of length. At a concentrated load or 
at a reaction, there is a sudden change in the amount of the shear, 
the change being the same in amount and direction as the load 
or reaction. 

The variation in the shear may be shown either algebraically 
by an equation, or graphically by a diagram. The beam shown 
in Fig. 58 is a cantilever beam fixed at the right end and loaded 
with a uniformly distributed load of w per unit of length. The 
vertical shear at any section at a distance x from the left end is 
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—m, SO the equation V — —wx gives the relation between the 
shear and the distance x from the left end of the beam. 

The shear diagram, Fig. 58(6), shows graphically the same 
variation. The line OX is the shear axis, drawn to represent 
to scale the length of the beam. From this axis, vertical ordi- 



nates are laid off to represent to some scale the amount of the 
vertical shear at that section in the beam. If a line OA is drawn 
through the ends of these ordinates, and V is used as the variable 
vertical ordinate, the equation of the line becomes F = — m. 

In Fig. 59, a cantilever beam with both uniformly distributed 
and concentrated loads is shown. The equation of the shear is 



F *= —500 — 30a;. In this case the uniformly distributed 
load is 30 pounds per linear foot, and the distance x must be in 
feet. If with the same load, the amount of the uniform load is 
used as 2.5 pounds per linear inch, the distance x must be in 
inches. In the shear diagram, the ordinate at the left represents 
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600 pounds to scale, the ordinate at the middle represents 650 
pounds to scale, and that at the fixed end represents 800 poimds 
to scale. 

The diagram shown in Fig. 60 is one for a simple beam of 
length I loaded with a weight of w per unit length. The reactions 



are each wl/2 and the equation of the line joining the ends of the 
shear ordinates is F = {wl/2) — wx. 

If a beam carries one or more concentrated loads and its own 
weight is extremely small, or for any other reason is neglected, 
the shear curve is a straight p 

line parallel to the axis. Such -j 

diagrams are shown in Figs. 61 
and 62. 
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Fig. 62. 


The values of the shear at the controlling points should be 
shown at the proper places on the shear diagram. If the shear 
diagram crosses the axis at a point other than a reaction or a 
concentrated load, the distance fro: a the end of the beam should 
also be shown. In Fig. 63 is shown the shear diagram for a 
beam 24 feet long, weighing 20 pounds per linear foot, and carry- 
ing in addition a concentrated load of 800 pounds at a point 4 feet 
from the left end and another of 200 pounds at a point 2 feet from 
the right end. The beam is supported at the left end and at a 
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point 4 feet from the right end. The left reaction is 812 pounds 
and the right reaction is 668 pounds. 

For this diagram there are four equations for the four curves 
joining the ends of the shear ordinates, as follows: 

From a; = 0 toa:==4, F = 812 — 20a:; 

From a: = 4 to a: = 20, F = 12 — 20a:; 

From X = 20 to a: = 22, F = 680 — 20x; 

From X = 22 to X = 24, F = 480 — 20x. 

It is seen from all of the preceding discussion that the maxi- 
mum numerical value of the shear in a cantilever beam is always 
at the fixed end. In a simple beam or in an overhanging beam 


800 200 



with two supports, the maximum numerical value of the shear 
occurs at a point next to one or the other of the supports. 

PROBLEMS 

1. A cantilever beam 12 ft. long is fixed at the right end and carries a 

load of 6000 lb. at the left end. Neglecting the weight of the beam, draw 
the shear diagram to the scale of 1 in. =2 ft. and 1 in. = 3000 lb. Write 
the shear equation. An^. V — —6000 lb. 

2 . A cantilever beam 10 ft. long weighing 142 lb. per linear ft. is fixed at 

the right end. Draw the shear diagram to the scale of 1 in. =* 2 ft. and 1 
in. = 1000 lb. Write the shear equation. Am. F = — 142x. 

3 . A cantilever beam 16 ft. long is fixed at the right end and carries a 
uniformly distributed load of 60 lb per linear ft., and a concentrated load 
of 3000 lb. 6 ft. from the left end Draw the shear diagram and write the 
two shear equations. 

Am. 0 to 6 ft., V *= -60a;; 6 to 16 ft., V = -3000 - 60a;. 

4: A simple beam 20 ft. long carries a vconcentrated load of 4600 lb. at 
the middle. Draw the shear diagram to the scale of 1 in. =4 ft. and 1 in. = 
2000 lb. Write the shear equations. 

Ana. 0 to 10 ft., F = 4-2300 lb.; 10 to 20 ft., F - -2300 lb. 
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5. A simple beam 80 ft. long carries a uniformly distributed load of 4800 
lb. per linear ft. Draw the shear diagram to the scale of 1 in. =* 20 ft. and 
1 in. = 200,000 lb. Write the shear equation. 

Ans. V = 192,000 - 4800a?. 

6. Solve Problem 5 if it carries in addition a concentrated load of 120,000 
lb. at a point 25 ft. from the left end. 

Ana. 0 to 26 ft., V = 274,500 - 4800a;; 25 to 80 ft., V = 154,600 - 
4800X. 

7. A beam 24 ft. long is supported at the left end and at a point 4 ft. from 
the right end. It carries a uniformly distributed load of 400 lb. per linear 
ft., a concentrated load of 7200 lb. 6 ft. from the left end, and one of 2000 lb. 
at the right end. Draw the shear diagram to the scale of 1 in. =4 ft. and 
1 in. = 6000 lb. 

8. A simple beam 30 ft. long weighs 100 lb. per linear ft. and carries a 

superimposed load which varies uniformly from zero at the left end to a 
value of 1200 lb. per linear ft. at the right end. Write the shear equation 
and draw the shear diagram. Ans. V = 7500 — lOOx — 20x*. 



39. Moment in Beams. — In addition to the shearing action 
exerted upon a beam by its transverse loads and reactions, there 
is also a bending action. In Fig. 64(a) the simple beam is sup- 
ported at the ends by the upward reactions R\ and R 2 , and is 
pressed downward by the uniformly distributed load wl. If the 
part of the beam on the left side of the section AB is considered 
as the free body, as shown in Fig. 64(6), there are acting upon it 
the external forces Ri upward at the left end and the weight wx 
downward at the middle. These forces have a tendency to 
rotate the free body about a horizontal axis in the cross section, 
with a moment the amount of which is wlx/2 — wx^l2. This 
moment is called the moment of the external forces^ or the external 
moment at the section AB. In order to hold the free body in 
equilibrium it is necessary to add at the section AB the shearing 
force V already discussed and the pair of compressive and tensile 
forces C and T, C acting in the upper part of the section and T 
acting in the lower part of the section. Since the forces C and 
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T are the only horizontal forces acting upon the free body, and 
since the free body is in equilibrium, the summation of horizontal 
forces must equal zero, so C — T = 0, or C = T. The forces C 
and T, therefore, form a couple, and the moment of this couple is 
called the internal moment in the beam at the section AB. The 
internal moment is necessarily equal in amount to the external 

moment and opposite in 
direction, since the two mo- 
ments must balance each other 
on the free body. 

When the expression ^'mo- 
ment at a section’^ is used, the 
internal moment is meant, but 
its amount must always be 
determined from the amount of 
the external moment. 

Fig. 65.^ The moment at any section is 

said to be positive when the 
moment of the external forces on the left of the section is clock- 
wise, and negative when it is counterclockwise. If the loading 
of a beam is such that the beam is concave upward, the moment 
is positive, as shown in Figs. 65 (o) and (h). If the beam is con- 
vex upward, the moment is negative, as shown in Figs. 65(c) 
and (d). 
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If in Fig. 64 the portion of the beam on the right of the section 
AB is considered as the free body, the external moment of the 


|'(! - - |(! - x)> 


forces on the right of the section is 
This expression, if simplified, becomes wlx/2 — wx^/2 as above. 

EXAMPLE 1 

A cantilever beam 6 ft. long has a load of 300 lb. at the free end. Com- 
pute the moment at the middle and at the fixed end due to this load. 




Abt. 39] 


SHEAR AND MOMENT IN BEAMS 


83 


Solution , — Figure 66(a) shows the beam loaded as described. Figure 
66(6) shows the part of the beam on the left of the middle as a free body. 
The moment of the external forces on the left of the section at A, with respect 
to any horizontal axis in the section, is 300 X 3 ~ 900 ft.-lb. Since the 
beam is bent convex upward, the moment is negative, so M a = —900 ft.-lb. 
or — 10,800 in.-lb. 

In Fig. 66(c) is shown the entire beam as a free body. The moment of the 
external forces on the left of the section at B with respect to any horizontal 


3000 



Fig. 67. 


axis in the section is 300 X 6 = 1800 ft.-lb., so Mb = —1800 ft.-lb. or 
-21,600 in.-lb. 

EXAMPLE 2 

A beam 10 ft. long weighing 200 lb. per linear ft. is supported at the ends 
and carries a concentrated load of 3000 lb. at a point 7 ft. from the left end, 
as shown in Fig. 67. Compute the 
moment at the middle of the beam and 
under the load. 

Solution . — Consider first the entire 
beam as a free body. The moment 
equation with respect to an axis at the 
right reaction gives 

1012, = 2000 X 5 + 3000 X 3. 

Ri - 1900 lb. 

JKa - 6000 - 1900 - 3100 lb. 

Consider the left half of the beam as the free body, as shown in Fig. 68(o). 
The moment with respect to point A of all of the external forces on the beam 
on the left of the section is 

Ma = 1900 X 5 - 1000 X 2.5. 

Ma = 7000 ft.-lb., or 84,000 in.-lb. 

Consider the part of the beam on the left of the concentrated load as 
the free body, as shown in Fig. 68(6). The moment with respect to point 
B of all of the external forces on the beam on the left of the section is 



Mb « 1900 X 7 - 1400 X 3.5. 

Mb “ 8400 ft.-lb. or 100,800 in.-lb. 
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2* In Example 3 above, check the value of M 20 by using the 4-ft. length 
at the right end of the beam as the free body. 

3. Compute the moment at a section 2 ft. from the left end and also at 
the fixed end in the beam shown in Fig. 71. 


Ans, M 2 — ■ 

4. A simple beam 20 ft. long 
weighing 180 lb. per linear ft. carries 
a load of 40,000 lb. at the middle. 
Compute the moment at a point 5 ft. 
from the left end and at the middle. 

Ans. Ms = 106,750 ft.-lb.; Mio 
= 209,000 ft.-lb. 

5. For the beam shown in Fig. 72, 
and at 12.5 ft. from the left end. 

Ans. Mi = —3200 ft.-lb.; Mg 
M 12.6 = 11,250 ft.-lb. 


2640 ft.-lb.; Mi2 = -24,540 ft.-lb. 


/(?'■ 
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compute the moment at 4, at 8, at 12, 
= 7200 ft.-lb.; Mn = 11,200 ft.-lb.; 


40. Moment Equations and Moment Diagrams. — It was shown 
in Art. 38 that the variation in the shear in a beam could be shown 
either algebraically by an equation or graphically by a diagram. 
The variation in the moment may be shown in a similar manner. 

With a part of the beam x units long at the left end of the 

beam as the free body, the 
expression is written for the 
moment about the right end of 
Ni K 2 the free body of all of the 

external forces acting upon it. 
At concentrated loads and at reactions, the expression for the 
moment changes. 

In order to show the variation in the moment by a diagram the 
length of the beam is laid off along the X axis according to some 
scale. From the X axis, ordinates are laid off at various points 
representing to scale the moments at the corresponding sections 
in the beam. A smooth curve drawn through the ends of these 
ordinates completes the diagram. 


1 400 lb. per ft 
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EXAMPLE 1 

A cantilever beam 10 ft. long is fixed at the right end and carries a load 
of 800 lb. at the left end. Write the moment equation and draw the moment 
diagram. 

Solution . — At any point distant x from the left end of the beam, the 
moment of all of the external forces on the left of the section with respect 
to a horizontal axis in the section is 800x, The beam is convex upward, 
so the moment is negative. The moment equation is therefore 

M = -800x. 
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This is the equation of a straight line passing through the origin and 
sloping downward to the right. 

In Fig. 73 (o) the beam is drawn to a scale of 1 in. « 6 ft. Immediately 
below it, in Fig. 73(6), the line OA is laid off to the same scale. Since the 
moment curve is a straight line and passes through the origin, one other ^ 


800 



point is sufficient to locate it completely. At the fixed end the moment is 
—8000 ft.-lb. This value is laid off to the scale of 1 in. == 10,000 ft.-lb., 
in the downward direction since it is negative, and locates point B. The 
line OB is then the moment curve, and the moment at any section is given 
by the length of the ordinate between the X axis and the line OB. 


P-6000 



EXAMPLE 2 

A simple beam 20 ft. long carries a uniformly distributed load of 600 lb. 
per liiiear ft. and a concentrated load of 8000 lb. at a point 8 ft. from the 
left end as shown in Fig. 74. Write the moment equations and draw the 
moment diagram. 

Solution . — The reaction Ri is given by the equation 

20Bi * 10,000 X 10 -i- 8000 X 12. 

El « 98001b: 

Rt - 18,000 - 0800 » 8200 lb. 
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For any value of x between 0 and 8 ft., the moment about point A of 
all of the forces on the beam on the left of point A is, 

Afx = 9800* - 250**. 

For any value of x between 8 and 20 ft., the moment about point B of all 
of the forces on the beam on the left of point B is, 

Mb - 9800a; - 8000(a; - 8) ~ 250a;». 

This equation reduces to 

Mb = 64,000 + 1800a; - 250a;*. 

In this case the moment curves are not straight lines, so the moment 
at each 4-ft. point will be computed in order to draw the moment diagram. 
The moment at each end is zero. 

Mk = 9800 X 4 - 250 X 16 - 35,200 ft.-lb. 

Mz = 9800 X 8 ~ 250 X 64 = 62,400 ft.-lb. 

Mi2 = 64,000 4- 1800 X 12. - 250 X 144 = 49,600 ft.-lb. 

Mit = 64,000 + 1800 X 16 - 250 X 256 = 28,800 ft.-lb. 

In Fig. 74(6) ordinates at the 4-ft. points are laid off from the axis OX 
to represent to scale these values of the moments. The diagram is com- 
pleted by drawing through the upper ends of these ordinates the two smooth 
curves. The moment at any section in the beam is given by the scaled 
value of the corresponding ordinate. 

PROBLEMS 

1 . A cantilever beam 8 ft. long, fixed at the right end, carries a uniformly 
distributed load of 1000 lb. per linear ft. Draw the beam and the moment 
diagram, using scales of 1 in. —2 ft and 1 in. = 20,000 ft.-lb. moment. 

2. Using the same scale, draw the moment diagram for the beam described 
in Problem 1 if a concentrated load of 2000 lb. is added at the middle of the 
beam. 

3 . A simple beam 8 ft. long carries a load of 120 lb. at the middle. Write 
the two moment equations and draw the moment diagram. 

Ans. Ma = 60a;; Mb ~ 480 — 60x. 

4 . A simple beam 40 ft. long carries a uniformly distributed load of 1800 
lb. per linear ft. Write the moment equation and draw the moment 
diagram to the scale of 1 in. =8 ft. and 1 in. = 200,000 ft.-lb. 

Arw. M « 36,000a; - 900a;*. 

6. A simple beam 20 ft. long carries a load which varies uniformly from 
zero at the left end to a value of 2400 lb. per linear ft. at the right end. 
Write the moment equation. Ans. M ^ 8000a? — 20a?*. 

41. Relation between Shear and Moment. — ^Let Fig. 76 repre- 
sent a beam with any kind of loading. Let x be the distance 
from the left end to any section A , and let dx be the differential 
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length at point A. In Fig. 76 this differential length is shown 
as a free body, drawn to a larger scale. The forces acting upon 
the free body consist of the following: its own weight, wdx) the 
vertical shears V and V\ and the moments M and Mi at the 
two sections. Either the moments or the shearing forces, or 
both, may be reversed in direction. Since this free body is in 
equilibrium, the moment of all of the forces on the body with 
respect to any axis is equal to zero. The moment equation with 
the point C as the axis gives 

Mx - M -Vdx-Y = 0. 

Since the quantity Mi — M is the increment in the moment in 
the differential length dxj it is the differential moment dM. The 


Fio. 76 . Fig. 76 . 

fourth term, w{dxy /2y is a differential of a higher order and is 
therefore negligible. The expression then becomes, 

dM = Vdx, 

This relation may also be written, 

dM _ 
dx 

If this expression in the form dM = Vdx is integrated, it 
becomes, 

X,"’"" - /''*■ 

Mt- Ml J Vdx. 

It will be seen in the shear diagram. Fig. 77 (6), that the 
quantity Vdx is the differential area of the shear diagram. The 
integral of the quantity Vdx between any two values of x will 
give the area of the shear diagram between these two values of x. 
The area of the shear diagram between any two values of x is 
equal to the change in moment in the beam in the same length. 
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Since the moment at the end of a beam is zero, the total area of 
the shear diagram up to any point, is equal to the moment at that 
poirit^. 

The area of the shear diagram above the axis is positive and 
the area below the axis is negative. Since the sum of all of the 
area of the shear diagram from the left end to the right end must 
equal the moment at the right end which is zero, it follows that 
there must be as much positive 

Like- 

(b) 


1 tv per unit I 


-1 > 

Vix 

X ->l 

U-dx 


Fig. 77. 


area as negative area, 
wise, the area of the shear 
diagram on the right of any 
point must be equal in amount 
to the area on the left of the 
same point, but must be oppo- 
site in sign. It follows that if the area of the shear diagram 
on the right of any section is used to obtain the moment 
at that section, the sign must be changed. Area above the axis 
on the right of any section indicates negative moment at that 
section, and area below the axis indicates positive moment. 


1000 



Since the shear diagram shows both shear and moment, the 
shear by the ordinates and the moment by the area, it is usually 
the only diagram drawn. 


EXAMPLE 1 

A cantilever beam 8 ft. long carries a uniformly distributed load of 80 
lb. per linear ft. and a concentrated load of 1000 lb. at a point 2 ft. from the 
free end. Draw the shear diagram and compute the moment at the fixed 
end. 

Solution . — Figure 78(a) shows the beam drawn to a scale of 1 in. = 4 ft. 
Figure 78(6) shows the shear diagram drawn to a scale of 1 in. = 2000 lb. 
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The moment at the fixed end is given by the area of the shear diagram, 
all of which is negative. The area of the triangle is — K X 2 X 160 = 

1160 4- 1640 

— 160 ft.-lb. The area of the trapezoid is 2 X 6 « —8400 ft.- 

Ib. The total area, and therefore the moment at the fixed end, is — 160 — 
8400 » -8560 ft.-lb. 

It should be noted that this shear diagram does not extend to the right 
end of the beam where the moment is zero. 

EXAMPLE 2 

Draw the shear diagram for the beam shown in Fig. 79 (o) and compute 
the moment at each 5-ft. point. 

Solution: 


15Ri = 2400 X 10 + 3000 X 17 + 6000 X 6. 
Ri - 7400 lb. . 

Ri = 11,400 - 7400 = 4000 lb. 


3000 


6000 



The shears at the controlling points are shown in the diagram. Fig. 79(6). 
The moment at point A, 5 ft. from the left end, is given by the area of the 
triangle and the trapezoid on the left of point A. 

= -K X 360 X 3 - 3360^:3600 ^ g = -7500 ft.-lb. 

Mb = -7500 + 3800 + 3200 ^ g ^ +10,000 ft.-lb. 

Mo = -7600 + 3800 + 27^ x9 - X 1 = + 18,500 ft.-lb. 


The value oi Me may be obtained more easily by getting the area of the 
shear diagram on the right of point C. The area is negative, so the moment 
is positive. 


‘ Me 


3400 + 4000 
2 


X5 


+ 18,500 ft.-lb. 
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PROBLEMS 


t200 
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1 . A cantilever beam 10 ft. long is fixed at the right end and carries a 
uniformly distributed load of 2400 lb. total. Draw the shear diagram and 
compute the moment at the middle and 
at the fixed end. 

Ans. -3000 ft.-lb. ; - 12,000 ft.-lb. 

2. A cantilever beam 12 ft. long is 

fixed at the right end and carries a 
uniformly distributed load of 300 lb. per 
linear ft. and a concentrated load of 1200 
lb. at the free end. Draw the shear 
diagram and compute the moment at 
the fixed end. Ans. —36,000 ft.-lb. 

3. An 18-in. 60-lb. I-beam 15 ft. long is used as a cantilever beam. In 
addition to its own weight it carries a load which varies uniformly from 
zero at the free end to a value of 1500 lb. per linear ft. at the fixed end. 
Draw the shear diagram and compute the moment at the fixed end. 

Ans. —63,000 ft.-lb. 


^2 


6000 6000 


tzoo 
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4. A simple beam 20 ft. long carries a uniformly distributed load of 1200 
lb. per linear ft. and a concentrated load of 5000 lb. at the middle. Draw 
the shear diagram and compute the moment under the load. 

Ans. 85,000 ft.-lb. 


1500 

I , ZOOIb.perfF. 
lOOIb.perft 

. ... /si 

R, 

Fig. 82 . 


^2 


6. A beam is supported and loaded as shown in Fig. 80. Draw the shear 
diagram and compute the moment at the middle. Ans. 4575 ft.-lb. 

6. A beam is supported and loaded as shown in Fig. 81. Draw the shear 
diagram and compute the moment under the left load and at the middle. 

Ans. 32,000 ft.-lb.; 32,250 ft.-lb. 

7. A beam is supported and loaded as shown in Fig. 82. Draw the shear 

diagram and compute the moment at the two points where the shear diagram 
crosses the axis. Ans. Mi =» —4960 ft.-lb.; Afn.# = 6144 ft.-lb. 



92 


STRENGTH OF MATERIALS 


[Chap. V 


8 . A simple beam 30 ft. long weighing 320 lb. per linear ft. carries a 
superimposed load which varies uniformly from zero at the left end to a 
value of 2000 lb. per linear ft. at a point 20 ft. from the left end, and then 
continues at 2000 lb. per linear ft. to the right end. Draw the shear diagram 
and compute the moment at the point where the shear diagram crosses the 
axis. Ans. Mu.r = 199,800 ft.-lb. 

42. Sections of Maximum Moment. — In the case of moment 
as in the case of shear, the. largest numerical value regardless of 
sign is called the maximum. The positive sign merely indicates 
that the beam is concave upward, and the negative sign that it is 
convex upward. It has been noticed in the solution of the 
problems in Art. 41 that the value of the moment begins at zero 
at the left end of the beam and increases either positively or 
negatively according as the area of the shear diagram is positive 
or negative until a section is reached at which the shear passes 
through zero and therefore changes sign. At this section the 
moment has reached a numerical maximum value and then begins 
to decrease, since from this point to the right, shear area of the 
opposite sign is added on. The value of the moment may pass 
through zero and reach a second numerical maximum value of 
opposite sign if the shear diagram again passes through zero. 

Sections of maximum moment are sometimes called danger 
sections or dangerous sections. 

The four cases tabulated below occur so often in engineering 
practice that their values should be memorized. 


Beam 

1 Load 

Maximum moment 

Position 

Amount 

Cantilever 

P at end 

Fixed end 

PI 

Cantilever 

W distributed 

Fixed end 

Wl 

2 

Simple 

P at middle 

Middle 

PI 

4 

Simple 

W distributed 

Middle 

Wl 

i 



8 


EXAMPLE 

Compute the reactions of the beam shown in Fig. 83(a). Draw the shear 
diagram and locate the points of maximum moment. Compute the maxi- 
mum moment and locate the point where the moment is zero. Draw the 
nioment diagram . 
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Solution: 

lORi - 2800 X 7. 

Ri - 1960 lb. 

Ri = 2800 - 1960 - 840 lb. 

The shear diagram is shown in Fig. 83(6). At point A the shear is zero. 
From A to B the shear increases negatively and at B becomes —4 X 200 = 
—800 lb. At this point the shear increases positively by the amount of 
Ri = 1960 lb. and becomes —800 -f- 1960 = +1160 lb. just at the right 
of the reaction. From B to D the shear decreases, and the point C where 
the shear is zero is obtained by dividing 1160, the ordinate at B, by 200, 
the amount the shear diagram drops per foot. Distance BC = 1160 ^ 200 
= 5.8 ft. In the remaining 4.2 ft., the shear diagram drops a further dis- 
tance of —4.2 X 200 = —840 lb., then comes back to zero at D by the 
amount of Bj. 



The points of maximum moment are points B and C where the shear 
diagram crosses the axis, at 4 ft. and at 9.8 ft. from the left end. At point 
B, the moment is given by the area of the shear diagram up to that point. 

Mji = -14(800 X4) = -1600ft.-lb. 

At point C, the moment is given by the algebraic sum of the area of the 
shear diagram from A to C. 

Me = -1600 + H(1160 X 5.8) = +1764 ft.-lb. 

The larger numerical value, +1764 ft.-lb., is the controlling value of the 
maximum moment. 

Point E where the moment is zero is located by equating the expression 
for the moment to zero. 

M = 1960(a; - 4) - lOOx* = 0. 

X = 5.6 ft. 

The moment diagram is drawn in Fig. 83(c). It will be seen from the 
moment diagram that the moment at point C is a mathematical maximum. 
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The value of x at which this maximum occurs may therefore be obtained by 
equating to zero the first derivative of the moment with respect to the length. 

^ = I960 - 200a: = 0. 
ax 

X = 9.8 ft. 

The maximum value of the moment occurring at point B is not a mathe- 
matical maximum, since the slope of the moment curve changes suddenly 
from negative to positive and does not pass through zero. The value of x 
to give this maximum cannot be obtained by equating to zero the first 
derivative of the moment with respect to the length. It is seen, however, 
that in each case the maximum moment occurs at the point where the shear 
diagram crosses the axis. 


PROBLEMS 

1 . A cantilever beam 80 in. long carries a load of 600 lb. at the free end. 
Compute the maximum moment due to the 600-lb. load. 

Ans. —48,000 in. -lb. 

2 . A cantilever beam 12 ft. long weighing 120 lb. per linear ft. carries a 
superimposed load of 600 lb. per linear ft. Compute the maximum moment. 

Am, —51,840 ft.-lb. 

3 . A cantilever beam weighs 60 lb. per linear ft. What length may it be 
made in order to cause a moment of 12,000 ft.-lb. at the fixed end? 

• Am. 20 ft. 

4 . A simple beam 30 ft. long carries a load of 16,000 lb. at the middle. 
Compute the maximum moment due to the concentrated load. 

Am, 120,000 ft.-lb. 

6 . A simple beam 100 ft. long carries a uniformly distributed load of 
3000 lb. per linear ft. and a concentrated load of 100,000 lb. at the middle. 
Compute the maximum moment. Am. 75,000,000 in.-lb. 

6. A beam 30 ft. long is supported at points 5 ft. from each end and 

carries a uniformly distributed load of 400 lb. per linear ft. Compute the 
maximum moment. Am. 15,000 ft.-lb. 

7 . Solve Problem 6 if a concentrated load of 1500 lb. is added at each end. 

Am. 12,500 ft.-lb. 

43. Maximum Moment Due to Moving Loads. — If a system 
of concentrated loads with fixed distances between the loads 
moves across a simple beam, the moment under each load in 
turn increases from zero up to a maximum value and then reduces 
to zero again as that load moves across the beam. It is required 
to find the location of any given lo^, as P 2 , Fig. 84, when the 
moment under it is a maximum. Let Vhe the length of the 
beam, x the distance of P 2 from the left end of the beam, and a 
the distance from P 2 to the position of the resultant SP of 
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all of the moving loads on the beam. From the equation of 
moments about 722 , R\l = SF(Z — z — a). The moment with 
respect to P2 of all of the forces on the left is 

M = R\X — P16, 

vp 

= “p(Z — a; — a)x — PJb. 


To determine the value of x which will give a maximum value 
of My the first derivative of M with respect to x is equated to 
zero. 


ax I 


Z — 2x — a = 0. 


^ 2 


a 

2 


a) = 0* 



When X = ^ % the center of the beam is midway between P2 

A A 

and SP. 

The moment under any one of a given system of moving loads 
is a maximum when the center of the beam bisects the distance 
between the given load and 2P; that is, the given wheel is as 
far one way from the center of the beam as the center of gravity 
of the moving loads is the other way. 

It is usually necessary to examine only for the maximum 
moments under the two loads nearest 2P. If the largest load of 
all on the beam is nearest SP, it will be necessary to examine 
only under it. 

EXAMPLE 

In Fig. 84, let I = 50 ft., 6 = 9 ft., c =- d -- 7 ft.. Pi = 20,Q00 lb., P, = 
^ 50,000 lb. Compute the maximum moment under P 2 and 

under Pj. 

Solution . — By moments of the four loads about P*, a =5.12 ft. The 
moment under P 2 is a maximum when it is at a point 2.66 ft. on the left of 
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the middle of the beam, so x = 22.44 ft. /2i = 76,300 lb. The moment 
under P2 is 

M = 76,300 X 22.44 - 20,000 X 9 = 1,532,000 ft.-lb. 

The distance from Ps to SP is 1.88 ft. The moment under P3 is a maximum 
when it is at a point 0.94 ft. on the right of the middle of the beam. For 
this position of the loads, = 88,200 lb. The moment under Pa is 

M * 88,200 X 25.94 - 20,000 X 16 - 50,000 X 7 = 1,617,900 ft.-lb. 


PROBLEMS 

1 . In the Example above, compute the maximum moment under Pi and 

under P4. Ans. 1,094,300 ft.-lb.; 1,437,200 ft.-lb. 

2 . The weight on the front wheel of a road roller is 3 tons and that on the 
rear wheels is 10 tons. The wheel base is 10 ft. Compute the maximum 
moment on a 30-ft. girder as the roller moves across it. 

Ans. 166,200 ft.-lb. 

3 . The loads carried by the wheels of an articulated truck are as follows : 

steering wheels, 4000 lb.; driving wheels, 8000 lb.; rear wheels, 6000 lb. 
The distance from the steering wheels to the driving wheels is 10 ft. and 
that from the driving wheels to the rear wheels is 16 ft. Compute the 
maximum moment on a 40-ft. girder. Ans. 113,100 ft.-lb. 



CHAPTER VI 


STRESSES IN BEAMS 

44. Distribution of Tensile and Compressive Stresses. — It is 

found by experiment that a beam which is originally straight 
and which is bent by transverse loads and reactions is elongated 
oh the convex side and shortened on the concave side, while at 
a surface between the two there is no change of length. This 
surface where fibers do not change in length is called the neutral 



surface of the beam, and its intersection with any cross section 
is called the neutral axis of the cross section. 

In Fig. 85, ABCD is the neutral surface of the beam shown, 
and EF is the neutral axis of the cross section GHIJ, 

It is also found by experiment that two transverse parallel 
straight lines, such as HI and KL inscribed on the side of the 
beam before it is loaded, remain 
straight after the beam is 
loaded, provided the elastic 
limit of the material is not 
exceeded. The length FM 
along this neutral surface 
remains unchanged while HK is shortened and IL is lengthened. 

Since stress is proportional to deformation, it follows that 
the stress in the beam must vary uniformly from zero at the 
neutral surface to a maximum value at the outer fiber. In Fig. 
86, vector C represents the resultant internal compressive stress at 
the section acting on the left part of the beam as the free body. 
Vector T represents the resultant internal tensile stress. Vec- 
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tors iSc and &% represent, respectively, the unit compressive and 
tensile stresses at the outer fiber, while the ordinates to the 
straight lines OA and OB represent to the same scale the unit 
stresses at the corresponding points in the cross section. 

46. Relation between Moment and Internal Stress. — ^As has 
already been shown in Art. 37, the resultant tensile and com- 
pressive forces T and C in Fig. 86 are equal, and therefore 
constitute a couple, the moment of which balances that of the 
external forces acting upon the beam on the left of the section. 
Figure 87(a) shows the cross section of a beam, and Fig. 87(6) 
shows the side view of a small part of the beam just on the left 
of the cross section. (The section shown is rectangular but the 
following discussion is valid for a cross section of any shape.) 



Fig. 87. 


The line AB is the neutral axis of the cross section, 6 is the width 
of the beam, y is the distance from the neutral axis to any differ- 
ential area dA = hdy. Let c be the distance from the neutral 
axis to the outer fiber. 

S is the unit stress at the outer fiber. 

— is the unit stress at unit distance from the neutral axis. 

c 

S 

—y is the unit stress at the distance y from the neutral axis. 

c 

g 

■-yd A is the force on the differential area dA. 

c 

g 

■p^HA is the moment of the force on area dA with respect to 
axis AB. 

— J yHA is the total moment of all of the internal forces with 
respect to axis AB. 
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The quantity J y^dA is 7, the mcment of inertia of the cross 

section with respect to the X axis, so the expression for the 
internal moment becomes SI /c. 

Since this internal moment holds in equilibrium the external 
moment M, 



c 


7 ' 


The unit stress at any other point than the outer fiber is 
proportional to its distance from the neutral axis, and is given 
by the expression, 



46. Location of the Neutral Axis. — As was shown in Art. 45, 

S 

—yd A is the horizontal force on the differential area dA, 
c 

~ J ydA is the total horizontal force on the section. 

By Mechanics, 


J ydA = yA, 

A being the area of the cross section and y the distance from the 
axis from which y is measured, to the centroidal axis of the 
cross section. Since there are no other horizontal forces acting 
upon the free body, and since the summation of horizontal forces 
must equal zero. 


^yA must equal zero. 


Since neither S nor A can equal zero and since c cannot equal 
infinity, it is necessary that the quantity y equal zero. If § is 
zero, the neutral axis and the centroidal axis coincide. 

The neutral axis of any cross section is the centroidal axis. 

PROBLEMS 

1. In Fig. 91(c), the flange of the T-beam is 4 by in. and the web is 
6J^ by in. Locate the neutral axis from the base of the web. 

Ans. 4.01 in. 
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2 . The channels shown in Fig. 92(<i) are 10-in. channels, each having an 
area of 6.86 sq. in. The distance from the back of the channel to the cen- 
troidal axis is 0.61 in., and the thickness of the web is 0.379 in. Locate the 
neutral axis from the base of the lower channel. ‘ Ans. 7.385 in. 

47. Section Modulus. — The flexure formula, M = SI/c^ 
derived in Art. 45, may also be written in the form, 

M__ I 

S ^ c 

The quantity //c is called the strength modulus of the section^ or 
more briefly, the section modulus. As its name indicates, it is 
a measure of the comparative strength of beams. If, for instance, 
the section modulus I /c of the cross section of one beam is twice as 
great as that of another of the same material, it is twice as strong. 

The values of the section moduli of some structural shapes 
are given in Tables IX to XII at the end of this volume. Com- 
plete tables of the values of the section moduli for all rolled 
structural shapes, and for certain built-up sections, will be found 
in the handbooks of steel companies. If a section is unsym- 
metrical with respect to the centroidal axis, it will have two sec- 
tion moduli of different values, the lesser of which is the governing 
value. 

For a solid rectangular section, the moment of inertia is hd^/12 
and the value of c is (i/2, so the section modulus is //c = hd^/Q. 
Since the unit of moment of inertia I is in.^, and that cf distance c 
is inches, the unit of the section modulus //c is inches cubed. 

PROBLEMS 

1 . Compute the section modulus of a beam 16 in. wide and 20 in. deep. 

Ans. 1067 in. 3. 

2 . The flanges of a timber beam with an I-section are 10 in. wide and 2 in. 

deep, and the web is 2 in. wide and 12 in. deep. Compute the section 
modulus. Ans. 282.7 in.®. 

3. Compute the section modulus of a pipe which is 4.5 in. outside diameter 

and 4.026 in. inside diameter. Ans. 3.21 in.®. 

4 . The cross section of a triangular beam has a base of 2 in. and an altitude 
of 3 in. Compute the two values of the section modulus. 

Ans. 0.75 in.®; 1.5 in.®. 

48. Computation of Flexural Stresses. — In the examination of 
beams, the flexural stress usually desired is that at the outer 
fiber at the section in the beam where the moment is a maxi- 
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mum. This is the maximum value of the flexural stress in 
the beam, and is the governing value except in special cases. 
The chief exception is the beam of unsymmetrical section com- 
posed of material which has an allowable stress in tension different 
from that' in compression. In this case a value of the stress less 
than the maximum may be the governing value. 

In computing the maximum flexural stress in a beam, the 
location of the section of maximum moment is obtained as in 
Art. 42 and the amount of the maximum moment is computed. 
The value of the section modulus is then computed or obtained 
from tables of properties of sections. The expression S = Mc/1 
derived above may also be used in the form, 



c 


The maximum unit fiber stress at any section in a beam is obtained 
by dividing the moment at that section by the section modulus of the 
cross section. 

It is necessary that the equation shall be homogeneous. In 
order that the value of the unit stress shall be given in pounds 
per square inch, the moment must be used in units of inch-pounds 
and the section modulus in units of inches to the third power. 


EXAMPLE 1 

Compute the maximum unit stress in a cantilever beam 6 in. wide, 10 in. 
deep, and 8 ft. long, when loaded with a uniformly distributed load of 250 lb. 
per linear ft. 

Solution: 


TF = 250 X 8 = 2000 lb. 

M = 2000 X 48 = 96,000 in.-lb. 

c 6 


- 100 


_ 96,000 
100 


960 Ib./in.*. 


EXAMPLE 2 

A steel pipe 20 ft. long, 5 in. outside diameter, and 4.5 in. inside diameter, 
is supported at the ends and carries a concentrated load of 1000 lb. at the 
middle. Compute the maximum fiber stress due to this load. 
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SciuUon. — The maximum moment is at the middle and its amount is 
M = ^ = 60,000 in.-lb. 

L _ ^(r4 _ r,4) = ^(38.06 - 25.62) = 4.224 in.». 

„ 60,000 1 
S - ^ 224 “ 14.200 Ib./m.*. 


EXAMPLE 3 

A 24-^in. 90-lb. I-beam 40 ft. long, supported at the ends, carries an addi- 
tional uniformly distributed load of 800 lb. per linear ft. and a concentrated 
load of 10,000 lb. at the middle. Compute the maximum stress. 

Solution , — The total uniformly distributed load is W — 890 X 40 - 

Wl PI 

35,600 lb. The maximum moment is at the middle and is M = -jr + -r* 
' o 4 

M = 35,600 X 40 X j + 10,000 X 40 X 
M = 3,336,000 in.-lb. 


From Table IX, the section modulus lie — 185.8 in.®. 


„ _ 3,336,000 
185.8 


17,950 Ib./in.*. 


EXAMPLE 4 

A 5-in. 10-lb. I-beam 20 ft. long is supported at the right end and at a 
point 4 ft. from the left end. In addition to its own weight, it carries a 
uniformly distributed load of 100 lb. per linear ft., a concentrated load of 
1000 lb. at the left end, and another of 3000 lb. at a point 12 ft. from the 
left end. Compute the maximum stress. 


WOO 5000 




2200 1 

*2685 

A 


HdOS 

B 

- 14 . 

40 'in 



-2075 

Fio. 88. 


Solution , — To determine JR i, the moment equation with respect to J ®2 
is written. 

16Ei » 1000 X 20 + 3000 X 8 -f 2200 X 10. 

JBi = 4125 lb. 

Ri » 6200 - 4125 » 2075 lb. 
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For this beam it is easier to draw the shear diagram to determine the 
position and amount of the maximum moment. The beam is shown drawn 
to scale in Fig. 88(a). With the values just obtained for the reactions, the 
shear diagram is drawn, as shown in Fig. 88(&). From this diagram it is seen 
that the two sections at which the moment is a maximum are A and B. 
The moment at B is plainly the larger, and its amount is given by the area 
of the trapezoid on the right of B. 


M - 


(1195 4- 2075) 
2 


X 8 X 12 = 156,960 in.-lb. 


From Table IX, 


- = 4.8 in.’, 
c 

„ 156,960 

^ 4.8 


32,700 Ib./in.*. 


This value is below the elastic limit for structural steel, so the computa- 
tion is valid. It should be noted, however, that this is considerably higher 
than the value commonly used. 

EXAMPLE 5 

t 

A cast-iron T-beam with a cross section as shown in Fig. 89 projects 5 ft. 
from a wall as a cantilever beam and carries a uniformly distributed load of 
400 lb. per linear ft. including its own weight. 

Compute the maximum unit tensile stress and 
the maximum unit compressive stress. 

Solution . — The distance of the centroidal 
axis of the cross section from the upper edge 
of the section is given by the equation, 

10^ == 6 X 0.5 + 4 X 3. 
y =1.5 in. 

The distance c\ from the neutral axis to the 
top fiber is therefore 1.5 in., and the distance Cg 
from the neutral axis to the bottom fiber is 3.5 in. I = 20.83 in.**. The 
maximum moment is at the fixed end and is 

M = 2000 X 2.5 X 12 = 60,000 in.-lb. 

At the top fiber, 

St = 60,000 X = 4320 lb./in.» 





Fig. 89. 
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The New York Building Laws (Table III) give 3000 lb. /in.* in tension and 

16.000 lb. /in.* in compression as the allowable values. According to these 
values, the stress in tension is the governing value, and is higher than is 
allowed, while the stress in compression is well below the allowable value. 

PROBLEMS 

1 . A timber cantilever beam 10 in. wide, 3 in. deep, and 6 ft. long carries 

a load of 200 lb. at the free end. Compute the maximum flexural stress due 
to the load. Am. 960 lb. /in.*. 

2 . If the timber beam described in Problem 1 weighs 36 Ib./cu. ft., what 
is the maximum flexural stress due to its own weight ? Am. 108 lb. /in. *. 

3. A simple cast-iron beam is 2 in. wide, 1.5 in. deep, and 6 in. long 

between supports. Compute the load at the middle which will cause a 
stress of 4000 lb. /in.* in bending. Am. 2000 lb. 

4 . A timber girder 8 in. wide, 18 in. deep, and 24 ft. long is supported 

at the ends and carries a uniformly distributed load of 400 lb. per linear ft. 
including its own weight. Compute the maximum flexural stress. Com- 
pute also the additional concentrated load which will increase the maximum 
stress to 1400 lb. /in.*. Am. 800 lb. /in.*; 3600 lb. 

6. A box girder is made of two 2- by 12-in. planks and two 2- by 16-in. 
planks 20 ft. long bolted together to make it 12 in. wide and 20 in. deep 
outside dimensions. If the girder is supported at the ends and loaded with 
a uniformly distributed load of 1000 lb. per linear ft. including its own weight, 
what is the maximum flexural stress? What is the maximum stress in the 
vertical 16-in. planks? Am. 1140 lb. /in.*; 910 Ib./in.*. 

6 . The horizontal cantilever boom of a crane is 10 ft. long and is composed 
of two 6-in. 8.2-lb. channels, with the webs vertical. What load at the free 
end will cause a maximum stress of 20,000 lb. /in.*? Am. 1445 lb. 

7. A standard 20-in. 100-lb. I-beam 35 ft. long is supported at the ends. 

Compute the load per linear foot which will cause a maximum flexural 
stress of 18,000 lb. /in.*. Am. 1614 lb. /ft. 

8 . A simple beam 60 ft. long is composed of two 36-in. 300-lb. Carnegie- 
beam sections and is loaded with a total uniformly distributed load of 

420.000 lb. Compute the maximum flexural stress. 

Am. 17,100 Ib./in.*. 

49. Economic Sections. — As was shown in Art. 45, the flexural 
fiber stress at any section in a beam varies from a maximum value 
at the outer fiber to zero at the neutral axis. It is therefore 
evident that in beams which have rectangular or circular cross 
sections there is a large amount of the material near the neutral 
axis which is stressed only slightly. If the cross section is modi- 
fied by removing some of the material near the neutral surface 
and placing it farther away from the neutral surface, the section 
modulus will be made larger and hence the strength of the section 
will be increased. The hollow circular section, the hollow rec- 
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tangular or box-girder section, and the I-section, shown in Fig. 90, 
are examples of such modified cross sections. Rolled structural 
steel I-beams, channels, and T-beams, Fig. 91, and various 
built-up sections such as shown in Fig. 92, are other examples of 
sections which have been modified so as to increase the section 
modulus, and therefore the strength, for a given weight of 
material. 




The T-section is especially advantageous for cast-iron beams, 
since the outer fibers at the bottom of the stem are farther from 
the neutral surface than those at the top of the flange, and 
therefore have the higher stress. Such beams should always be 
loaded so as to cause tension in the flange, and compression in 
the stem of the section. 


rv 


t [f%i 

(a) (b) 


(b) (c) 

Fio. 92 . 



(d) 


PROBLEMS 

1. If a shaft 3 in. in diameter is hollow-bored so as to make it in. 

inside diameter, how much of the weight is eliminated and how much is the 
strength reduced? Ans. 69.5 per cent; 48.1 per cent. 

2 . Compare the strength of a beam 8 in. wide and 12 in. deep with that 

of a hollow box beam of the same weight which is 12 in. wide and 16 in. deep 
outside and 8 in. wide and 12 in. deep inside. Ans. 1 to 1.92. 

60. Design of Beams. — In some cases the length of a beam, 
the manner of its support, the character and amount of its 
loading, and the allowable stress, are known, from which the 
dimensions of the cross section are to be computed. The amount 
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of the maximum moment is computed and from the flexure 
formula M/S — J/c, the required numerical value of the section 
modulus is determined. 

The value of I/c for a solid rectangular section is In 

this case it is necessary to assume the value of either h or d, or to 
assume some relation between them. In the design of a wooden 
floor-beam system, some commercial size of joist is selected and 
the spacing is computed. 

For a solid circular section the value of J/c is so the 

radius of the cross section may be computed directly. 

EXAMPLE 1 

A cantilever beam 2 ft. long is to support a load of 120 lb. at the free end. 
Neglecting the weight of the beam, compute the diameter of a solid circular 
steel beam to carry the load with an allowable stress of 12,000 Ib./in.*. 

Solution . — ^The maximum moment is 120 X 24 = 2880 in.-lb. 


M _ 2880 
S 12,000 


0.24. 



r3 = 0.306. 
r == 0.674 in. 
d * 1.348 in. 


The nearest commercial size of rolled bar is 1?^ in. 


EXAMPLE 2 


A simple wooden beam 12 ft. long with a rectangular cross section is to 
support a uniformly distributed load of 300 lb. per linear ft., including its 
own weight, with an allowable flexural stress of 1200 lb. /in.*. Assuming 
the depth to be twice the width, compute the dimensions. 

Solution . — The total weight TV is 12 X 300 = 3600 lb. The maximum 
moment 


M = 


M 

S 

I 

c 


m 

8 

64,800 

1200 


144 X 


3600 


54. 


- = 54. 


64,800 in.-lb. 


If 6 = d/2, I/c » 6d*/6 = dV12. 


12 

= 648. 
d = 8.65 in. 

6 » 4.325 in. 
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EXAMPLE 3 

A simple wooden beam 16 ft. long is to support a center load of 8000 lb. 
with an allowable stress of 1400 lb. /in,*. Assuming a depth of 12 in., 
compute the necessary width. Neglect the weight of the beam. 

Solution: 



= 384,000 in.-lb. 


M _ 384,000 
S 1400 


274. 


If d = 12 in., 



246. 


246 = 274. 

6 = 11.4 in. 


EXAMPLE 4 

Compute the spacing necessary for 2- by 14-in. joists 20 ft. long, supported 
at the ends, to carry a floor load of 100 lb. /ft.* of floor area, with an allow- 
able flexural stress of 1200 lb. /in.*. The floor load is assumed to include 
the weight of the joists. 

Solution ^ — ^Let x be the spacing of the joists, center to center, in feet. 
The load supported by one joist will be 

T7 = 100 X 20x. 

M - 2000 X 30a; = 60,000a;. 

60,000a; _ ^ 14* 

1200 ^ ^ 6 * 

X = 1.307 ft. = 15.68 in. 


PROBLEMS 

1. A steel cantilever beam 40 in. long with a circular cross section, is to 

support an end load of 2000 lb. with an allowable flexural stress of 16,000 
lb. /in.*. Compute the required diameter. Am. 3.7 in. 

2. By what percentage would the strength of the beam in Problem 1 be 

reduced by drilling a transverse hole in. in diameter through the middle 
of the beam at the fixed end? By drilling a transverse vertical hole of the 
same size? Am. 0.052 per cent; 11.5 per cent. 

3. A simple wooden beam 30 ft. long is to carry a uniformly distributed 
load of 600 lb. per linear ft. Compute the dimensions if the depth is to be 
twice the width and the allowable stress is 1400 lb. /in.*. 

Am. 9.54 by 19.08 in. 

4. A wooden cantilever beam 8 ft. long is to be made of 2- by 8-in. planks 

placed vertically and bolted together to carry a load of 800 lb. at the free 
end. Compute the number of planks necessary if the allowable stress is 
1000 lb. /in.*. Am. Four. 
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6 . Compute the spacing of 2- by 16-in. joists 18 ft. long, supported at the 
ends, to carry a floor load of 120 lb. /ft.* of floor area, with an allowable 
stress of 1100 lb. /in.*. The assumed floor load includes the weight of the 
joists. , Ana. 19.3 in. 

61. Selection of Rolled Structural Beams. — Rolled structural 
steel shapes are often used as beams in buildings, bridges, and 
similar structures, and are usually I-beams, channels, or T-beams. 
In case the loading on one beam is known, the problem is usually 
to select the lightest beam that will carry the load with a given 
allowable stress. It may be, however, that a heavier and shal- 
lower beam may be preferred on account of the saving of head 
room. Since the beam selected must support its own weight 
also, another computation is usually necessary to determine if it 
can do so without exceeding the allowable stress. 

In some cases of design, with a given loading on a floor area, 
the size of floor beams is assumed. The problem then is to 
determine the necessary spacing for the given allowable stress. 
In such cases the assumed load usually includes the weight of 
the floor beams, so no further computation is necessary. 


EXAMPLE 1 


Select an American Standard I-beam for a span of 50 ft. to carry a super- 
imposed uniformly distributed load of 660 lb. per linear ft., with an allowable 
stress of 18,000 lb. /in.*. 

Solution: 



33,000 X 


600 

8 


M 2,475,000 
S 18,000 


137.5. 


2,475,000 in.-lb. 


In Table IX it is found that the first I-beam section which has a value of 
I/c larger than 137.5 is the 20-in. 81.4-lb. beam for which I/c = 146.6. 

The weight of the beam itself is 4070 lb., and the added moment is X 
4070 X 600 = 305,250 in.-lb. The added value of I/c is 305,250/18,000 = 
17.0, making a required value of 154.5 for I/c. The 20-in. 81.4-lb. beam is 
not heavy enough, neither is the 20-in. 85-lb. beam nor the 20-in. 90-lb. 
beam. 

For the 20-in. 95-lb. beam, the added weight is 4750 lb., the added moment 
is 356,250 in.-lb., and the added value of I/c is 19.8, making the required 
value of I/c = 157.3. The value of I/c os given in the table is 160.0, so 
this beam is strong enough. 

It will be noticed, ho^yever, that the 24-in. 79.9-lb. beam is a lighter beam, 
i|nd still has a value of I/c larger than the required value. So unless the 
added 4 in. of depth would prevent its use, the lighter 24-in. beam would be 
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selected. The saving in weight would be 15.1 lb. per linear ft., or 766 lb. 
on the beam. 


EXAMPLE 2 

Compute the spacing of 8-in. 18.4-lb. I-beams necessary to support a 
uniformly distributed load of 250 lb. /ft.* of floor area. The span is 20 ft. 
and the allowable stress is 18,000 lb. /in.*. The assumed weight includes the 
weight of the I-beams. 

Solution , — ^Let x be the spacing in feet. The load on one beam is 

W 

M 

M 
S 

From Table IX, I/c - 14.2. 

8.33x = 14.2. 

X = 1.705 ft. = 20.4 in. 

PROBLEMS 

1. Select the lightest American Standard I-beam for a span of 20 ft. to 
carry a uniformly distributed load of 200 lb. per linear ft., not including its 

4000 2000 



Fig. 93. 


own weight, and a concentrated load of 6000 lb. at the middle, with an allow- 
able stress of 16,000 lb. /in.*. Arts. 12-in. 31.8-lb. beam. 

2. Select two channels, placed back to back, to support the same load as 

that given in Problem 1, Two 12-in. 20.7-lb. channels. 

3. Select the lightest American Standard I-beam to carry the load shown 

in Fig. 93 with an allowable stress of 18,000 lb, /in.*. The load given does 
not include the weight of the beam. Aws. 10-in. 30-lb. beam. 

4 . Select the lightest American Standard I-beam to be used in a floor 

supporting a uniformly distributed load of 800 lb. /ft.* of floor area, including 
its own weight. The span is 25 ft., the spacing is 2 ft., and the allowable 
stress is 18,000 lb. /in.*. Ans. 18-in. 54.7-lb. beam. 

6. Determine the necessary spacing for 5-in. 10-lb. I-beams to support a 
uniformly distributed load of 200 lb, /ft.* of floor area, including the weight 
of the beams. The span is 18 ft. and the allowable stress is 20,000 lb. /in.*. 

Ana. 11.86 in. 

6. A cantilever beam 8 ft. long is to support a uniformly distributed load 
of 40 lb. per linear ft. including its own weight, and a concentrated load of 


= 5000x. 

Wl 

* - 150,000a?. 

_ 150,000a? 

18,000 “ ' 
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500 lb. at the free end, with an allowable stress of 17,600 lb. /in.*. Select 
two angles to be placed back to back to form a T-beam to carry the load. 

Ana, Two 5- by 3- by Ke-in. angles, with 6-in. legs vertical. 

62. Stresses above the Elastic Limit : Modulus of Rupture. — 

If the load on a beam is increased until the stress in the outer 
fibers exceeds the proportional elastic limit, the unit stress will 
no longer be proportional to the unit deformation, and the stress 
distribution will differ from that shown in Figs. 86 and 87. In 
case the stress-strain diagram for the material of the beam is 
the same in tension and compression, and the cross section is 
symmetrical with respect to the neutral axis, the neutral axis 
will remain coincident with the centroidal axis and the stress 


G B I 



H D 

(a) [b) 


Fig. 94. 

distribution will be as shown in Fig. 94. Lines OA and OC 
correspond to the straight-line part of the stress-strain diagram, 
and the lengths EA and FC represent the values of the elastic 
limit. The unit stress on the material near the neutral surface 
is greater than it would be if the stress were proportional to 
the deformation, while that at the outer fibers is less. The line 
01 shows the stress distribution necessary to furnish the same 
internal moment if the stress were proportional to the deforma- 
tion through that range of stress. 

In case the cross section of the beam is not symmetrical with 
respect to the neutral axis, as the T-beam, Fig. 95, the fibers 
at E will be stressed higher than those at D, After the elastic 
limit has been passed at E and before it is passed at D, the unit 
stress diagram will take some such shape as indicated in Fig. 
95(a). Since the fibers between F and E are not stressed pro- 
portionately and since the horizontal summation of forces must 
equal zero, the neutral axis is shifted upward away from the 
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weaker part of the beam and no longer coincides with the cen- 
troidal axis. In Fig. 95(6), the area represents the total force, so 
area GHI must equal area GKJ. 

In case the stress-strain diagram for the material of the beam 
is different in tension and in compression, the neutral surface 
will be shifted away from the part which has the lower stress. 


D B H I 



Fio. 95. 


even though the section is symmetrical. For example, the 
proportional elastic limit for cast iron is much lower in tension 
than it is in compression. Figure 96 represents the stress 
distribution in a rectangular cast-iron beam which is loaded so 
that the upper fibers are stressed in compression and the lower 
fibers are stressed in tension. After the beam is loaded so that 


D B 



Fia. 96. 


the unit stress at the outer fiber on the tension side exceeds the 
elastic limit, the neutral surface shifts from the center toward 
the compression side and reaches some such position as that at 
0. The material at F has reached its elastic limit in tension, 
line AF representing its amount, and the stress in the area below 
F exceeds the elastic limit. Above the neutral surface, the 
elastic limit in compression has not yet been reached, so the 
stress is proportional to the distance from the neutral surface. 
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Since the total tensile force is necessarily equal to the total 
compressive force, the area OACE must equal the area OBD. 

It is evident that if the value of the elastic limit has been 
exceeded, neither the expression S = My /I nor S = Mc/I is 
valid, since the variation of stress is different from that assumed 
in their derivation. In the case of materials which rupture, how- 
ever, it is customary to compute a value of S by means of the 
expression S = Mcliy in which M is the value of the moment just 
preceding rupture. This value of S is not the true unit stress, 
but is called the modulus of rupture^ or the measure of the rup- 
ture strength of the material. It is useful for the purpose of 
comparing the strengths of beams of the same material and 
shape. 

Beams of ductile material will not rupture in direct flexure and 
therefore have no modulus of rupture. 

PROBLEMS 

1. A cast-iron beam 1.8 in. wide, 1.3 in. deep, and 8 in. long, supported 

at the ends, failed under a load of 7580 lb. applied at the middle. Compute 
the modulus of rupture. Am, 29,800 lb. /in.*. 

2. If the modulus of rupture of glass is 3600 lb. /in.*, what is the probable 

central breaking load for a plate of glass 10 in. wide, % in. thick, and 4 ft. 
long, supported at the ends? Am, 70.3 lb. 

3. A wooden beam 7.75 in. wide, 15.75 in. deep, and 12 ft. long was sup- 

ported at the ends and loaded with equal loads at the third points. The 
beam broke when each load was 103,600 lb. Compute the modulus of 
rupture, neglecting the weight of the beam. Am, 15,500 lb. /in.*. 

63. Stresses in Timber Beams: Form Factors.^ — For steel, 
wrought iron, and similar materials, the value of the elastic 
limit in direct tension is the same as that in direct compression 
and agrees very closely with the v-alue obtained from the flexure 
of beams. For cast iron, brick, stone, and similar materials, 
the value of the elastic limit in tension is much less than that 
in compression. As would be expected, the value of the elastic 
limit in flexure agrees with that in tension. 

For timber, the value of the elastic limit in compression is 
much less than that in tension, and it might be expected that 
the value in flexure would agree with that in compression. This 
is not the case, however, but the value in flexure is from 25 to 

‘ See Report 181, National Advisory Committee for Aeronautics, by J. A. 
Nawlin and G. W. Tratbb. 
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75 per cent higher. For example, an average of tests of Sitka 
spruce made by the Forest Products Laboratory, Madison, 
Wisconsin, in 1925, gives a value of 6500 pounds per square 
inch at elastic limit in flexure as compared with 4110 pounds 
per square inch in direct compression, a value 58 per cent higher. 
Newlin and Trayer account for this ability of the beam to take 
greater stress by the assumption that the minute wood fibers 
when subjected to longitudinal compression act as miniature 
long columns which give each other a certain amount of lateral 
support. If these miniature columns are all stressed alike as 
in direct compression, they cannot exert much lateral support 
on each other as they all bend together. If the stress is not 
uniform, however, as in a beam, the extreme fibers will be 
supported and stiffened by the less stressed fibers nearer the 
neutral surface and will therefore be able to support a higher 
stress. As a corroborative experiment, several matched pairs 
of test pieces 2 by 2 by 8 inches were tested parallel to the 
grain. One of each pair was loaded axially, the other with an 
eccentric load ^ inch from the axis. Theoretically, the pieces 
loaded eccentrically should hold only one-half as much load as 
the others, the stress on the side nearest the load being a maxi- 
mum and that on the opposite side being zero. The pieces were 
tested to failure, and instead of one-half as much load, they held 
over two-thirds as much load as those loaded axially. The fibers 
with less stress apparently furnished lateral support to those 
with greater stress and enabled them to carry a higher unit 
stress than that carried by the companion test pieces which were 
stressed equally over the entire cross section. 

For purposes of comparison, a beam 2 by 2 inches in cross 
section was selected as the standard. The ratio of the strength 
of a beam of any other shape to that of the standard section is 
called the form factor. In a beam with an I-section such as 
is used in airplane wing beams, the supporting action of the 
less stressed fibers is limited to the depth of the flange except 
above the web, so a less value may be expected than that for 
the standard section. For a beam 5 inches deep with a web 
inch thick and flanges 1.5 inches wide and 0.5 inch deep, 
Newlin and Trayer obtained a value of the stress at the elastic 
limit which was 85 per cent of that for the 2- by 2-inch beam. 
Its form factor was therefore 0.85. The box beam acts similarly 
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and for a section 3 by 7 inches outside and 21^ by 4 inches 
inside, they obtained a value 73 per cent of that for the 2- by 
2-inch beam, or a form factor of 0.73. 

If the more highly stressed fibers are supported by a greater 
width of less stressed fibers, as is the case with the circular 
section and the square section with the diagonal vertical, the 
form factor is greater than unity. The square section with the 
diagonal vertical averaged as strong as the same section with 
the sides vertical, and since the value of 7/c is only 0.707 as much, 
the form factor is 1/0.707 or 1.414. The circular section aver- 
aged as strong as a square section of the same area with the sides 
vertical, and since its value of //c is 0.85 as much, the form factor 
is 1/0.85 or 1.18. 



This supporting action of the fibers near the neutral surface 
upon those farther out still continues above the elastic limit. 
Newlin and Trayer found that the form factor at the modulus 
of rupture was slightly less than that at the elastic limit, the 
values for the twb beams referred to above being 0.83 and 0.72, 
respectively. For eight types of box and I-beams tested, the 
form factor at the elastic limit averaged 0.78 while that at the 
mpdulus of rupture averaged only 0.72, a value 7.7 per cent less. 

Tables XIII and XIV give the values of the modulus of rupture 
of a number of species of timber as determined by tests at the 
Forest Products Laboratory, U. S. Forest Service, Madison, 
Wisconsin. 

64. Distribution of Shearing Stresses. — It has already been 
shown in Art, 16 that if a bar or a beam is subjected to the 
action of shearing forces in any given direction, a set of secondary 
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shearing stresses of equal unit intensity is induced on planes 
normal to the direction of the original shearing forces. 

Figure 97(a) represents a side view of a beam in which AG 
and CH are two cross sections of the beam dx apart. Figure 
97(6) represents either of these cross sections. Figure 97(c) 
represents the differential block ABDC as a free body, with the 
horizontal forces shown. (The vertical forces are omitted in the 
figure.) Upon the left face, where the moment is M i, the variable 
unit stress is Si = Miy/L The force upon the differential area 
bdy or dA is (M\y/I)dA and the total horizontal force upon the 
left side of the differential block is given by 



Similarly, the total horizontal force acting to the left upon the 
right side of the block is given by 



The unit shearing force upon the lower surface of the block 
is Ss, and the total horizontal shearing force is Ssbdx. Since the 
free body is in equilibrium, the summation of the horizontal 
forces is equal to zero, or 

^ r ydA — r ydA — S^bdx — 0. 

I Jyi I Jvi 



The quantity Mz — Mi is dMj since it is the difference in the 
moment in length dx, and dMjdx = F, as was shown in Art. 41. 

The integral expression fydA is equal toy A', A' being the area 

JV\ 

of the cross section above the plane upon which the horizontal 
shearing stress is being determined, and y the distance from the 
neutral axis to the center of gravity of the area A'. Then 
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In a rectangular section of width h and depth d, the integral 
expression becomes 

V r 

& - - ».')■ 

This is the equation of a parabola, as shown in Fig. 98. The 
value of St is zero when y\ — c and is a maximum at the neutral 
surface where y\ = 0. The amount of this maximum stress is 

c 3 T 

^ 27 “ 2hd 



Fig. 98. Fig. 99. 


Since the quantity V /hd is the average unit shearing stress, it is 
seen that the maximum horizontal unit shearing stress in a 
beam of rectangular cross section is equal to 1.5 times the average 
vertical unit shearing stress. By Art. 16, the intensity of the 
vertical shearing stress varies in the same way as does the hori- 
zontal shearing stress. , 

If the cross section of a beam is not symmetrical with respect to 
the centroidal axis, the maximum shearing stress may not 
be at the neutral surface. In this case, the expression St = 
{V/Ih)yA' must be expressed in terms of yi, the distance from 
the centroidal axis to the base of area A'. If this expression 
is then differentiated and the first derivative of St with respect 
to yi equated to zero, the value of yi to give a maximum value of 
St is obtained. 

For the triangular cross section shown in Fig. 99, the expression 
for iS, becomes 



STRESSES IN BEAMS 


117 


Art. 64] 



For a maximum value of 


h 

9 



It will be seen that in this case the maximum value of S, is 
midway between the top and bottom of the beam. 

Tables III, IV, and V give the allowable values of some 
materials in horizontal shear. 


PROBLEMS 

1. A timber beam 6 in. wide, 20 in. deep, and 10 ft. long, supported at 
the ends, carries a concentrated load of 16,000 lb. at the middle. Compute 
the unit horizontal shearing stress at points 2, 4, 6, 8, and 10 in. from the 
top of the beam. 

Ans. 36 Ib./in.*; 64 lb. /in.*; 84 Ib./in.*; 96 lb. /in.*; 100 lb. /in.*. 

2. Using the allowable value of Sa for southern yellow pine given in Table 
V, compute the total load uniformly distributed which can be placed on a 
beam 8 in. wide, 12 in, deep, and 6 ft. long, supported at the ends. Com- 
pute the maximum flexural stress when so loaded. 

Ans, W = 14,080 lb.; 660 Ib./in.*. 

3. For a southern yellow pine beam 6 in, wide and 18 in. deep, compute 

the length above which flexure governs and below which shear governs. 
Use values given in Table V. Ans. 21 ft. 10 in. 

4. A beam 4 in. wide, 8 in. deep, and 8 ft. long, supported at the ends, is 

made by bolting together two beams each 4 in. square. If the bolts are 
spaced 3 in. apart in one roV, and the beam is loaded with a load in the 
middle to cause a maximum flexural stress of 1500 lb. /in.*, what is the total 
shearing force on each bolt? Ans, 750 lb. 

6 . Three timbers, each 10 in. wide, 4 in. deep, and 16 ft. long, supported 
at the ends, are bolted together with bolts placed in two rows 6 in. 
apart in the row, to form a beam 10 in. wide and 12 in. deep. Compute the 
unit shearing stress in each bolt at the section between the timbers when the 
beam is loaded with a concentrated load at the middle to cause a maximum 
flexural stress of 1600 Ib./in.*, Ans, 12,090 lb. /in.*. 
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6 . If the middle timber of the beam described in Problem 5 is placed with 
its 10 in. dimension vertical, so that the three timbers form an Insection, 
what must be the spacing of 3^-in. bolts in a single row to carry the same 
load with an allowable shearing stress of 10,000 Ib./in.^ in the bolts? 

Am. 7.4 in. 

7. A timber beam 8 in. wide, 18 in. deep, and 25 ft. long is supported and 

loaded as shown in Fig. 93. Compute the maximum unit horizontal shear- 
ing stress due to the superimposed loads. Am. 81.5 Ib./in.*. 


66. Shearing Stresses in Structural I-Beams and Channels. — 

In beams with I-sections such as that described in Problem 6, 
Art. 64, the variation in the value of the horizontal unit shearing 
stress is as shown in Fig. 100(a). At the top and bottom fibers 
the stress is zero. At the lower edge of the upper flange the 
unit stress would be represented by the vector BE if the stress 








-/> / 
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vw 




Fig. 100. 



were of uniform intensity in the horizontal plane. The intensity 
at the middle in this plane, that is at ikfiV, is greater than the 
average and approaches the value represented by the vector 
BG, which is the unit intensity of the shearing stress in the upper 
plane in the web, at KL. 

The shearing stress is a maximum at the neutral surface OP 
and its value is represented by the ordinate IJ. Both of the 
curves, AEFD and GJHj are parabolic. 

If the section is the rolled I-section of the standard steel 
I-beam, in which the thickness of the flange increases toward the 
web, the shearing stress diagram is further modified, as shown in 
Fig. 100(6). In the rectangular part of the flange and in the web 
the variation is the same as in Fig. 100(a). In the triangular part 
of the flange the unit shearing stress varies gradually from the 
low stress in the j*ectangular part of the flange to the larger 
stress in the web. 
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It is a common commercial approximation to consider that the 
web, extending entirely through the flange, carries all of the 
shear, uniformly distributed, and that the remainder of the flange 
carries none. Figure 100(6) shows a comparison of the values 
obtained by the two methods for a 24-inch 79.9-pound I-beam. 
By accurate computation, the unit shearing stress at the base 
of the flange is 0.07 15F, V being the total vertical shear. The 
maximum unit shearing stress is at the neutral axis and its 
amount is 0.09717. The approximate value as commonly 
computed is 0.08337, which is intermediate between the value 
at the base of the flange and that at the neutral surface. 

The variation in the unit horizontal shearing stress in standard 
rolled channel sections is similar to that in I-beams. The web 
of a channel is usually thicker in proportion to the flange area 
than is that of an I-beam, so the unit horizontal shearing stress 
is less for similar loading. 


Problems 

1 . A 16-in. 50-lb. I-beam 10 ft. long, supported at the end«», is loaded 
with a concentrated load at the middle to cause a maximum stress of 

18.000 lb. /in.*. Compute the unit stress at the base of the flange (where 

the fillet begins) and at the neutral surface. Neglect the fillets and rounded 
comers. Compute also the average unit shearing stress by the approximate 
method. Ans. 2000 Ib./in.*; 2780 Ib./in.*; 2330 lb./in.>. 

2 . Solve Problem 1 for a 15-in. 50-lb. channel. 

Ans. 1140 Ib./in.*; 1910 Ib./in.*; 1500 lb. /in.*. 

3. If the maximum allowable horizontal shearing stress in the web of the 
channel described in Problem 2 is 15,000 Ib./in.*, what is the limiting load 
that can be placed upon a channel, supported at the ends, and of short span? 

Ans. 252,000 lb. 

4 . If allowable flexural stress S - 18,000 Ib./in.* and allowable horizontal 

shearing stress Sa = 12,000 lb, /in.* for a 15-in. 50-lb. I-beam, determine the 
length of span above which flexure governs and below which shear governs 
for a uniformly distributed load. Ans. 4.65 ft. 

6. Solve Problem 4 by the commercial approximation of using Sa * 

12.000 Ib./in.* as the allowable average vertical unit shearing stress on the 

gross area of the web. Ans. 3.9 ft, 

66. Riveting and Welding of Plate Girders. — A plate girder 
consists of a vertical web plate A, Fig. 101, to which are riveted 
four structural angles B, B, and, if necessary, one or more flange 
plates C, C. As in the case of rolled I-beams and channels, the 
usual commercial approximation is to consider all of the vertical 
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shear to be carried by the web plate with a uniform stress dis- 
tribution. In this case, however, the effective depth of the web 
is the distance h between the center lines of the web rivets. If 
t is the thickness of the web, h the distance between the upper 
and lower lines of rivets, and V the total vertical shear, the 
average unit vertical shearing stress at the section MN is 

Ave. & = i . 

The unit intensity of the horizontal shearing stress is the same 
in amount as the unit vertical shearing stress, so, if the slight 
reduction in the vertical shear between M and P is neglected, the 



Fio. 101. 


rivets in the length hi = h must transmit an amount of shear 
equal to V from the flange angles to the web plate. If n is the 
number of rivets in the length hi and B is the working strength of 
one rivet, 

niJ = F, 
or 

V 

^ R 

The value of p, the pitch of the rivets, is given by 



Each rivet between the flange angles and the web plate is 
subjected to a shearing force at two areas, so its working strength 
in shear is given by the expression. 
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B = 

in which d is the diameter of the rivet and S» is the allowable 
unit shearing stress in the rivet. 

Each rivet is also subjected to side compression on an area id, 
so its working strength in compression is given by the expression, 

R = tdSc, 

in which Sc is the allowable unit bearing or compressive stress on 
the side of the rivet. The smaller of the two values of B is 
the one to be used. 

At the vertical cross section at P the total vertical shear V 
is less than that at M by the amount of the load between Af.and 
P. With this new value of F, the necessary pitch of the rivets in 
the second length = A on the right of P is computed, and so 
on to the middle of the girder. If the girder carries only uni- 
formly distributed load, the shear near the middle of the girder 
is small and the computed pitch of the rivets becomes large, but 
by the usual construction specifications the pitch is not permitted 
to exceed a certain maximum value. 

The shearing force transmitted from the flange plates to the 
flange angles is less than that transmitted from the flange angles 
to the web plate, but the pitch of the rivets is usually made the 
same. Each rivet is subjected to shear at only one section, but 
there are twice as many rivets, so the total shearing resistance 
is the same. As in structural riveting, the nominal diameter 
of the rivet is used. 

Vertical stiffener angles are riveted to the web where necessary, 
as will be explained in Art. 126. 

Plate girders may be fabricated by welding the flange plates 
directly to the web plate by means of fillet welds. Since there 
are no rivet holes in the tension area, the total flange area 
required is reduced by that amount. In this case the double 
fillet weld in length hi ^ h must have a total strength equal to 
the vertical shear V at the left of the section. For a plate 
girder with a uniformly distributed load, the shear V toward the 
middle of the girder becomes very small, so only a small amount 
of fillet weld would be necessary, but both for looks and for pro- 
tection of the metal, the welding shpuld be uniform throughout. 
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Outstanding vertical stiffener plates are used instead of 
stiffener angles, thus reducing the weight still further. These 
also are. welded to the web plate by fillet welds. 

EXAMPLE 

A plate girder 40 ft. long is composed of a web plate 48 by % in., four 
flange angles each 6 by 4 by ?4 in-, spaced 48 in. back to back, and two 
flange plates each 16 by in. The girder is loaded with a uniformly dis- 
tributed load of 100,000 lb. and a concentrated load of 140,000 lb. at the 
middle. With a distance of 44 in. between rivet lines, and using %-in. 
rivets, with allowable »= 13,500 Ib./in.®, and allowable Sc = 30,000 
lb. /in.?, compute the pitch of the rivets in each 44-in. panel. 

Solution . — ^The strength of one rivet in shear is given by the expression 


_ 2xd* _ 2x49 X 13,500 

4 4 X 64 


16,250 lb. 


The strength of one rivet in bearing is given by the expression 

R = idSc = X K X 30,000 = 9850 lb. 

The smaller value, 9850 lb., must be used. At the end where V 
lb., 



44 X 9850 
120,000 


- 3.61 in. 


120,000 


It is customary in plate-girder work to use the pitch to the nearest in., 
so use Pi = 3H in. 

At the next panel point, 44 in. from the end, the vertical shear V is 
decreased by the weight of the uniform load in the first panel, and is 


In this panel, 


V = 120,000 - 9170 = 110,830 lb. 


hiR 

V 


44 X 9850 
110,830 


3.92 in. 


Use p 2 “ 


4 in. 


In the next four panels, the computations are as follows: 


_ 44 X 9850 
101,670 
_ 44 X 9850 
92,500 

_ 44 X 9850 
83,330 

_ 44 X 9850 
*** 74,17& 


4.27 in. 


4.69 in; 


5.21 in. 
5.85 in.. 


Use p 2 = 4)4 m. 
Use p 4 = 4^ in. 
Use p6 = 5K in. 
Use pe = 5% in. 


The last panel is only 20 in. wide. For equal-width panels, each panel 
would be 40 in. wide. 
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PROBLEMS 

1. Compute the pitch of rivets for- the plate girder described in the 
example above if ^-in. rivets are used and the panels are 40 in. wide. 

Ans, pi = 3 in.; pa = 3K in.; pa = 3>^ in.; p* - 4 in.; ps = 4>i in.; 

pe = in. 

2. A plate girder 36 ft. long, with a web plate 40 in. deep and in. thick 
carries a total uniformly distributed load of 240,000 lb. The distance 
between lines of rivets is 36 in. Using %-in. rivets for which the allowable 
value of S, is 12,500 Ib./in.* and the allowable value of Sc is 25,000 Ib./in.*, 
compute the pitch of rivets for each 36-in. panel. 

Ans. The computed values arc: pi == 3.28 in.; pa = 3.94 in.; pa = 4.92 in.; 
Pa = 6.56 in.; p 5 = 9.85 in.; pe = 19.70 in. (The specifications of the 
American Bridge Company give 6 in. as the maximum spacing for J^-in. 
rivets, so by these specifications p 4 , pa, and pe would all be 6 in.) 

3. A plate girder 60 ft. long, with a web plate 76 in. deep and ^ in. 
thick, carries a uniformly distributed load of 12,000 lb. per linear ft. and a 
concentrated load of 300,000 lb. at the middle. The distance between 
rivet lines is 72 in. Using 1-in. rivets for which the allowable value of S$ is 
13,500 lb. /in.® and the allowable value of Se is 30,000 Ib./in.®, compute the 
required pitch of rivets in each 72-in. panel. 

Ans, The computed values are pi ~ 2.12 in.; p 2 = 2.47 in.; pa =* 2.95 in.; 
Pa == 3.68 in.; ps = 4.86 in. (According to specifications, the minimum 
spacing should not be less than three times the diameter of the rivets, so 
in the first three panels the rivets must be staggered.) 



CHAPTER VII 
DEFLECTION OF BEAMS 

67. Curvature of a Beam: Simple Flexure. — When a beam 
is loaded with transverse loads, causing tensile stresses on one 
side of the neutral surface and compressive stresses on the other 
side, the fibers subjected to tension are elongated and those 
subjected to compression are shortened. This causes the beam 
to curve and therefore to deflect from its original unstressed 
position. 

Simple flexure is bending caused by pure couples unaccom- 
panied by shearing force. Since, in general, the deflection due to 



the shearing forces is extremely small compared to that due to the 
flexural forces, it will be neglected in this discussion, and all 
beams will be treated as cases of simple flexure. 

The following assumptions are made in the case of simple 
flexure: 

1. Plane transverse sections remain plane after bending. 

2. The modulus of elasticity in tension is the same as that 
in compression. 

3. The pri)portional elastic limit is not exceeded. 

Figure 102 represents a beam which is subjected to simple 
bending due to the couples ilf, M, AB and CD are two trans- 
verse sections, originally parallel, and EF is the original distance 
between them. Lines AB and CD when produced intersect at 
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point 0, -and the angle between them is dd. Line GFH is drawn 
through point parallel to line AB. Angle DFH is equal to 
angle d9, sinee their sides are parallel. The unit elongation in 
length BD is 


Also, since 


DH _ cd0 _ c, 
FE ~ Me ~ b‘ 


. S Ad 
6 = ^ and «S = -y» 

Me c 

1 = M 

R El 


The equation just derived gives the relation between the radius 
of curvature of the beam at any section and the moment at that 
section. The modulus of elasticity E is, of course, assumed to be 
constant. Then if the moment of inertia I is also constant, the 
radius of curvature R varies inversely with the moment M, If 
the moment M is zero, the radius of curvature R becomes infinity 
and the elastic curve is a straight line. As the moment M 
increases, the radius of curvature R decreases, and its smallest 
value occurs where the moment is a maximum. 

If the moment M is constant throughout the length of a beam, 
the radius of curvature R is constant and the line FE of the 
neutral surface is the arc of a circle. If the moment M varies at 
different sections in the beam, the radius of curvature R varies 
inversely. 

PROBLEMS 

1. A wooden cantilever beam is 12 in. wide, 2 in. deep, and 10 ft. long, 
and carries a total uniformly distributed load of 20 lb. per linear ft. If 
E = 1,800,000 lb. /in. what is the radius of curvature of the beam at the 
fixed end? What is the radius of curvature 1 ft. from the free end? 

Am, 100 ft.; 10,000 ft. 

2. A band saw He in. thick runs on pulleys 2.5 ft. in diameter. E = 

30,000,000 lb. /in.®. Compute the stress caused by bending around the 
pulleys. Ans. 62,370 lb. /in.®. 

3. If the elastic limit of steel wire is 60,000 lb. /in.*, and E * 29,000,000 
lb. /in.®, compute the diameter of the smallest circle into which a No. 9 
wire (0. 148 in. diameter) may be bent without receiving a permanent set. 

Ana, 7.16 ft. 
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68. Curvature, Slope, and Deflection. — It is shown in works 
on differential calculus that the curvature of any curve, in terms 
of the rectangular coordinates x and y is 



For beams as usually loaded the quantity dy/dx is very small 
compared with unity, so higher powers than the first may be 
neglected without appreciable error. The expression given 
above will then reduce to 


1 

B 


dx^ 


(approx,). 


It was shown in Art. 57 that 1/B = M/EI, so 


In the equation just derived, y is the ordinate of any point 
on the elastic curve, considered as positive upward, and x is the 
abscissa of the same point, considered as positive to the right. 
The quantity dy/dx gives the slope of the elastic curve at any 
point, and its ordinates may be plotted to give the slope curve. 
The quantity d^y/dx^ gives the slope of the slope curve. If the 
beam is convex upward, it is evident that the center of curvature 
is below the beam, the value of dy/dx, the slope of the elastic 
curve, decreases from left to right, and consequently the sign of 
d^y/dx^y the slope of the slope curve, is essentially negative. 
If the beam is concave upward, the center of curvature is above 
the beam, the value of dy/dx increases from left to right, and 
consequently the sign 'of the second derivative d^y/dx^ is essen- 
tially positive. 

Horizontal beams which are convex upward, therefore, have 
negative moment and those which are concave upward have 
positive moment. If the moment at a section is determined by 
the moment of the forces on the left of the section, clockwise 
^^oment is positive and counterclockwise moment is negative. 

In solving this equation, the moment M is expressed in terms of 
X and the resulting equation is integrated twice, by which the 



Art. 69) 


DEFLECTION OF BEAMS 


127 


value of y is determined in terms of x. Since in the first integra- 
tion the limits of the slope dy/dx are unknown, and in the second 
integration the limits of y are unknown, constants of integration 
must be employed. The values of these constants of integration 
are determined by substituting corresponding known values of 
the variables. 

As already stated, the modulus of elasticity E is considered 
to be constant, and, except where otherwise stated, the beam is 
considered to be uniform in cross 
section, so the moment of inertia 
I is constant. 

69. Cantilever Beam with 
Concentrated Load at the End. — 

Figure 103(a) represents a canti- 
lever beam fixed at the right end 
and loaded with a concentrated 
load P at the left end. The 
origin of coordinates is taken at 0, Fig. 103(c), the position of the 
free end of the beam before the load was applied. The moment 
at any point A, distant x from the left end of the beam, is Ma = 
—Px as shown in the free-body diagram. Fig. 103(6). The 
differential equation becomes 



Fia. 103. 



~Px. 


By integration, 



Px^ 

2 


+ Cl. 


Since the slope dy/dx == 0 at the fixed end where x 


0 



PV 

+ c-- 

2 ■ 


Pi® , PP 


By a second integration, 


I, 


Px^ , PPx 
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Since y =■ 0 at'the fixed end where x = t, 
0 = 


Pl» PP ^ 

-g- + -^ + Ca. 


r - 

c, - 

Px^ , PPx 

EIy^—^ + -^ 


PP 
3 ■ 


This expression is called the equation of the elastic curve of the 
beam, and gives the deflection y of any point on the beam at a 
distance x from the free end. 

The maximum value of y is at the left end of the beam where 
X = 0. With this value of x, 


Max. y 


Pl^ 

3Ef 


Since E is in units of pounds per square inch, I must be used in 
inches and P in pounds. 


PROBLEMS 

1 . Derive the expression for the slope of the beam at the free end and at 

. , ,, . dy Pl^ dy 3PP 

2 . Derive the expression for the deflection at the end of the beam in terms 

SP 


of the maximum stress S. 




8. Use the origin of coordinates at the free end of the beam after it is 
loaded and derive the equation of the elastic curve. 


Ans. Ely 


Px^ PPx 
6 2 * 


4 . A wooden cantilever beam 4 in. wide, 6 in. deep, and 8 ft. long carries a 
load of 300 lb. at the free end. E = 1,200,000 lb. /in.*. Compute the slope 
at the free end, the deflection at the free end, and the radius of curvature at 
the fixed end. Ans, 0.016; 1.024 in.; 250 ft. 

6. A piece of steel water pipe 3 ft. long is 1.66 in. outside diameter and 
1.38 in. inside diameter. If used as a cantilever beam, what load at the free 
end will deflect it in.? E = 29,000,000 lb. /in.* Ans, 182 lb. 

6 . A 10-in. 40-lb. I-beam 10 ft. long is used as a cantilever beam with web 

vertical. HE- 29,000,000 lb. /in.* and the allowable stress is 18,000 
lb. /in.*, what is the maximum permissible deflection by a vertical load at the 
end? Ans, 0.595 in. 

7. Compute the load necessary to cause the deflection given for the beam 

in Problem 6. What horizontal load at the. free end will produce the same 
amount of deflection? Atm, 4740 lb.; 282 lb, 
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60. Cantilever Beam with Uniformly Distributed Load. — 

Figure 104 (o) represents a cantilever beam fixed at the right end 
and loaded with a uniformly distributed load of w per unit length. 
The origin of coordinates is taken at 0, Fig. 104(c), the position 
of the free end of the beam before the load was applied. The 
moment at any point A, distant 

X from the left end of the beam, r i 

is Ma = —wx'^12, as shown in (a) .. I J I I I I I I I I I I 

the free body diagram, Fig. HJx L4 


iiiiri.rk^=^ 

iirniTi 

L- , 

1. in., 


104(6). 

The differential equation 
becomes 

_ __ 




By integration, 




Fig. 104. 


ei^£ - --f + c,. 

Since the slope dyjdx = 0 at the fixed end where x = Z, 


j-,jdy wx^ . icZ® 

r,T t 1 n 

EIy= -^ + -^ + C2. 


Since y = 0 at the fixed end where x = Z, 

wl* wl* ^ 

® + ~r + 

fi _ 

c* 

rir tCX** , WI^X WV 

- - 2 I- + -5- — r 


This expression is called the equation of the elastic curve of the 
beam, and gives the deflection y at any point at a distance x 
from the free end. 
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The maximum value of y is at the left end of the beam where 
X = 0. With this value of x, 

Max. y - g£j - 

since the total load is wl = W. 

Since E is in units of pounds per square inch, I must be used in 
iqches and w in pounds per linear inch. 


PROBLEMS 


1 . Derive the expression for the slope of the beam at the free end and at 
, . , . dy Wl^ dy 7Wl^ 


(a) 

(b) 

(c) 


, I 


f 

'I fl 

Ap 


'h-— X- 



1 


Fig. 105. 


2 . Derive the expression for the maximum deflection in terms of the 

Sli 

maximum stress S. Ans. y = 

3. Use the origin of coordinates at the free end of the beam af4;er it is 
loaded and derive the equation of the elastic curve. 

Ana. Ely = 

4 . A wooden cantilever beam is 10 in. wide, 2 in. deep, and 12 ft. long. 

If E = 1,500,000 lb. /in.*, what uniformly distributed load per linear foot 
will cause a deflection of 5 in. at the free end? Ans. 11.13 lb. /ft. 

6. If = 30,000,000 lb. /in.*, what must be the diameter of a circular 
steel cantilever beam 5 ft. long if the deflection due to its own weight is not 
to exceed 0.001 in.? Ans. 15.65 in. 

6. A 12-in. 31.8-lb. I-beam 10 ft. long, used as a cantilever beam, sup- 

ports a superimposed load of 1000 lb. per linear foot. Using E as 29,000,000 
lb. /in.*, compute the deflection of the free end due both to its own weight 
and to the superimposed load. A ns. 0.357 in. 

7. With the same load per linear foot as that given in Problem 6, how 
long can the beam be ma4e if the maximum deflection is not to exceed 1 in.? 
Is the beam safe? Is the computation valid? 

Ans. 12.94 ft.; S » 29,000 Ib./in.*. 
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61. Simple Beam with Concentrated Load at the Middle. — 

Figure 105(a) represents a simple beam cf length Z, with a con- 
centrated load P at the middle. The origin is taken at 0, Fig. 
105(c), the left end of the beam. Each reaction is P/2 and the 
moment at A is Ma = P^l^i as shown in the free-body diagram, 
Fig. 105(6). This expression for the moment is valid only from 
the left end of the beam to the middle, that is, for values of x 
between zero and Z/2. 


By integration. 




jdy _Px^ „ 


By symmetry, dy/dx = 0 at the middle where x — Z/2. 


Cx = 


PP 

’id' 


j..dy _Px^ _Pl 
^^dx 4 16 ■ 


Ely = 


Px^ PPx 


12 16 
Since y = 0 where x = 0, C 2 = 0. 

Px’ PPx 


+ Ct 


Ely = 


12 


16 


This expression is called the equation of the elastic curve of the 
left half of the beam, and gives the deflection y for any given 
value of X between zero and Z/2. The maximum value of ^ is at 
the middle where x = Z/2. 

TV/r PI" 

y = -48l/' 

By symmetry, any point on the right half of the beam is 
deflected the same amount as the corresponding point on the left 
half of the beam. 

If the beam overhangs one of the supports an amount h and 
the weight of the beam is neglected, the overhanging end will 
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be raised a distance y\ = h tan B above the level of the supports, 
B being the angle of slope of the beam at the support. 

PliP 


yi = h tan B = 


mEI 


PROBLEMS 

1. A wooden beam 4 in. wide, 6 in. deep, and 15 ft. long is supported at 

the ends and carries a load of 700 lb. at the middle. Compute the deflection 
at the middle and at each third point due to the 700-lb, load if ~ 1,100,000 
lb. /in.*. Ans, 1.074 in.; 0.915 in. 

2 . Derive the expression for the maximum deflection in terms of the 

. Sl^ 

Ans. y 


maximum stress S. 


12Ec 


w per unif 


(a) 


(b) 

% 


(c) 



r ‘ — 1 — i-i-j—j — 1 -J 

TWl A wl‘ 

-J 

m. 

AT. ! 

<■ JC— — 3 

r 

4 



Fio. 106. 


8. A wooden test beam 1.75 in. wide, 1.71 in. deep, and 28 in. long between 
supports, deflected 0.068 in. with a load of 200 lb. at the middle. Compute 
E. Ans. 1,846,000 Ib./in.*. 

4 . A solid steel line shaft is 3 in. in diameter and 10 ft. between hangers. 
If = 30,000,000 lb. /in.*, how much will a pulley weighing 30 lb. deflect 
the shaft if placed midway between the supports? Ans. 0.00905 in. 

8 . A 20-in. 100-lb. I-beam 25 ft. long is supported at the ends and carries 
a load of 40,000 lb. at the middle. • Compute the deflection at the middle 
due to the 40,000-lb. load if E ^ 29,000,000 lb. /in.*. What side thrust 
at the middle would cause the same amount of deflection laterally? 

Ans. 0.472 in.; 12721b. 

6, A 5-in. 10-lb. I-beam 10 ft. long is supported at the ends. If E ^ 
29,000,000 lb. /in.*, what is the maximum deflection if it is loaded with a 
concentrated load at the middle to cause a stress of 18,000 lb. /in.*? 

Ans. 0.298 in. 

7 . A wooden plank 12 in. wide, 2 in. deep, and 16 ft. long is supported 

at the left end and at a point 4 ft. from the right end. If it is loaded with 
a load midway between the supports to cause a maximum stress of 1100 
Ib./in.*, how much is the right end deflected above the level of the supports? 
E « 1,600,000 Ib./in.*. Ans. 1.188 in. 
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62. Simple Beam with Uniformly Distributed Load. — Figure 
106(a) represents a simple beam of span Z, with a uniformly 
distributed load of w per unit length. The total weight is wl or 
TF, and each reaction is wl/2 by symmetry. The origin of coordi- 
nates is taken at 0, Fig. 106(c), the left end of the beam. The 
moment at A of all the forces on the beam on the left of A is 
Ma = wlx/2 — as shown in the free-body diagram, Fig. 

106(6). 

The differential equation becomes 


_ wlx 


wx^ 


By integration, 


Ef 


dx 

Ely ^ 

Since y = 0 where x = 0, C 2 = 0. 


rdy ___ wlx^ 

wx^ 

dx 

4 


== 0 where x 

= 1/2. 

wP 






wlx^ 


wl* 

° 4 

6 

24’ 

wlx^ 

wx^ 

wl*x 

' ~i2 ■ 




wPx 

= -12- -w 


This expression is called the equation of the elastic curve of the 
beam, and gives the deflection y for any given value of x. The 
maximum value of y is at the middle where x = 1/2, 

5wl* 6WP 

Max. y 

If the beam overhangs one of the supports a distance h and 
this length h carries no load, its own weight being considered 
negligible, the overhanging part remains straight and the outer 
end is raised an amount of y\ = Zi tan d above the level of the 
supports, B being the angle of slope at the supports. 

WhP 
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PROBLEMS 

1 . Derive the expression for the deflection of the beam at the quarter 

^ 6144£/‘ 

2. Derive the expression for the maximum deflection y in terms of the 

V c 072 

maximum stress S, Am. y = • 

4SEc 

8. A wooden floor joist 3 in. wide, 16 in. deep, and 20 ft. long is supported 
at the ends and loaded with a load of 200 lb. per linear ft. E = 1,400,000 
Ib./in.*. Compute the maximum deflection. Ans. 0.502 in. 

4. An A. S. C. E. railroad rail weighing 90 lb. per yard is 39 ft. long and 

rests on supports at each end. E = 29,000,000 lb. /in.* and I ~ 34.39 in.^ 
Compute the deflection at the middle. Ans. 1.57 in. 

5. If i? * 30,000,000 lb. /in.*, how much will a hollow steel shaft 2 in. 

outside diameter and 1.5 in. inside diameter be deflected by its own weight 
in a span of 8 ft.? Ans. 0.0268 in. 

6. A simple beam 20 ft. long consists of a pair of 8-in. 11.5-lb. channels 
placed back to back with the webs vertical. The beam is loaded with a 
uniformly distributed load to cause a maximum stress of 16,000 lb. /in.*. 
Compute the maximum deflection ii E — 29,000,000 lb. /in.*. 

Ans. 0.828 in. 

7. A floor is supported by 10-in. 40-lb. I-beams 30 ft. long and spaced 
16 in. apart. E = 29,000,000 lb. /in.*. Compute the load per square foot 
of floor area which will cause a maximum deflection of 0.5 in. 

Ans. 94.31b. 

8. A 15-in. 42.9-lb. I-beam 30 ft. long is supported at the right end and 
at a point 5 ft. from the left end. It is loaded between the supports with a 
total uniformly distributed load of 25,000 lb. Using E as 29,000,000 lb . /in . *, 

p compute the amount the overhang- 

^ raised above the level of 

p - ' the supports. Neglect the weight of 

0\ p the overhanging part of the beam. 

*Ans, 0.439 in. 



63. Cantilever Beam with 
Concentrated Load at Any 
Point. — Figure 107 represents a 
cantilever beam of length I with a load P at a point distant a from 
the free end and h from the fixed end. The deflection y at the end 
is made up of two parts, yi and ^ 2 . By Art. 59, the deflection 

P6« 

3EI‘ 

If the weight of the beam is negUgible, the length o of the beam 
is straight and has the same slope as the beam under the load. 
By Art. 59 this is 
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The deflection is equal to —a tan B, or 

Pab^ 

2BI ■ 

The total deflection at the end is given by the expression, 

_ , _ PbVa , b\ 

y yi + 2/2 £7^2 '*'3/' 

PROBLEMS 

1. A cantilever beam of length I has a load P at the middle. Compute 
the deflection at the end and the deflection under the load. 

, 5PP PP 

Am. y - yi - 

2. A wooden cantilever beam 6 in. wide, 2 in. deep, and 8 ft. long carries 
a load of 80 lb. at a point 3 ft. 
from the free end. E = 1,600,000 
lb. /in.®. Compute the deflection of 
the free end. Ans. 1.71 in. 

3. A 6-in. 12.5-lb. I-beam 10 ft. 
long is used as a cantilever beam. 

U E ^ 29,000,000 Ib./in.®, how far 
from the fixed end may a load of 
1000 lb. be placed to cause a deflec- 
tion of 0.5 in. at the free end? 

Ans. 82.7 in. 

64. Cantilever Beam with a 
Partial Uniformly Distributed 
Load. — Figure 108(a) repre- 
sents a cantilever beam of 
length I loaded with a uniformly 
distributed load of w per unit 
length over a distance h from the fixed end, the remaining portion 
a being without load. By Art. 60, the deflection 

Wb^ 

“ SEI’ 

and the deflection . 

Wab* 
y* ~ 6EI ' 

_ W/o , A 
2EI\S 4/‘ 


w per unit 


(a) 


w per unit 





y — yi + yi — 
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Figure 108 (&) represents a cantilever beam of length I loaded 
with a uniformly distributed load of w per unit length over a 
distance a from the free end, the remaining portion h being 
without load. Let the origin be taken at 0, the position of the 
beam at the right end of the load before the load was applied. 
The moment at point Ay distant x from 0, is 

Ma == — wax. 




jj,jdy wa^x 

The slope dy/dx = 0 where x = h. 


+ 


„jdy waH wax^ wdbl 

“ ~~2 2 “ 

wax^ , wablx , ^ 

Ely — + + C*. 

The deflection ?/ = 0 where x = b, 

r,r waH^ wax^ , wablx , wa^b^ , wab^ wabH 

Ely 5 _ + _ 

The deflection yi = “ "f “ '6/' 

The deflection yt = —a tan 9 = 

W /a’\ 

The deflection y» = ~^{ "g )' 

Since I = a + b, the total deflection Is 


. 3ob» , b*\ 
EI\8 2 4 ■^3/ 


PROBLEMS 

1 . A wooden cantilever beam 6 in. wide, 10 in. deep, and 12 ft. long is 
loaded with a uniformly distributed load of 240 lb. per linear ft. extending 
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over a length of 8 ft. from the fixed end. E = 1,250,000 Ib./in.*. Com- 
pute the deflection at the end due to this load. Ans. 0.565 in. 

2. A 7-in. 20-lb. I-beam 10 ft. long is used as a cantilever beam. How 
much load per foot may be placed on the beam, extending 4 ft. from the 
free end, to cause a deflection of ]4 in. at the free end if .B is 29,000,000 

Am. 372.5 Ib./ft. 

66. Simple Beam with Concentrated Load at Any Point — 

Figure 109 represents a simple beam loaded with a concentrated 
load P at a point on the right of the middle of the beam. If the 
distance from the load to the left end is a and that to the right 
end is b, the left reaction is Pb/l and the right reaction is Pa/l. 


” a ->4<- — b — > 



Fio. 109. 


If the origin of coordinates is taken at the left end of the beam, the 
moment at any point on the left portion of the beam is 


Ma = 


Pbx 


and that at any point on the right portion is 

Pbx 


Mi = 


I 


For the left portion of the beam:] 
_ to 
P dx^ I 
El dy bx^ , ^ 

P dx~ 21 ^ 


— P{x — a). 

For the right portion of the beam: 
El d^y bx , . 


El dy _ 6a;’' (a: — 
T dx “ 21 2 


ay 


+ C2. 


The slope dyjdx under the load is the same for both portions. 

I 6a* (o - 0 )* , 

IT + T "a T~ + 


C, = C,. 


El bx^ , ^ ^ 




-y 


61 


At the left end, y = 0, a: = 0, and therefore Ct =» 0. 
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The deflection under the load is the same for both portions. 

^ -1- C,a - (« - a)’ , ^ 

_ + C,a _ 


Ci = 0. 

For the right portion of the beam, y = 0 where x = 1. 




With this value of Ci, the equation of the elastic curve for the 
left portion of the beam becomes 

El _ bx^ blx b^x 
If X — a, the deflection under the load is 


The slope equation for the left portion of the beam becomes 

. . P dx 21 61 6‘ 

Since the slope equals zero at the point which has a maximum 
deflection, 

» _ ^ ^ _ W 

21 61 6 ■ 

V 3 

It will be seen that the extreme limits of the value of the 
distance x from the left end to the point of maximum deflection 
as b varies from 1/2 to zero are 0,51 and 0.577Z. By using the 
value of X just obtained in the equation of the elastic curve, the 
value of the maximum deflection is given by the expression. 

Max. y = - - bWW - 6‘). 

The deflection at the middle is given by the expression, 


n/1^ _ 

” EI\16 12/ 
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The error in using the simpler expression for yet the deflection 
at the middle, instead of the more complicated expression for the 
maximum deflection y, is practically negligible. 

PROBLEMS 

1. A simple wooden beam 4 in. wide, 18 in. deep, and 20 ft. long carries a 
load of 4000 lb. at a point 4 ft. from the right end. Locate the point of 
maximum deflection. Using the value of E as 1,600,000 lb. /in.*, compute 
the maximum deflection and the deflection at the middle. 

Ans. 11 ft. 4 in.; 0.215 in.; 0.210 in. 

2. How near the middle of the beam could the load be placed on the beam 
described in Problem 1 if the allowable deflection at the middle is 0.3 in.? 

Am. 45.7 in. 


P P 



. 66. Beam with Constant Moment. — Figure 110 represents a 
beam of length I supported at the ends, with two equal loads, P, 
P, each at a distance a from the end and at a distance h apart. 
Let the origin be taken at 0, the position of the left load after the 
loads are applied. By symmetry, each reaction is P, so the 
moment at any point A between the loads is 


Ma = Pa. 

- P»- 

EI^ = Pax + Cl. 
ax 

At the middle of the beam, by symmetry, dy/ dx - 0 and x 

(7j = 

Pox* Pahx I ff 

Ely = -9 ^ + Ct. 



2 
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At the origin 0,y = 0 and a: = 0, so C* = 0. 

Paa:* Pabx 
Ely^-^ 

The maximum deflection is at the middle where X = 6/2, and its 
distance below the level of the loads is given by the expression, 

Pdb^ 

8EI ■ 

The deflection of the loads below the ends of the beam is made 
up of two parts, yt and ys. 

yi = -a tan $ = -sr^- 


The deflection ys is the deflection of a cantilever beam with a 
load P at the end from the tangent at 0. 

Pa^ 

SEI 

The total deflection of the middle point of the beam below 
the level of the ends is given by the expression, 

,, . , Pa/a^ , ab , hA 

Max. y = yi + ys + ya = + y + g/* 

PROBLEMS 

1 . A beam of length I is supported at the ends. Compute the deflection 
at the middle when two loads, each of amount P, are placed at the quarter 

points. Am. y = 

2 . Compute the deflection at the middle of the be&m described in Prob- 

23PP 

lem 1 if the loads are placed at the third points. Am. y = "" 043 ^/ ’ 

8 . A wooden beam 8 in. wide, 20 in. deep, and 24 ft. long, supported at 
the ends, has a load of 10,000 lb. placed at each quarter point. Using E 
as 1 , 200,000 lb. /in.* and neglecting the weight of the beam, compute the 
deflection of the loads below the level of the ends and the deflection of the 
middle below the level of the ends. Am. 0.778 in.; 1.069 in. 

4. A 12-in. 31.8-lb. I-beam 40 ft. long is supported at points 5 ft. from 
each end, and carries a load of 6000 lb. at each end. Compute the upward 
deflection of the middle above the level of the supports due to the loads. 

Am. 0.931 in. 

67. Comparative Stiffness of Beams. — ^The stiffness of a beam 
is the invert of the deflection. It will be noticed that the deflec- 
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tion varies inversely as E and /, so the stiffness varies directly 
as E and L It will also be noticed that the deflection varies 
directly as the cube of the length of the beam, so the stiffness 
varies inversely as the cube of the length. 

With the same amount of load, whether concentrated or 
uniformly distributed, acting upon beams of the same length, 
shape, and material, the relative deflections and relative stiff- 
nesses for the four principal cases vary as shown in the following 
table : 


Table Showing Relative Deflections and Stiffnesses op Beams 


Kind of beam 

Loading 

Deflection 

Relative 

deflection 

Relative 

stiffness 

Cantilever 

P at end 

PP 

ZEI 

25.6 

1 

Cantilever 

W distributed 

WP 

SEI 

9.6 

2.67 

Simple 

P at middle 

PP 

4SEI 

1.6 

16 

Simple 

W distributed 

5WP 

384EI 

1 

25.6 


PROBLEMS 

1. Compare the stiffness of a beam 8 in. wide and 2 in. deep with that of 

one 4 in. wide and 4 in. deep, and with that of one 2 in. wide and 8 in. deep, 
all of the same length and material. Ans. 1:4: 16. 

2. Show that a square steel beam placed with the sides vertical and hori- 

zontal is just as stiff as it is when placed with the diagonals vertical and 
horizontal. How do the strengths compare? Ans. 1 to 0.707. 

3. If the 4- by 4-in. beam in Problem 1 is 10 ft. long, how long must each 

of the others be made so that they will have the same deflection when sup- 
ported and loaded in the same way. Ans. 6.3 ft.; 15.87 ft. 

68. Shear Center for Channel Section. — If the cross section 
of a beam has only one axis of symmetry and if the load is applied 
in a plane normal to this axis and through the centroid of the 
section, shearing forces are induced which cause the beam to 
rotate about its linear axis. The rolled channel section, the 
ff-section with unequal flanges, and the angle section with equal 
legs are familiar examples of such sections. If this rotation 
about the linear axis is to be avoided, it is necessary for the load 
to be applied through a point in the cross section at some distance 
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e from the centroid. This point of application of the load, in 
order that there shall be no twist of the beam as it deflects, 
is called the shear center. 

In Fig. 111(a) is shown a channel section used as*a cantilever 
beam and separated from its fixed support to make it a free body. 
The beam is free at the left end and is loaded with, a vertical 
load P. Where the fixed support is removed at the right end, 
the forces which the part removed must exert upon the free 
body are shown acting at the cut section. The vertical force 
which must be applied is the upward vertical shear V. As has 
already been shown, this is practically all in the web and is 
here assumed to be acting at the middle. If the weight of the 
beam is neglected, V = P, There is also developed a tensile 

force in the upper part of the 
section and a compressive force 
in the lower part of the section, 
the moment of which is equal to 
PI, In the figure, T 2 is only the 
part of this tensile force which is 
acting in the upper flange. 
There are also tensile forces in 
the upper part of the web which 
vary from a maximum value at 
the outer fiber to zero at the 
neutral axis, and the correspond- 
ing compressive forces in the 
lower part of the web. In addition to these forces, there are 
developed horizontal lateral shearing forces, H, Hj as will 
now be shown. Let a part of the upper flange dx in length 
at the fixed end be taken as the free body, as shown in Fig. 
111(6). Only the linear horizontal forces are shown. Force 
T 2 is the total horizontal tension and is approximately equal to 
htM2hJ2Iy M 2 being the moment at the section. Force Ti is 
slightly less, and is approximately equal to UMih/2I. In order 
to produce equilibrium horizontally, there is developed a longi- 
tudinal shearing force Sg in unit intensity. Since the sum of the 
longitudinal forces equals zero. 



Fig. 111. 
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Since — Mi — dM, and dMfdx = F, 

Vhh 
27 ‘ 

This longitudinal shearing stress develops an equal horizontal 
lateral shearing stress, acting toward the left in the upper flange. 
Since the shearing stress reduces to zero at the free edge of the 
flange, the total lateral shearing force H = SM/2 = Vh^hi/^I, 
In the lower flange there is developed an equal lateral force H in 
the opposite direction, and the moment of this couple about any 
longitudinal axis is Hh = Vb%H/4:L 

In order that the moment of force P may balance this developed 
couple, it is necessary for P to be applied far enough out from the 
web on the side opposite to the flange, so that the moment Pe 
of the couple PV about a longitudinal axis in the middle of the 
web is equal and opposite to the moment Hh. 

Since P = F, 

h%H 
^ ~ 47 ■ 

Point 0 through which force P must act is the shear center of the 
section. 


EXAMPLE 

A channel section is 10 in. deep and has flanges 6 in. wide and }4 in. thick 
and a web % in. thick. Compute the distance e from the center of the web 
to the shear center 0. 

Solution : 


I r=yi2QXW - H2 5.25 X - 181. 
b « 6.25 in., h - 9.5 in., i = 0,5 in. 


hm __ 5.25* X 9.5* X 0.5 
4/ 4 X 181 


1.72 in. 


The distance from the edge of the web is 1.72 — 0.376 - 1.345 in. Since 
y from the outer edge of the web to the centroid of the section is 1.61 in., 
the distance of the shear center from the centroid is 1.345 4- 1.61 = 2.955 in. 


PROBLEMS 

1 , Compute the distance e for a 6-in. 15-lb. shipbuilding channel. The 
web is 0.35 in. thick and the flanges are 3.5 in. wide and average 0.375 in. 
thick. 
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2 « A 12-in. 60-lb. shipbuilding channel has a web 0.84 in. thick and 
flanges 4.14 in. wide and 0.7 in. thick. If a load of 5000 lb. is applied in a 
plane through the centroidal axis of the section, what twisting moment is 
caused? Arts, 7735 in, -lb. 




69. Shear Center for H-Section with Unequal Flanges. — If a 

beam has an H-section with the 
flanges unequal, and if the axis of 
symmetry is to be the neutral axis, 
as shown in Fig. 112, the shear 
center is between the centroid of 
the section and the center of the 
flange having the larger moment 
of inertia. If the web is thin com- 
pared to the vertical dimensions of 
the flanges, the amount of the 
vertical shear carried by it is very 
small and can be neglected with- 
out appreciable error. 

With the beam as the free body and neglecting its weight, 

= 0 gives 
Fi + 72 = P. 



If the axis of symmetry, AT-X, is to deflect vertically without 
twisting, it is necessary that the moment with respect to 0 must 
be zero. 


Vyh, = or ^ 

K 2 hi 

Also, since the radii of curvature, Ri and R^y of the two flanges 
must be equal, and since R = El /M, 

Eh ^ ^2 

Ml M2 

Since Mi = Vil and M 2 = 72^, 



From this and the preceding equation for 7i/72, 


A2 I\ 
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If the two flanges have equal values of I even though their 
areas are different, the shear center is midway between their 
centroids. If the area of one flange becomes zero so that the 
cross section is a T with the stem horizontal, the shear center is 
at the middle point of the remaining flange. 

EXAMPLE 

In Fig. 112 let the right flange be 0.6 in. wide and 10 in. deep, the web 
8 in. wide and 0.5 in. deep, and the left flange 2 in. wide and 4 in. deep. 
Locate the centroid and the shear center from the outer edge of the right 
flange. 

Solution: 

Ai = 6 sq. in., A 2 = 4 sq. in., and As = 8 sq. in. 

18« = 6 X 0.3 4- 4 X 4.6 + 8 X 9.6. 

X = 5.39 in. 

/i » H 2 O .6 X 1000 = 50. /a - K 22 X 64 = 10.67. 

- 4.69/11. 

5.69/11 = 9.3. 
hi — 1.637 in. 

From the outer edge of the right flange, 

Xii * 1.937 in. 


PROBLEMS 


1. Solve the example above if both flanges are 3^ in. thick, all other dimen- 
sions remaining the same. Ans. £ = 3.341 in.; Xo = 0.761 in. 

2. In the H-bcam of Problem 1, how deep must the left flange be in order 

that the shear center shall be 1 in. from the inner edge of the right flange, all 
other dimensions remaining unchanged. Ans. 5.565 in. 


70. Shear Center for Angle Section. — The beam shown in Fig. 
113 consists of an angle section with equal legs, fixed at the right 
end and loaded with load P at 
the left end. The axis of sym- ^ 
metry is horizontal. In the 
figure, the beam is shown as a 
free body, with the shearing 
forces Pi, Pi at the cut section 
indicated. (The forces normal 
to the cut section do not enter into the equations used and hence 
are not shown.) By the expression for horizontal shear, the unit 
shearing stress at point B in the cut section is 

P.Ar. Pb^ 



Fia. 113. 
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Since the unit shearing stress S, varies as the ordinates to a 
parabola, as shown in Art. 54, the total shearing force Pi in the 
leg is 


Pi 



PhH 

/,3\/2‘ 


The shear center is at the intersection of Pi in the upper leg 
and Pi in the lower leg, and is therefore at point 0. Also, since 
P is equal to the resultant of the two shearing forces Pi, 


Max. S, = 


PhH 
Sis 

w 

3 * 
P 

2V^ ht 


P = 

h = 
3 


i- = 1.0605- 


ht 


If the legs of an angle section are vertical and horizontal, and 
if the small amount of shear carried by the horizontal leg is 
neglected, the shear center is at the intersection of the median 
lines of the two legs parallel to the longer dimensions. 


EXAMPLE 

A 3- by 3- by K-in. angle section used as a cantilever beam .with the axis 
of symmetry of the cross section horizontal carries a load of 500 lb. Com- 
pute the maximum unit shearing stress. 

Solution : 


h = 2.875 in. t = 0.25 in. 


Max. S, 


1.0605 X 500 
2.875 X 0.25 


738 lb./in.». 


PROBLEMS 

1 . A 6- by 6- by M-in. angle section 5 ft. long is used as a cantilever beam 
and is placed with the axis of symmetry horizontal. If loaded with a load 

• at the free end to cause a maximum unit flexural stress of 18,000 lb. /in.*, 
what is the maximum unit shearing stress? Ans, 830 lb. /in.*. 

2. Check the value of 7* as given by the expression derived above for 
an 8- by 8- by H-in. angle section with that obtained from values given in 
Table XL 

71. Stresses Due to Oblique Loads.— If the cross section of 
a beam has two axes of symmetry, the shear center is at the 
centroid of the section. If such a beam has a load applied 
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through the centroid of the section, but at an angle a with one 
of the principal axes, it is necessary to resolve the load into two 
rectangular components acting along the principal axes. The 
stresses at any point due to these component loads are then 
computed separately and added algebraically. 

If the cross section of a beam has only one axis of symmetry 
or no axis of symmetry and if there is to be no twist, it is neces- 
sary for the load to act through the shear center as already 
discussed. If such a load is not acting normal to one of the 
principal axes, it is necessary to resolve the load at the shear 
center into two rectangular components. One of these com- 
ponents must be along the principal axis which passes through 
the shear center, and the other component parallel to the other 
principal axis. The values of the stresses are then computed as 
above. 



Fio. 114. 


EXAMPLE 1 

A cantilever beam 4 in, wide, 2 in. deep, and 4 ft. long is inclined at an 
angle of 30® with the horizontal, as shown in Fig. 114. Compute the stress 
at the top and bottom corners at the fixed end due to a load of 80 lb. applied 
vertically at the free end. 

Solution , — ^The force of 80 lb. is resolved into two rectangular components, 
one of 80 X 0,866 = 69,3 lb. along the shorter principal axis, and one of 
80 X 0.50 = 40 lb. along the longer principal axis. The stress Si due to the 
component of 69.3 lb. is given by the expression, 


c _ 69.3 X 48 X 6 
' 4X2X2 


1247 lb./in.«. 


The stress St due to the component of 40 lb. is given by the expression, 


„ _ 40 X 48 X 6 
’ 2X4X4 


360 lb./in.«. 


The total stress at the top comer A is 1247 + 360 = 1607 Ib./in.* tension, 
and the stress at the bottom corner B is the same amount in compression. 
At the comer C the stress is 1247 — 360 = 887 Ib./in.* in tension, and at 
the comer D the stress is the same in compression. 
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EXAMPLE 2 

A 6- by 4- by 1-in. angle bar 10 ft. long is supported at the ends with the 
long leg vertical and loaded with a concentrated load of 4000 lb. acting 
through the shear center at the middle of the beam. Neglecting the fillet 
and rounded corners, compute the stress at each 
corner of each leg at the middle. 

Solution. — The cross section of the beam is shown 
in Fig. 115. By the principles of mechanics, 

tan 2a = 1. 

2a = 45°. 
a - 22° 30'. 

The load of 4000 lb. is resolved into its two 
rectangular components, 4000 X cos 22° 30' = 3695 
lb. parallel to axis 3-3, and 4000 X sin 22° 30' = 1530 
lb. parallel to axis 4-4. 

/a-s = 6.5 in.-*, and 74.4 = 35.1 in."*. 

With respect to axis 4-4, the moment at the middle of the beam is 

190 

Mi = 3695 X ^ - 110,850 in.-lb. 

For axis 4-4, the distance ca = 3.08 in., cb - 2.16 in., cc = 3.98 in., and 
CD * 3.60 in. The stresses at the four corners due to the moment Mi are as 
follows: 

At A, Si = 110,850 X = 9740 Ib./in.’ C. 

At B, Si = 110,850 X ® = 6810 Ib./in.* C. 

At C, Si = 110,850 X = 12,570 lb./in.« T. 

At D, Si = 110,850 X ~ = 11,350 lb./in.« T. 

With respect to axis 3-3, the moment at the middle of the beam is 

120 

M 2 = 1530 X = 45,900 in.-lb. 

For axis 3-3, the distance ca = 1.78 in., cb = 2.17 in., cc « 0.38 in., and 
cd ~ 1.30 in. The stresses at the four corners due to the moment M 2 are 
as fellows: 

1 78 

At A, S, - 45,900 X ^ = 12,600 lb./in.‘ T. 

At B, S, = 45,900 X ^ = 15,320 lb./in.« T. 
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A OO 

At C, S, = 45,900 X ^ = 2680 Ib/in.* T. 

At D, S, = 45,900 X ^ = 9180 lb./in.» T. 

0.5 

At each comer the stress is the algebraic sum of the two stresses. 

Sa = 12,600 - 9740 = 2860 lb. /in.* T. 

Sb = 15,320 - 6810 = 8510 Ib./in.* T. 

Sc = 12,570 + 2680 = 15,250 Ib./in.* T. 

Sd - 11,350 -f 9180 = 20,530 Ib./in.* T. 

PROBLEMS 

1. Solve Example 1 above if the surface AC of the beam is inclined at an 
angle of 15® with the horizontal. 

Ans, Sa = 1576 Ib./in.* T.; Sd == 1204 Ib./in.* C. 

2. Compute the stress at the corner E in the angle section shown in 

Fig. 115. Alls. 18,380 Ib./in.* O. 

3. Wooden beams 4 in. wide, 6 in. deep, and 10 ft. long, supported at the 
ends, are used as purlins (longitudinal beams) on a roof which has a slope of 
1 vertical to 3 horizontal. If the allowable flexural stress is 1200 lb. /in,*, 
what is the total uniformly distributed load each purlin can support? 

Ans. 1350 lb. 

4. A Z-bar section is 6 in. deep with flanges 3>^ in. wide. Both flanges 

and web are % in. thick. If it is to be used as a cantilever beam 8 ft. long 
with the web and the load vertical, and the allowable unit stress S — 18,000 
lb. /in,*, what concentrated load can be applied at the end? Neglect fillets 
and rounded comers. Ans. 1030 lb. 

72. Deflections Due to Oblique Loads. — If the load on a beam 
is applied through the shear center but at an angle with one of 
the principal axes of the cross section other than 90°, it is neces- 
sary to resolve it at the shear center into components acting along 
or parallel to the principal axes. The deflections in the two 
directions are then computed separately and combined vectorially 
to obtain the resultant deflection. 

If the load is not applied through the shear center, a torsional 
effect is caused as well as the flexural effect. 

« EXAMPLE 

A simple wooden beam 6 in. wide, 2 in. deep, and 10 ft. long is supported 
with the ends on the same level, but with the 6-in. face at an angle of 30®, 
with the horizontal. HE- 1,500,000 lb. /in.*, what will be the amount and 
direction of the deflection due to a vertical load of 200 lb. at the middle? 

Solution . — ^The load of 200 lb. is resolved into its two components along 
the principal axes of inertia of the cross section. The component normal 
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to the 6-in. face is 200 X 0.866 = 173 lb. The component normal to the 
2-in. face is 200 X 0.6 = 100 lb. 

The deflection in the direction normal to the 6-in. face is 


- - 173 X 120^ X 12 

“ 4SEI 48 X 1,500,000 X 6 X 8 


1.038 in. 


The deflection in the direction normal to the 2-in. face is 


Pl^ 100 X 1203 X 12 

48JB/ 48 X 1,500,000 X 2 X 216 

y = V 1 / 1 ® + 1 / 2 ® = 104 in. 


0.067 in. 


The angle of this resultant deflection with the direction of is given by 
the expression. 


e = tan"^ 


0.067 

1.038 


3M1'. 


The angle of the resultant deflection with the vertical is therefore 30® — 3® 
41' = 26® 19'. 


PROBLEMS 

1 . Solve the example above if the 6-in. face is at an angle of 45® with the 

horizontal. Am. 0.854 in.; 38° 40' with the vertical. 

2 . Compute the deflection of the beam described in Problem 4, Art. 71, 
using E = 29,000,000 Ib./in.*. Am. 0.866 in.; 51° 15' with the vertical. 

3 . A 6- by 6- by 1-in. rolled angle section 20 ft. long is supported at the 
ends with the legs vertical and horizontal, and is loaded with a uniformly 
distributed load of 60 lb. per linear ft. including its own weight. Compute 
the deflection, using E = 29,000,000 lb. /in.*. 

Am. 0.368 in.; 30° 10' with the vertical. 
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73. Beam Fixed at Both Ends, Load Uniformly Distributed. — 

Figure 116(a) represents a beam fixed at both ends and loaded 
with a uniformly distributed load of w per unit length. Figure 
116(5) shows a portion at the left end x units long taken as a 
free body. By the symmetry of the entire beam, the shear Vo = 
wlf2. 
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Let the origin be taken at 0, the left end of the beam, 
differential equation becomes 


By integration, 


dx 4 




Since dy/dx = 0 where a; = 0, Ci = 0. 
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0 = + 


4 


wV 

6 ■ 


wP _ Wl 
^0 - 12 12 ‘ 
■pjdy wPx wlx^ 
^^dx ~ “1^ T” ' 
wl^x^ , wlx^ 
El, - — 5 , - + ^ 


wx^ 


wx* 


+ C2, 


Since y = 0 where x = 0, C 2 = 0. 
Ely = 


wl^x^ wlx^ 


wx* 


By symmetry, the maximum value of y is at the middle. 

Wl^ 


Max. y 


^UEI 


PROBLEMS 

1 . Derive the expression for the moment at the middle of the beam. 

Ans. M - 

2 . Locate the points of conntorfloxure for which Jlf = 0. 

An u X =0.21Uor 0.789i. 

3. A circular steel rod 3 in. in diameter and 25 ft. long is fixed at both ends. 

Compute the maximum stress due to its own weight. Using E as 30,000,000 
lb. /in.*, compute the deflection. Am. 5060 lb. /in.*; 0.354 in. 

4 . A 24-in. 100-lb. I-beam 40 ft. long is fixed at both ends. If the allow- 
able flexural stress is 18,000 lb. /in.*, what additional load per linear foot may 
be added? If J? = 29,000,000 lb. /in.*, what is the maximum deflection? 

Ans. 2125 Ib./ft.; 0.373 in. 

6. Derive the expression for the maximum deflection of the fixed beam 
with uniformly distributed load in terms of the maximum stress. 

Ans. y — SP/Z2Ec. 

6. A 10-in. 40-lb. I-beam 25 ft. long is fixed at both ends and loaded with a 
uniformly distributed load, including its own weight, to cause a maximum 
bending stress of 18,000 lb. /in.*. Using E as 29,000,000 lb. /in.*, compute 
the total superimposed load required and the maximum deflection. 

Ans. 21,750 lb.; 0.349 in. 

74. Beam Fixed at Both Ends, Concentrated Load at Middle.— 

Figure 117(a) represents a beam fixed at both ends with a 
concentrated load P at the middle. Figure 117(6) shows a por- 
tion of the beam at the left end x units long taken as a free body. 
By the symmetry of the entire beam the shear Vo =* P/2. 
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Let the origin be taken at 0, the left end of the beam. The 
differential equation becomes 




2 ‘ 


By integration, 



Fia. 117. 


Since dy/dx = 0 where x == 0, (7i = 0. 


EI^ = J»f<^ + 


Pa:* 
4 ■ 
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Since y = 0 where ® = 0, Cs = 0. 


Plx-^ , Px» 

Ely = 


This is the equation of the elastic curve of the left half of the 
beam. The right half of the beam is symmetrical with the left 
half. 

The maximum deflection is at the middle and its amount is 
given by the expression, 


Max. y 


PP 

192EI 


For a single moving load, both the maximum stress and the 
maximum deflection occur when the load is at the middle. 


PROBLEMS 

1. Derive the expression for the moment at the middle of the beam. 

Ana. M = 

2. Locate the points of covinterflexure for which Af = 0. 

Ans. X - and 

3. Derive the expression for the maximum deflection of the fixed beam 

with a concentrated load at the middle in terms of the maximum flexural 
stress. Ans. y — Sl^/2^Ec. 

4. A steel rod 1 in, in diameter and 12 ft. long is fixed at both ends. Com- 

pute the concentrated load at the middle which will cause a maximum bend- 
ing stress of 16,000 Ib./in.*. Using E = 30,000,000 lb. /in.*, compute the 
maximum deflection. Ans. 87 lb.; 0.922 in. 

6. A wooden beam 2 in. wide, 10 in. deep, and 18 ft. long is fixed at both 
ends. Compute the bending stress due to a load of 1200 lb. at the middle. 
Using E = 1,400,000 lb. /in.*, compute the maximum deflection. 

Ans. 972 lb. /in.*; 0.27 in. 

6. A 6-in. 10-lb. I-beam 15 ft. long is fixed at both ends. Compute the 
load at the middle which will cause a deflection of in., if = 29,000,000 
lb. /in.*. Compute the maximum bending stress. 

Ans. 2888 lb.; 13,420 Ib./in.*. 

76. Beam Fixed at One End, Supported at the Other, Load 
Uniformly Distributed. — Figure 118(a) represents a beam which 
is fixed at the right end, supported at the left end on the same 
level, and loaded with a uniformly distributed load of w per unit 
length. Let the origin 0 be taken at the left end of the beam. 
The differential equation becomes 

wx^ 
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By integration, 


j^jdy Rx^ wx^ 

^Ux “2 “ 6 " 

At the right end, dy/dx = 0 and x = t 

RP _ wl^ 

~2 T 


+ Ci. 


0 = 


+ Cl. 


^ Rl" , wP 

= --y + T' 

FJ-~ = ^ -4- 

dx *“2 T "y 6 


Ely = 




RPx __ wx"^ 

~2~ . 


y' 


+ C 2 . 



At the left end, y = 0 and a: = 0, so C 2 = 0. 
„ j Rx^ Rl^x 

“■'-T--2-- 

At the right end, y = 0 and x = I 


wx* wPx 

“y 


n — 4- 

T" y~^“^'y’ 

R = |«>J. 


The equation of the elastic curve becomes 


Ely = 


wlz^ 


16 


wl^x 

Is" 


wx* 

2i' 
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The equation of the slope becomes 
jpjdy __ 3wlx“ _ 

" “16 ' 6 48* 

To locate the point of maximum deflection, the equation for the 
slope is equated to zero, from which the following equation is 
obtained: 

- 9Za;2 + = q. 

The slope is zero at the fiixed end, so x — I - 0 must be one of 
the factors of this equation. The remaining quadratic is 

Sx^ - Zrc - Z2 = 0. 



A 

Fig. 119. 

The positive root of this equation is 

a: = 0.4215Z. 

The amount of the maximum deflection is obtained by substi- 
tuting this value of x in the equation of the elastic curve. 

With the reaction B known, the shear diagram may be drawn. 
From the shear diagram, the moment and the stress at any point 
may be computed. 

If the support at the left end of the beam settles a distance e 
below the level of the fixed end, the reaction R at the left end is 
decreased, while if it is raised above the level of the fixed end it 
is increased. If there were no support at the left end, the beam 
would deflect an amount yw to point A, Fig. 119. Since the 
reaction R varies directly as the distance above point A where 
it is zero, and since R ^ %W when the left end is on the same 
level as the fixed end, the value of B when the supported end has 
settled an amount e, is given by the relation, 



If the supported end is raised above the level of the fixed end, 
the value of e is negative. 
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If a beam is supported at the ends and at the middle, and is 
loaded with a uniformly distributed load over both spans, as 
shown in Fig. 120, each half of the beam is under the same condi- 
tions of loading and support as the beam discussed above. The 
weight of each half of the beam is wly or TT. 

If the middle support settles a distance e below the level of 
the end supports, the condition of each half of the beam is the 
same as that of the beam fixed at one end and supported at the 
other, the supported end being higher than the fixed end. If 
both end supports settle below the level of the middle support, 
the condition of each half of the beam is the same as that of the 
beam fixed at one end and supported at the other, the supported 


tv per unit 



end being lower than the fixed end. If only one end support 
settles below the level of the other two, the case is approximately 
the same as the preceding, the distance e, however, being only 
one-half of the settlement. 

EXAMPLE 1 

A 10-in. 40-lb. I-beam 24 ft. long is fixed at one end, supported at the 
other on the same level, and loaded with a uniformly distributed load of 
600 lb. per linear ft. including its own weight. Compute the maximum 
stress. 

Solution: 


IT = 600 X 24 = 14,400 lb. B =%W - 5400 lb. 

The maximum moment is at the fixed end. 

M = 5400 X 24 - 14,400 X 12 = 43,200 ft.-lb. 
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EXAMPLE 2 

Solve Example 1 if the supported end settles 0.6 in. Use E — 29,000,000 
lb./in.». 

Solution . — If there were no support at the left end, the deflection would be 


Wl^ 14,400 X 2883 

8E7 8 X 29,000,000 X 158 

Vb — yw — ^ — 8.784 in. 

B = X 5400 = 5054 lb. 


9.384 in. 


The maximum moment is at the fixed end. 

M = 5054 X 24 - 14,400 X 12 = 51,504 ft.-lb. 
S = 51,504 X ^ = 19,560 Ib./in.*. 


PROBLEMS 

1 . Compute the value of the maximum deflection of the beam which is 
fixed at one end, supported on the same level at the other, and loaded with a 

Wl^ 

uniformly distributed load. Ans. y - —0.00543-^* 

2 . A wooden beam 4 in. wide, 10 in. deep, and 15 ft. long is fixed at one 
end, supported at the other on the same level, and loaded with a uniformly 
distributed load of 300 lb. per linear ft. Compute the maximum bending 
stress. Using E as 1,200,000 Ib./in.*, compute the maximum deflection. 

Am. 1520 lb./in.2; 0.356 in. 

3 . Compute the maximum bending stress in the beam described in 

Problem 2 if the supported end settles in. Am. 1660 lb. /in.*. 

4 . Compute the maximum bending stress in the beam described in 
Problem 2 if the supported end is raised 1 in. above the level of the fixed end. 

A71S. 1075 Ib./in.*. 

6. Solve for the reactions of the beam shown in Fig. 120 by the following 
method. Write the expression for the deflection at the middle if the middle 
support is removed. Solve for the upward force R^ at the middle necessary 
to reduce this deflection to zero. 

6 . Prove that a uniformly loaded beam extending over three equally 
spaced supports on the same level does not have its strength affected if cut 
through at the middle support. 

7 . A 10-in. 40-lb. I-beam 40 ft. long is supported at the ends and at the 
middle. If allowable S = 18,000 lb. /in.*, what superimposed load per foot 
can it carry if the supports are on the same level? Am. 908 lb. /ft. 

8. Compute the maximum stress in the beam described in Problem 7 if 

the middle support settles 1 in. Am. 13,150 Ib./in.*. 

76. Beam Fixed at One End, Supported at the Other, Load 
Concentrated. — Figure 121 represents a beam fixed at the 
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right end, supported at the left end on the same level, and loaded 
with a concentrated load P at a distance a from the left end and a 
distance h from the right end. 
deflection of the end, as shown 
in Art. 63, would be 

P¥/a , h\ 

El V2 3/ 

The upward pressure R at the 
free end of the beam necessary 
to deflect the end of the beam a 
distance y, as shown in Art. 59, is 

_ RP 

“ 3M‘ 121. 

In order that the supported end may be brought to the same 
level as the fixed end, these two values of y must be equal 
numerically: 

RP ^ 

3EI EI\3 2 A 
/J = i^(6 + 1.5a). 

With the reaction R known, the moment at any section in 

If the complete variation in the 
moment is desired, the shear dia- 
gram may be drawn and the 
moment computed from its area. 

The deflection of the beam at 
any point may be computed from 
the algebraic sum of the deflections caused by the load P and the 
reaction R separately. 

If the equations of the elastic curves are desired, the same 
method of solution is used as that in Art. 65. 

If the support at the left end of the beam settles a distance e 
below the level of the fixed end, as shown in Fig. 122, the reaction 
at the supported end will be yn/yp times the amount the reaction 
would be if it were on the same level. 

If a beam is supported at the ends and at the middle, and is 
loaded with two concentrated loads placed symmetrically, each 


the beam may be computed. 



Fig. 122. 


If there were no support P, the 


f—g ^ 


BasiicOjf^ 


Shear 
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half of the beam is under the same conditions of loading and 
support as the beam discussed above. 


PROBLEMS 

1 . Compute the reaction at the supported end, the moment under the 
load, and the moment at the fixed end if the load is at the middle. 

Ans. Vi^P)H 2 Pl) -VzzPl 

2 . Compute the relation between a and b to j^ive the same numerical value 
of the moment under the load and at the fixed end. 

Ans. a = 0.7076. {a = 0.414Z; h = 0.586Z.) 

3 . A 12-in. 50-lb. I-beam 30 ft. long is supported at the ends and at the 
middle. It carries a 10,000-lb. load 5 ft. from the left end and another of the 
same amount 5 ft. from the right end. Compute the maximum stress due 
to the concentrated loads if the supports are on the same level. 

Ans. 6180 lb./in.2. 

4 . Solve Problem 3 if the middle support settl(;s 1 in. and E = 29,000,000 

Ib./in.*. Ans. 11,560 lb. /in.*. 
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77. Theorem of Three Moments, Load Uniformly Distributed. 

If a beam is continuous over four or more supports, the method 
of writing the differential equation for each span and determining 
the constants of integration and the unknown moments and 
shears becomes very tedious. The theorem of three moments, 
however, gives the relation between the moments at three suc- 
cessive supports, from which the reactions and stresses may be 
obtained very easily. The theorem of three moments will not 
determine the deflections, but these are seldom required. 

Figure 123 represents two adjoining spans of a continuous beam 
which extends indefinitely in each direction. The beam is 
loaded with a uniformly distributed load of Wi per unit length 
over the span of length h and with a load of W 2 per unit length 
over the next span of length k. The supports are all on the 
same level. For the free body shown, which consists of a 
length of X units at the left end of the second span, 
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M = Mb + VbX - 


( 1 ) 


The differential equation becomes 




W2X^ 

If X = 0, Cl = ^ being the slope at B, 

E,,.^ + Y-!g.‘ + C,x + C^ • 

At reaction y = 0 and a; = 0, so C2 = 0. 

At reaction C, 2/ = 0 and x = U, so 

Msh . I W2h^ , ^ ^ 

+ ”"6 24" + 

In Equation (1), if a; == k, M becomes Me- 
Mc = Mb + VBh - 

By eliminating Vb between the last two equations, 

2Mb12 “h Melt H — — h 6 C 1 = 0 . 

A similar expression may be written for the first span, with thi 
origin at point B and using x positive to the left. 

2MbIi + MaIi + + 6C, = 0. 


dv 

At support Bf Cz = ^ positive to the left. Ca is 

therefore equal to — Ci. If C3 is replaced by — Ci and the two 
equations are added, the equation of three moments is obtained. 


MaIi + 2Mb{Ii + I 2 ) + Mcl2 = 


Wih^ 

4 


4 


In case the spans are equal and the loads are equal, the special 
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theorem of three moments becomes 

Ms + ^Mb + Mc= — 

78. Computation of Moments. — The equations derived in 
Art. 77 give the relation between the moments at any three 
successive supports. In making solution, an equation is written 
for supports 1, 2, and 3, another for supports 2, 3, and 4, and so on 
until the last support is used. There will then be .two less 
equations than the number of unknown moments. If the beam 
is not fixed at the ends, the moments at the first and last supports 
are known. If the support is at the end of the beam, the moment 
at the support is zero. If the beam overhangs the end support, 
the moment at the support is easily computed by static condi- 
tions, the overhanging part being used as the free body. 

If the continuous beam is fixed at both ends and has equal 
spans and equal loads, each span is under the same condition as 
a beam fixed at both ends. The moment at each end and at 
each support is then —wl^/ 12. The moment at the middle of 
each span is +iy?V24. 

EXAMPLE 1 

A beam 46 ft. long has four equal spans of 10 ft. and an overhang of 6 ft 
on the right end, as shown in Fig. 124. If the beam weighs 100 lb. per 
linear ft., compute the moment at each support. 

-1039 -643 -569 -1600 

M 


Fig. 124. 

Solution . — Since the first support is at the left end, Mi = 0. The part 
on the right of support 5 weighs 600 lb., so 

Mi » -600 X 3 - -1800 ft.-lb. 

By the theorem of three moments for equal spans and equal loads, 

0 + 4i»f j + m\ = -5000. 

Mi 4- 4Mz -h Mi - -5000. 

Ml + AMi - 1800 = -5000. 
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By tlxe solution of these three equations, 

Mi = -1039ft.-lb. 

Mz = -843 ft.-lb. 

Mi = -589 ft.-lb. 

EXAMPLE 2 

A beam 60 ffc. long has spans of 20 ft., 30 ft., and 10 ft. which carry loads 
of 500 lb., 200 lb., and 800 lb. per linear ft., respectively. Compute the 
moment at each support. 

Solution. — Ml and Mi arc both zero. By the theorem of three moments 
for unequal spans and unequal loads, 

0 + 100^2 + ZOMz - -2,350,000. 

SOMi + 8OM3 + 0 = -1,550,000. 

By the solution of these two equations. 

Mi = -19,830 ft.-lb. 

Mz = -11,900 ft.-lb. 

PROBLEMS 

1. A beam 60 ft. long has four equal spans and carries a load of 300 lb. 
per linear ft. over the entire length. Compute Mi and Mz> 

Ans. Mi - -7233 ft.-lb.; Mz - -4821 ft.-lb. 

2. Solve for the moments at the remaining supports if the first and third 
supports are removed from the beam described in Problem 1. 

Ans. Ml = -33,750 ft.-lb.; Mi - -14,062 ft.-lb. 

3. A beam 50 ft. long has two end spans of 20 ft. each and a middle span 
of 10 ft. The two end spans carry loads of 400 lb. per linear ft. and the 
center span carries a load of 600 lb. per linear ft. Compute Mi. 

Ans. —13,^0 ft.-lb. 

4. A beam 48 ft. long is supported at the left end, at 20 ft. from the left 

end, and at 40 ft. from the left end. Get Mi and Mz due to a load of 600 lb. 
per linear ft. Ans. —25,200 ft.-lb.; —19,200 ft.-lb. 

6. For a beam with two equal spans of length I and loaded with a uniformly 
distributed load of w per unit, what must be the overhang li outside of 
reactions 1 and 3 so that the moments at all three supports are equal? 

Ans. 0.4082. 

6. A steel shaft 3 in. in diameter and 50 ft. long has three equal spans of 
15 ft. each, and an overhang of 2.5 ft. at each end. At the left end is a 
pulley weighing 100 lb. on which is a downward belt pull of 250 lb. At the 
right end is a pulley weighing 100 lb. on which is an upward belt pull of 
280 lb. Compute the moment at each support. 

Ans. Ml = -950 ft.-lb.; Mi = -262 ft.-lb.; Mz = -703 ft.-lb.; 
Mi - -f375 ft.-lb. 

7. A beam 100 ft. long and carrying a uniformly distributed load of 800 lb. 
per linear ft. is supported at the left end, and at 40 ft., 70 ft., and 90 ft 
from the left end. Compute the moment at each reaction. 
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Ana. Ml * 0; Afa = -124,730 ft.-lb.; Mz - -24,680 ft.-lb.; Ma = 
-40,000 ft.-lb. 

8 . A beam 80 ft. long and carrying a uniformly distributed load of 480 lb. 
per linear ft. is fixed at both ends and has four equal spans. Compute the 
moments at the ends and at each support. Ans. M = —16,000 ft.-lb. 

79. Computation of Reactions. — In order to determine the 
reactions of the supports of a continuous beam uniformly loaded, 
the moments at the supports are computed first, as explained in 
Art. 78. With the moments known, the first span at either end, 
including the overhang, if any, may be taken as a free body to 
determine the end reaction. The first and second spans together 
may next be taken as a free body to determine the second reaction 
and so on as far as necessary. When all but two of the reactions 
have been determined, the entire beam may be taken as the 
free body. The equation SAf = 0 with respect to a center of 
moments on one of the reactions will determine the other. The 
equation SFy = 0 will determine the last reaction. If the 
support and loading of a beam are symmetrical, the corresponding 
reactions are equal. If a continuous beam with equal spans and 
equal loads is fixed at both ends, the vertical shear at each 
end is wl/2, and each of the intermediate reactions is wL 

After the reactions are computed, the shear diagram may be 
drawn and the maximum positive moments computed. In 
general, the controlling moment will be at one of the supports. 


♦ EXAMPLE 1 

Compute the momenta and the reactions of the beam shown in Fig. 125 



Fio. 125. 


8<AtUion. — Ml and M* are both zero. 


0 + AM, + M, 


200 X 100 
2 
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By symmetry, 

ilf s = = -2000 

By symmetry, Ri = Ra and R 2 = Ri. 

Figure 125(6) shows the first span at the left taken as a free body, the 
section being made just at the left of reaction R 2 . The shear Fa at the 
section is unknown. The moment Ma is known and acts in the direction 
shown. Since the free body is necessarily in equilibrium, the summation 
of all of the moments of the forces on the free body with respect to any point 
is equal to zero. With the right end ot the free body as the center of 
moments, the moment equation is 

lORi + 2000 = 2000 X 5. 

Ri - 800 lb. 


By symmetry, Ra is also 800 lb. 

The equation 2)Fy = 0 gives 

Ri-^ Rz-\- 1600 = 6000. 

R2-\-Rz = 4400 lb. 

By symmetry, R 2 — Rz — 2200 lb. 

The shear Fa may now be computed. 

Fa = 800 - 2000 * -1200 lb. 

The shear diagram, Fig. 125(c), may now be drawn, and the moments at 
the other three danger sections computed. 

Me ^ -fl600ft.-lb. 

Mb = +500ft.-lb. 

The controlling moment is at either reaction Ri or Ri, 


EXAMPLE 2 


Compute the moments and the reactions of the beam shown in Fig. 126. 
Solution. — M\ and Ma are both zero. By the general equation of three 
moments, 


0 + lOOAfa + 25Mi 

4ilfa 4- Mz 

25M2 + 150^8 4 - 0 

Afa 4- 6 M 3 
24A/a + QMz 
23Afa 
M2 

ilf, 


300 X 253 400 X 26* 

4 4 

-109,375. 

400 X 25* 200 X 50* 

4 

-312,500. 

-656,250. 

-343,750. 

-14,950 ft.-lb. 

-49,590 ft.-lb. 


4 
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The left span is shown as a free body in Fig. 126(6). The moment 
equation, with the center of moments on the line of action of F 2 , gives 

25Ri + 14,950 = 7500 X 12.5. 

Ri = 3152 lb. 

The right span is shown as a free body in Fig. 126(C). The moment 
equation, with the center of moments on the line of action of Fs gives 

50/24 + 49,590 = 250,000. 

Ri = 4008 lb. 


There are now only two unknown reactions. With the entire beam as 
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the free body, the moment equation with respect to an axis on reaction Rz 
gives 

25/2a -f 3152 X 50 - 4008 X 50 - 7500 X 37.5 ~ 10,000 X 12.5 + 

10,000 X 25 = 0. 

R 2 = 7962 lb. 

The equation ZFy = 0 gives 

Rz = 27,500 - 15,122 = 12,378 lb. 

The shear diagram is shown in Fig. 126(d). The moment at A is +16,560 
ft.-lb. That at B is very small, being only +1376 ft.-lb. That at C is 
+40,160 ft.-lb. The maximum moment in the beam is that at Rz, -49,590 
ft.-lb. 

PROBLEMS 

1 . Compute the reactions of the beam, described in Problem 1, Art. 78. 

Ans. Ri^ Rz 1768 lb.; Rz =- Ri ^ 5143 lb.; Rz = 4178 lb. 
a. Compute the reactions of the beam described in Problem 7, Art. 78. 
Ans. Ri « 12,882 lb.; /2, - 34,466 lb.; Rz = 15,892 lb.; Ri = 16,771 lb, 
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3. A beam 40 ft. long with four equal spans of 10 ft. each carries a uni- 
formly distributed load of 600 lb. per linear ft. including its own weight. 
Compute M2 and Afg, Ri^ iZg, and Rzt Ma and Mb- 

Ana. M 2 - -5358 ft.-lb.; Mz - -3571 ft.-lb.; Ri = 1964 lb.; Rz = 
5715 lb.; Rz = 4642 lb.; Ma = 4-3857 ft.-lb.; Mb = +1819 ft.-lb. 

4 . A continuous girder 60 ft. long with three equal spans of 20 ft. each is 
to carry a superimposed load of 360 lb. per linear ft. With an allowable 
value oi S — 18,000 Ib./in.®, select the lightest American Standard I-beam 
which will carry the load. Compute the reactions. 

Atis. 7-in. 15.3-lb. I-beam; R^ = 3002 lb.; Rz - 8257 lb. 

6. Compute the reactions of the shaft described in Problem 6, Art. 78. 

Am, Ri = 636 lb.; Rz - 284 lb.; Rz = 462 lb.; R^ ^ -12 lb. 

80. Continuous Beam with Fixed Ends, and with Unequal 
Loads and Spans. — If a continuous beam is fixed at both ends 
and has unequal spans or unequal loads or both, each span is not 
equivalent to a beam fixed at both ends as was the case when 
the spans and loads were equal. If, at each end of the beam, 
there is assumed to be an auxiliary span, the length of which is 
zero, the application of the general theorem of three moments 
will give enough equations to solve for the moments at the fixed 
ends and at the supports. The shear at the fixed end at the 
left may then be obtained by using the left span as the free body 
and writing the moment equation with respect to the right end 
of the free body. The reaction at the first intermediate support 
is obtained by using the two spans at the left as the free body, 
with the shear at the fixed end now known. The equation of 
moments with respect to the right end of the free body gives 
the value of the reaction. This method is continued, adding the 
next span to the free body, until the entire beam is used. The 
shear at the fixed end at the right is then obtained by using 
the last span on the right as the free body. The results obtained 
may be checked by summing vertical forces on the entire beam 
as the free body. 


EXAMPLE 

Figure 127 represents a beam which is fixed at sections 2 and 5, and which 
is supported and loaded as shown. Compute the moments at the fixed ends 
and at the supports. Compute the shears Vz and Ft, and the reactions 
Rz and Ra, 

Solution . — At the left of section 2 and at the right of section 5 auxiliary 
spans of length 2 — 0 are assumed. The general theorem of three moments 
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is then written for points 1, 2, and 3, then for points 2, 3, and 4, and so on. 
The general equation is 


MjJ>\ 4- 2Mb{Ii + U) 4" McU j— 


4 


For points 1, 2, and 3, 


0 4- 4OM2 -f 2OM3 = 0 - 600,000. 



Fig. 127 . 


For points 2, 3, and 4, 

2OM2 4- lOOMa 4 - 30ilf 4 = -3,300,000. 

For points 3, 4, and 5, 

3OM3 4- UOMa 4- 4OM5 *= -5,900,000. 

For points 4, 5, and 6, 

40Af4 4- SOM, + 0 = -3,200,000 - 0. 

Solution of these four equations gives the following values: 

M 2 = -3333 ft.4b.; M, = -23,333 ft.-lb.; Mi - -30,000 ft.-lb.; 
M, » -25,000 ft.-lb. 


6000 

2 I J 



Fig. 128 . 


The span from section 2 to reaction 3 is shown as a free body in Fig. 128(a). 
The equation of moments with respect to a point on Fs gives the following 
equation: 

20Fa 4- 23,333 = 3333 4- 60,000. 

Fa = 2000 lb. 

The two spans from section 2 to reaction 4 are shown as a free body in 
Fig. 128(5). The equation of moments with respect to a point on F4 gives 
the following equation: 
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SOi^a + 100,000 -h 30,000 = 3333 + 180,000 + 240,000. 

Rz = 9778 lb. 

With the entire beam from section 2 to section 5 as the free body, (the 
student should draw the free-body diagram), the equation of moments with 
respect to Vs gives the following equation: 

40Ri + 684,460 + 180,000 + 25,000 = 3333 160,000 + 660,000 + 

480,000. 

Rt - 10,347 lb. 

With the span from reaction 4 to section 5 as the free body, the equation 
of moments with respect to the left end gives the following equation: 

40F6 + 30,000 = 160,000 -f 25,000. 

Vz = 3875 lb. ‘ 

As a check, the sum of the vertical shears at the ends and the intermediate 
reactions is equal to the sum of the loads: 

2000 + 9778 + 10,347 + 3875 - 6000 + 12,000 -f 8000. 


PROBLEMS 

1 . On the beam shown in Fig. 127, let wi = 400 lb. /ft., W 2 = 200 lb. /ft., 
and wz = 300 lb. /ft. Solve for the moments at the ends and at the sup- 
ports, the end shears, and the intermediate reactions. 

Ans. Mi - - 15,076 ft.-lb.;M3 = -9848 ft.-lb.; M4 = -28,788 ft. -lb.; 
Mz = -45,606 ft.-lb.; V 2 = 4261 lb.; Rz = 6108 lb.; R^ - 9211 lb.; 
Vz = 6420 lb. 

2 . A beam 70 ft, long, fixed at both ends, has end spans of 30 ft. each and 
a middle span of 10 ft. The left span is loaded with 400 lb. per linear ft., 
the middle span with 500 lb. per linear ft., and the right span with 800 lb. 
per linear ft. Solve for the moments at the ends and at the supports, the 
end shears, and the intermediate reactions. 

Ans. M 2 - -36,803 ft.-lb,; Mz = -16,394 ft.-lb.; M^ - -40,939 
ft.-lb.; Af5 = -69,530 ft.-lb.; V 2 = 6681 lb.; Rz = 5362 lb.; Ri = 16,002 
lb.; Vz = 12,953 lb. 

81. Theorem of Three Moments, Loads Concentrated. — 

Figure 129 represents two adjoining spans of a continuous beam 
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with lengths h and h. Span h carries a load Pi at a distance of 
a from the right end and span h carries a load P 2 at a distance 
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of h from the left end. Consider first the second span, between 
reactions B and C. There are two expressions for the moment 
in this span. 

Fbom Reaction B to Load P2 From Load P2 to Reaction C 


EI^, = JIfp + 7 bx. 
EI^ “ ^ 


At reaction B, = Ci. 
If a? = 6, 


= Mb + - Piix - h). 


\EI^ = Mbx + 
ax 


Vbx^ _ 

2 

P,{x - hy 


+ C 2 . 




dx I dx 




MBb + -^ + Cl = Msb + - b)> + C,. 


C, = Cl. 


Ely = ^ + C,i + C,. 

At Bf y — 0 and a; = 0, so C3 = 0. 
If a; = 6, 


Mbx^ . Vbx^ 


Ely = ~ V 


P2 
6 

+ Cix + Ci. 


y y- 

MBh^ , VBh^ . ' MBh^ , Fb 63 p 

+ -7,-- + Cib = -s- + — -^(b - by 


+ Cib + Ci. 

C* = 0. 

|At C, y = 0 and x = Z2. 

_ MbU^ I Vah^ Pifj ,v , 

Cih. 


Also, at reaction C, from the original equation, 

Mc = Mb+ VbU - P2{l2 - h). 

By eliminating Vb from the last two equations, 

0 = 2Mb 12 + Mch + Pihih -b) - ^(k -by + 6(7,. 

h 

If the origin is taken at reaction B and x is positive to the left, 
a corresponding equation for the first span will be obtained. 

0 = 2MbIi + MjlIi + PMh - a) - - a)» + 6(7,'. 
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At reaction B, with z positive to the left, 

W . £7|. 

The quantity Ci is therefore equal numerically to Ci, but is 
opposite in sign, so 

Cl' ^ -Cl. 

By adding the last two equations, 

MJi + 2Mb(}i + k) + Mck = - ay + ^ik - by - 

Pikik- a) -Pikik-b). 

This is the general theorem of three moments for concentrated 
loads. If there are other loads, Pi', etc., P 2 ', etc., distant 
a', etc., 6', etc., from point P, corresponding terms must be 
added to the general theorem. 

If the loads and spans are equal and each load is in the middle of 
its span, the theorem of three moments for concentrated loads 
becomes 

Ma + + Me = -fiPl 

If the ends of the beam are free or overhanging, the application 
of the theorem of three moments gives two less equations than 
there are supports. If the beam ends at a support, the moment 
there is zero, while if it overhangs and carries a load on the over- 
hanging end, the moment at the end support is computed 
from static conditions. These two equations give the number 
necessary for solution. After the moments at the supports have 
been determined, the reactions are computed in the same manner 
as in Art. 79. 

If the ends of the beam are fixed and the spans and loads are 
equal, with each load in the middle of its span, each span is under 
the same condition of loading and support as the beam fixed at 
both ends with a load in the middle of the span. 

If the ends of a continuous beam are fixed and the spans are not 
equal, or if the loads are not equal, or are not placed in the 
middle of the spans, it is necessary to assume an auxiliary span of 
length i = 0 at each fixed end in order to obtain enough equations 
to make the solution. The end shears, the intermediate reac- 
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tions, and the moment at each load may then be computed. 
The moment at one of thedoads may be the largest and therefore 
the controlling moment. 

EXAMPLE 1 

Figure 130(a) shows a continuous beam with four concentrated loads. 
Compute the moment and the reaction at each support. Draw the shear 
diagram and compute the moment at each load 



Solution , — Moment Mi = -3000 ft.-lb. 

Moment M^ = 0, 

The application of the general theorem of three moments gives two 
equations. For the first and second spans, 

-30,000 -f 40Jlf2 + lOMi = 200 X 27 + 300 X 64 - 20,000 X 3 - 

30,000 X 4. 

For the second and third spans, 

lOM, -f 40Afs « 300 X 216 4- 400 X 512 - 30,000 X 6 - 40,000 X 8. 

Mi = -1808 ft.-lb. 

Mi = -5308 ft.-lb. 


With the left span and the overhanging part as the free body, Fig. 130(c), 

IOjRi + 1808 = 13,000 + 14,000. 

Ri = 2519 lb. 
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With the third span as the free body, Fig. 130(d), 

lOigi + 6308 - 8000. 

» 269 lb. 

With the second and third spans together as the free body, Fig. 130(6), 

lOi^s + 5380 -1- 1808 = 18,000 + 48,000. 

Rz - 5881 lb. 

By summing vertical forces on the entire beam, 

R 2 = 1331 lb. 

Figure 130(6) shows the shear diagram. The moment under the 2000-lb. 
load is Ml' = -1000 X 3 + 1519 X 3 = +1557 ft.-lb. The moment 
under the 3000-lb. load is M 2 ' = +3290 ft.-lb. The moment under the 
4000-lb. load is Mz' = +2152 ft.-lb. 

EXAMPLE 2 

A beam 60 ft. long is supported at the ends and at points 10 ft. and 30 ft. 
from the left end. It is loaded with a concentrated load of 4000 lb. at a 
point 4 ft. from the left end, one of 3000 lb. at a point 22 ft. from the left 
end, one of 1500 lb. at a point 20 ft. from the right end, and one of 6000 lb. 
at a point 6 ft. from the right end. Compute the moments at the second 
and third supports. 

Solution. — Moments Af 1 and Mi = 0. 

The general theorem of three moments gives two equations. For the first 
and second spans, 

60Af2 + 20ilf8 = 400 X 64 + 150 X 512 - 40,000 X 4 - 60,000 X 8. 
For the second and third spans, 

20Ar8 + lOOilfs = 150 X 1728 + 50 X 8000 + 200 X 216 - 60,000 X 

12 - 45,000 X 20 - 180,000 X 6. 
Af2 = -2465 ft.-lb. 

Mz » -19,483 ft.-lb. 

EXAMPLE 3 

Figure 131 shows a beam fixed at both ends, supported at two intermediate 
points, and loaded with three concentrated loads. Compute the moments 
at the fixed ends, at the supports, and under the loads. Compute the shear 
at each end and the intermediate reactions. 

Solution. — As in Art. 80, an auxiliary span of length 1 « 0 is assumed at 
each end. For the spans 0-1 and 1-2, the general equation of three moments 
gives the following equation: 

40Mi + 2 OM 2 - 100 X 512 - 40,000 X 8. 
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For spans 1-2 and 2-3, 

20Jlfi + eOAfa + lOJ/j 100 X 1728 + 300 X 125 - 40,000 X 12 

30,000 X 5. 

For spans 2-3 and 3-4, 

lOAf, + 62Jlf, + 16Af« = 300 X 125 -f 100 X 216 - 30,000 X 5 - ' 

25,600 X 6. 

For spans 3-4 and 4-5, 

16Af, + 32M4 = 100 X 1000 - 25,600 X 10. 
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Fio. 131. 

The solution of these four equations gives the following values: 

Mx = -4127ft.-lb. 

Ml = -5185 ft.-lb. 

Ml = —2606 ft.-lb. 

Mt = -3572 ft.-lb. 

With span 1-2 as 1he free body, the equation of moments with respect 
to an axis at Ri is 

20F, -I- 5185 = 4127 + 16,000. 

F, = 747 lb. 

With the part of the beam from section 1 to the 2000-lb. load as the free 
body, the equation of moments with respect to an axis at the load is 

Ml' = 747 X 12 - 4127 = -1-4837 ft.-lb. 

With spans 1-2 and 2-3 together as the free body, 

10«, -1- 30 X 747 + 2603 = 4127 + 2000 X 18 -f 3000 X 5. 

Ri = 3011 lb. 

Ml' = 747 X 25 -f 3011 X 5 - 4127 -'200 X 13. 
Ml' = -t-3603 ft.-lb. 

With span 3-4 as the free body, 

I6F4 -f 2606 = 1600 X 10 -1- 3572. 

F4 = 1060 lb. 

With spans 2-3 and 3-4 together as the free body, 

lOfl. -I- 26 X 1060 -f 5185 = 15,000 + 32,000 + 3572. 

Ri = 1783 lb. 

M,' = 1060 X 6 - 3672. 

Af.' = 2788 ft.-lb. 
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The results just obtained for the end shears and the reactions may be 
checked by summing the vertical forces on the entire beam as the free 
body. 

PROBLEMS 

1 . A beam 30 ft. long has three equal spans of 10 ft. each, and carries a 
load of 1600 lb. at the middle of each span. Compute the moment and the 
reaction at each support and the moment under each load. 

Ans. = M, == -2400 ft.-lb.; Ri - 560 lb.; Ka = 1840 lb.; Mi' =« 
Ms' - +2800 ft.-lb.; il// = +1600 ft.-lb. 
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Fig. 132. 

2 . Solve Problem 1 if only the center span is loaded. 

Am. Ms = Ma = -1200 ft.-lb.; = 7^4 = -120 lb.; ^ 

920 lb.; Ms' = +2800 ft.-lb. 

3 . Solve Problem 1 if only the end spans are loaded. 

Am. M 2 -= Mz^ -1200 ft.-lb.; Ri R^ == 680 lb.; R 2 ^ Rs ^ 
9201b.; Ml' = M3' = +3400 ft.-lb. 

4 . Solve Problem 1 if only the first span is loaded. 

Am. Mi = -1600 ft.-lb.; Ms = +400 ft.-lb.; Ri - 640 lb.; Ri « 
1160 lb.; Rz = -240 lb.; Ra - 40 lb.; M/ = +3200 ft.-lb. 

6. A beam 80 ft. long is fixed at both ends and is supported and loaded as 
shown in Fig. 132. Compute all of the moments, the shear at each end, and 
the intermediate reactions due to the concentrated loads. 

Am. M, = +2593 ft.-lb.; Ms = -11,906 ft.-lb.; M3 = -5008 ft.-lb.; 
Ma = -4775 ft.-lb,; M, = -12,612 ft.-lb.; M/ = -1307 ft.-lb.; Ms' = 
+ 10,393 ft.-lb.; M3' = - 116 ft.-lb. ; M4' = + 11,308 ft.-lb. ; Fi - -6501b. 
Ri - 4880 lb.; Rz = 1382 lb.; Ra = 1996 lb.; V, = 2392 lb. 
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BEAMS OF TWO MATERIALS 

82. Wood Beam with Steel Plates on the Sides. — In Art. 7 it 

was shown that if a bar which is subjected to tension or com- 
pression is composed* of two materials for which the values of E 
are different, the same unit deformation 8 will be produced by 



*5? - 

Neutral 


Axis 

tQ ;s 

nil 

Wood Equivalent 


of Steel 


— -nbj — 



(a) 

(b) 
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unit stresses which are proportional to the moduli of elasticity 
of the two materials. 



The same principle holds true in the case of a beam composed 
of two different materials. Figure 133(a) shows the cross section 
of a wooden beam which is reinforced with steel plates on the 
sides. If n is the ratio of the modulus of elasticity of the steel to 
that of the wood, the unit stress at any point in the steel is n 
times the unit stress in the wood at the same distance from the 
neutral axis. The steel is equivalent, therefore, to n times as 
much area of wood, as shown in Fig. 133(6). The moment of 
inertia of the equivalent section including the original cross 
section of the wooden beam is then computed. The equation 
8 = Mcjl gives the unit stress in the wood and in the wood 
equivalent of the steel. The actual unit stress in the steel is 
n times as great. 


m 
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EXAMPLE 


A simple wooden beam 8 in. wide, 10 in. deep, and 30 ft. long is to be 
reinforced with a steel plate 10 in. deep on each side. Allowable Sv> = 
1250 lb. /in.*; <8, = 18,000 lb. /in.*; n = 16. Compute the thickness of the 
steel plates required if the beam is to support a load of 6000 lb. at the middle. 

Solviicm. — ^Let 6 be the total width of the equivalent section required. 
The depth is 10 in. and the section modulus is I/c = 6 X 100/6. The stress 
in the steel governs, since nSw = 16 X 1250 = 20,000 lb. /in.*, which is 
higher than the allowable value. When the unit stress in the steel is 
18,000 lb. /in.*, the unit stress in the wood equivalent of the steel is 18,000/16 
= 1125 Ib./in.*. The equation M/S ^ I/c gives 


6000 X 


90 
1125 
h = 
2n6i = 

5i = 


h X 


IW 
6 "“ 

28.8 in. 

28.8 - 8 = 20.8 in. 

20.8 

32 


0.65 in. 


The necessary commercial thickness of the plates would be ^ Jfe in* 

PROBLEMS 

1. Solve the example above if the depth of the ste61 plates is only 8 in. 
and the plates are placed symmetrically on the beam. 

Am, 1.092 in. (Use IJ^-in. plates.) 

2. A wooden beam 6 in. wide, 8 in. deep, and 25 ft. long has a steel plate 
yi in. wide and 8 in. deep on each side. Ev> ~ 1,500,000 lb. /in.*; E» = 
30,000,000 lb. /in.*. Compute the maximum unit stress in each material 
due to a total uniformly distributed load of 5000 lb. 

Am, S„ = 676 Ib./in*.; S, = 13,520 Ib./in.*. 


Sfee/ Wood Equivoilenf of Steel 



, . - . . . - T 


Wood Neutral 


Axis 

b 

<- -> 


<b 

m , , , ^ 


Sf6€/ |<- — fib -->] 

(a) (b) 


Fig. 134. 

83. Wood Beam with Steel Plates on Top and Bottom. — 

Figure 134(a) represents the cross section of a wooden beam 
reinforced with steel plates at the top and bottom. If n is the 
ratio of the modulus of elasticity of the steel to that of the wood, 
the stress at any point in the steel is n times what it would be if 



178 


STRENGTH OF MATERIALS 


[Qhap. IX 


there were wood at that point. The steel is therefore equivalent 
to n times as much area of wood, as shown in Fig. 134(6), and 
the beam is equivalent to an I-section, all composed of wood. 

The moment of inertia of the equivalent I-section of wood is 
computed and the expression S = My /I gives the maximum unit 
stress in the wood, y being the distance from the neutral axis to 
the outer fiber of the actual wood. The expression S = Me/ 1, in 
which c is the distance from the neutral axis to the outer fiber 
of the wood equivalent, gives the maximum unit fiber stress in 
the wood equivalent. The actual unit stress in the steel is n 
times this stress. 


EXAMPLE 

A wooden cantilever beam 3 in. wide, 6 in. deep, and 4 ft. long is rein- 
forced with a plate of steel 3 in. wide and q in. thick on the top and bottom. 
Using the value of n as 20, compute the maximum unit stress in each material 
due to a load of 1000 lb. at the free end. 

Solution . — The width of the wood equivalent of the steel is nh — 60 in. 
The moment of inertia of the actual wood area is 

= 3 X ^ = 54 in.^ 


The moment of inertia of the two wood equivalent areas is 

Je - 2[H260 X (Ke)' + 11-25 X 3.0942] 

= 215.42 in.-*. 

Total 7 = 54 -f- 215.42 - 269.42 in.^ 

M = 48,000 in.-lb. 

48,000 X 3 .Qr /• 2 
= ~ 269 : 42 ~ = • 


S. = 


48,000 X 3.1875 X 20 
269.42 


= 11,360 lb./in.2. 


PROBLEMS 

1 . A simple wooden beam 6 in. wide, 18 in. deep, and 20 ft. long has a 
plate of steel 6 in. wide and in. thick on the top and bottom. Ev, * 

1,750,000 lb./in.2; E, = 29,000,000 Ib./in.*. Allowable Sy, = 1300 Ib./in.*; 
S, « 18,000 lb. /in.*. Compute the safe load at the middle of the beam. 

Ans. 21,800 lb. 

2 . In Problem 1, how thick must the plates be made if the load to be car- 
ried is 30,000 lb.? Ans. 0.76 in. 

8 . A cantilever beam 10 ft. long is composed of a wooden beam 5 in. wide 
and 8 in. deep reinforced on the top and bottom with plates of steel 4 in. 
wide and^J-i in. thick. Using n = 18, compute the maximum stress in each 
material due to a load of 1600 lb. at the free end. 

Ans. Sv, = 930 lb./in.»; S. - 17,800 Ib./in.*. 
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84. Wood Beam with Steel Plate on the Tension Face Only. — 

Figure 135(a) represents the cross section of a simple wooden 
beam with a steel plate on the bottom only. Figure 135(b) 
represents the cross section with the steel replaced by its wood 
equivalent. The section is a T-section, for which it is necessary 
to compute the location of the 
neutral axis. The maximum 
unit stress in the wood is at 
the upper part of the cross 
section. 

EXAMPLE 

A simple wooden beam 4 in. wide, 

8 in. deep, and 10 ft. long has a strip 
of steel 4 in. wide and in. thick, fastened to the bottom as shown in Fig. 135. 
If the modulus of elasticity of the wood is 1,500,000 lb. /in.* and that of the 
steel is 30,000,000 lb. /in.*, what are the maximum unit stresses caused by a 
load of 2400 lb. at the middle? 

Solution: 



Wood 







b 

<~ Neutral 


Axis 

z 

Wood Ecfuivahni 

L_ 

^Sfee! 


SfeeJ k nb ->J 

(a) (b) 


Fia. 135. 


« 30,000,000 ^ 
1,500,000' 


The width of the wood equivalent of the steel is nb, or 80 in., and its area is 
Ai = 80 X K = 20 sq, in. The area of the actual wood is A 2 = 32 sq. in. 
The distance of the neutral axis from the bottom of the steel is given by the 
equation 

. 20 X 0.125 + 32 X 4.25 ^ 

y = = 2.66 in. 


The moment of inertia of the equivalent area with respect to the axis at 
the bottom of the actual wood is 


4 X 512 80 

3 3 X 64 


683.1 in.^ 


The moment of inertia of this area with respect to the neutral axis is 


lo = 683.1 - 52 X 2.41* = 381.1 in.\ 


The maximum unit stress in the wood is 


Sw 


2400 X 120 X 5.59 
4 X 381.1 


1055 Ib./in.*. 


The maximum unit stress in the steel is 

2400 X 120 X 2.66 X 20 
4 X 381.1 


8 , 


10,070 Ib./in.*. 
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PROBLEMS 

1. A simple wooden beam 10 in. wide, 24 in. deep, and 30 ft. long has a 

plate of steel 10 in. wide and 1 in. deep on the bottom. Allowable S^ = 
1200 Ib./in.*; S^ = 16,000 Ib./in.®. Using n = 20, compute the total safe 
uniformly distributed load. Aub, 43,000 lb. 

2. Solve Problem 1 if the steel plate is only ]4 in. thick. 

Am. 37,800 lb. 

86. Analysis of Reinforced Concrete Beam. — The concrete and 
steel beam, commonly called the reinforced concrete beam, pre- 
sents a slightly different problem from that of the wood and steel 
beam. The steel is placed on the tension side of the beam and is 
assumed to carry all of the tension. At loads considerably less 





y 

kd 

x-i- 


T 

0-Ajd\ 

Ij 


-A 


UL 1 

'npbd 

(c) 

1 


than the allowable load, hair cracks will develop in the beam on 
the tensile side, showing that the concrete has failed in tension 
and ceases to carry any stress except for a small area of the 
cross section near the neutral axis. 

Figure 136 shows the notation commonly used for reinforced 
concrete beams. Figure 136(a) represents a side view of a beam 
supported at the ends. MN is a cross section at any point 
along the beam, and in the figure the internal forces are shown 
acting on the beam at this section. Figure 136(6) shows a view 
df the cross section, in which 6 is the width, d is the depth from 
the top of the beam to the middle of the steel (the area of concrete 
below the middle of the steel being neglected), p is the percentage 
of steel reinforcement, that is, the ratio of the area A of the steel 
to the area hd of the concrete, kd is the distance from the top 
to the neutral axis of the cross section, n is the ratio of the modu- 
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lus of elastkjity of the steel to that of the concrete, Sc is the unit 
stress in the concrete at the outer fiber, and Sa is the upiit stress 
in the steel. * 

Figure 136(c) shows the cross section of the beam, with the 
effective area of the concrete and the concrete equivalent of the 
steel shown shaded. In order that axis X-X shall be the 
neutral axis, it is necessary that the moment of the area hkd 
with respect to axis X-X shall be the same as the moment of 
the area npbd. 

led 

hkd X = nphd X d{l — k). 

k^ + 2pnk — 2pn = 0. 
k — \^2pn + {pnY — pn. 

With the value of k known, the moment of inertia of the 
equivalent section is given by the expression, 

I = + npbd^il - k)\ 

The unit 


and 


EXAMPLE 1 


stresses are given by the equations, 
o Mkd 


Sa = 


nM{l — k)d 


A reinforced concrete beam is 20 ft. long, 10 in. wide, and 17 in. deep, with 
five bars, each % in. in diameter, placed with their centers 1 in. above the 
bottom of the beiim. Using the value of n as 15, compute the unit stress in 
the concrete and in the steel due to a load of 350 lb. per linear ft. in addition 
to its own weight. ^ 

Solution: 


A 

d 


= 5 X 0.3068 
16 in. 

A ^ 1.534 
hd Too 
pn = 0.144. 
k 


1.534 sq. in. 


P = 


= 0.0096. 


\/2pn + (pn)* — pn 
kd ~ 6.59 in. 

(1 - k)d - 9.41 in. 

, 10 X 6.593 


0.412. 


3 


4- 15 X 1.534 X 9.4U * 2991 ixiA 
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W 

M 

8 . 

S. 


20 X 10 X 17 X 160 
144 


H- 20 X 350 = 10,5401b. 


10,540^ _ 3^^ 200 in.-lb. 

o 8 


316,200 X 6.59 
2991 


= 696 Ib./in.*. • 


= 14,920 lb./in.«. 


EXAMPLE 2 

A continuous reinforced concrete beam with fixed ends is 16 in. wide, 
18 in. deep, and has 16-ft. spans. The reinforcement consists of four steel 
bars each in. square, placed with their centers 1 in. above the bottom 
where the moment is positive and 1 in. below the top where the moment is 
negative. If n is 15, allowable Sc is 650 lb. /in.*, and allowable S, is 16,000 
lb. /in.*, what superimposed load per linear foot may be placed upon the 
beam? 

Solution: 

= 2.25 sq. in. 

d =* 17 in. 

n - 

pn = 0.1239. 

k « 0.389. 
kd =* 6.61 in. 

(1 - k)d « 10.39 in. 

I = + 15 X 2.25 X 10.39’ = 6184 in.«. 


When the unit stress in the concrete at the outer fiber is 650 lb. /in.*, the 
unit stress in the steel is 


Sc 


650 X 15 X 10.39 
6.61 


15,340 Ib./in.*. 


Since 16,000 Ib./in.* is the allowable stress in the steel, the unit stress in the 
concrete governs. 

As shown in Art. 78, the maximum moment in this continuous beam is 

m 

12 ’ 

Mkd 
I 

W X 192 X 6.61 
12 X 5184 
31,800 lb. 

The weight of the beam itself is 

^ _ 16X18X16X150 
* 12 X 12 


M « 

Sc = 

650 = 
W * 


48001b. 



Art. 86] 


BEAMS OF TWO MATERIALS 


183 


The total superimposed load on the beam may be 

W 2 - 31,800 - 4800 = 27,000 lb. 

li®Lear ft. 

PROBLEMS 

1 . Using n = 15, compute the value of k for 0.85 per cent reinforcement; 

for 0.80 per cent. Ans, 0.393; 0.384. 

2 . A simple concrete beam 20 ft. long is 6 in. wide, 12 in. deep, and has 
four bars of steel each K in. in diameter placed 1 in. above the bottom. 
Compute the maximum stress in each material caused by a concentrated 
load of 2000 lb. at the middle of the beam. Use n = 15. 

Ans. Sc - 870 Ib./in.*; S, - 16,350 Ib./m.*. 

3 . A reinforced concrete beam 15 in. wide, 24 in. deep, and 36 ft. long is 
supported at the ends and at the middle. It is reinforced with six ^^-in. 
round rods placed 1.5 in. from the tension face. Using E, = 29,000,000 
lb./in.2, Ec = 2,200,000 Ib./in.^, allowable Sc = 800 Ib./in.*, and allowable 
S, = 18,000 lb. /in. 2 , compute the total superimposed load which may be 
placed on the beam. Concrete weighs 150 lb. /cu. ft. Ans. 56,500 lb. 

86. Design of Reinforced Concrete Beams. — In the design of 
reinforced concrete beams, the value of p, the percentage of 
reinforcement, must be as- 
sumed. With p and n known, 
the value of k can be computed. 

With given allowable values of 
the unit stresses Sc and the 
one which governs in the design may be determined as follows: 

When the stress in the concrete has reached the value of Sc, 
the stress in the steel is 

c nSc(l — k) 

s. = ^ 

If this value of S« is smaller than the allowable value of S„ the 
stress in the concrete Sc governs, while if it is larger, the stress 
in the steel governs. 

If the stress in the concrete governs, the equation Sc = Mkdjl 
is solved for hd^. 

If the stress in the steel governs, the equation S, = ^ 

is solved for hd^. Since both h and d occur in the expression, it 
is necessary to assume one or the other, or to assume some 
relation between them, such as d === h or d = 26. 



Fio. 137. 
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It was shown in Art. 16 that the resultant of the direct vertical 
shearing stress and the induced horizontal shearing stress was a 
diagonal tensile stress of equal unit intensity. One method of 
providing for this diagonal tensile stress is to bend up some of 
the reinforcing bars near the ends of the beam as shown in Fig. 
137. Another method is to place vertical reinforcing bars, 


T 1 

Fia. 1,38. 

usually in the form of stirrups, to carry the vertical shear, as 
shown in Fig. 138. 


EXAMPLE 1 


Using allowable Sc as 650 Ib./in.^ allowable S^ as 16,000 lb. /in.*, n as 15, 
and p as 0.008, design a simple reinforced concrete beam for a span of 12 ft. 
to carry a uniformly distributed load of 1000 lb. per linear ft. including its 
own weight. Assume b = d. 

Solution . — From Problem 1, Art. 85, k = 0.384. (1 — A;) = 0.616. 

When the stress in the concrete reaches its allowable value of Sc — 650 
lb. /in.*, the value of the unit stress in the steel is 


nScd - A:) _ 15 X 650 X 0.616 
k 0.384 


15,600 lb./in.2. 


The unit stress in the concrete governs, since this value of Ss is less than 
the allowable stress in the steel. 


« Mkd 
s. - J - 

W = 12,000 lb. M }4Wl = 216,000 in.-lb. 
I = HbX 0.384’d> + 0.126d X O.eiG^d*. 


Since b — d, / = 0.0644d‘. 


216,000 X 0.384d 

Oieiidi 

d* » 1980. 
d = 6 - 12.56 in. 
bd * 12.56 X 12.56 = 158 sq. in. 

A ^ pbd ^ 0.008 X 158 = 1.264 sq. in. 


Four Jfe-in- round bars will give an area of 1.266 sq. in. If 1 in. of concrete 
is to extend below the center of the reinforcing bars, the beam will be 
13.66 in. deep. 
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The weight of the beam itself will be 

__ 12.56 X 13.56^ X 150 
144 


178 lb. per lin. ft. 


The superimposed load can be only 1000 — 178 = 822 lb. per lin. ft. 


EXAMPLE 2 

Using allowable Sc as 700 Ib./in.*, allowable Sa as 18,000 lb. /in.*, n as 15, 
and p as 0.007, design a continuous reinforced concrete beam with fixed 
ends and spans of 20 ft. to carry a uniformly distributed load of 1200 lb. 
per linear ft. including its own weight. Assume d — 26. 

Solution: 

pn = 0.007 X 15 = 0.105. 
k = \/^r+ 0^ - 0.105 = 0.365. 

(1 - fc) = 0.635. 

When the stress in the concrete reaches 700 lb. /in.*, the value of the unit 
stress in the steel is 


Sa 


15 X 700 X 0.635 
0.365 


18,300 lb. /in.*. 


Since this value is greater than the allowable unit stress in the steel, the 
allowable stress of 18,000 lb. /in.* governs the design. 


S. - 


nM(l - k)d 


W = 24,000 lb. 

Wl 

M = ^ - 480,000 in.-lb. 

I = + 15 X 0.007 X 0.635*M>. 

o 

I = 0.05866d*. 

15 X 480,000 X 0.635d 

18,000 005866 ^* 

6d* = 4340. 


Since d — 26, 

6d* - 46*. 

6* = 1085. 

6 — 10.3 in. 
d =* 20.6 in. 

bd - 10.3 X 20.6 * 212 sq. in. 

A = phd * 0.007 X 212 = 1.484 sq. in. 

Six J^-in. square bars will give an area of 1.5 sq. in.; or five %-in. round 
bars will give an area of 1.534 sq. in. 
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If the concrete. extends 1.4 in. below the center of the reinforcing bars, the 
beam will be 22 in. deep. The weight of the beam itself will be 

^ _ }0.3 X 22 X 150 ^ 236 lb. per lin. ft. 

144 

The superimposed load can be only 1200 — 236 = 964 lb, per lin. ft. 

PROBLEMS 

1. Using allowable Sc - 500 lb. /in.*, allowable S, = 15,000 lb. /in.*, 
n =* 15, and p 0.0075, design a simple reinforced concrete beam for a span 
of 20 ft. to carry a total uniformly distributed load of 8000 lb. including its 
own weight. Assume d = 36. 

Ans. b — 6.88 in.; d ~ 20.64 in.; A = 1.068 sq. in. 

2. Using allowable Sc - 750 lb. /in.*, allowable S, = 16,000 lb. /in.*, 
n = 12, and p = 0.008, design a reinforced concrete beam with fixed ends 
for a span of 15 ft. and a total uniformly distributed load of 20,000 lb. 
including its own weight. Assume d = 1.56. 

Ans. 6 = 10.56 in.; d = 15.84 in.; A = 1.34 sq. in. 

87. Balanced Reinforcement. — It was shown in Art. 86 that 
when the stress in the concrete has reached the value Sc, the stress 
in the steel is 

S = ~ 


If this expression is solved for fc, 


k = 


nSc 

nSc H" Sa 


As shown in Art. 85, the value of k in terms of pn is 

k ~ y/2pn + (pn)^ — pn. 

If k is eliminated between these two equations, 

nSc^ 

^ 2Sa{nSc + Sa) 

This expression gives the percentage of steel necessary in 
order that the stress in the steel shall be & when the stress 
in the concrete is Sc. If the percentage of steel is greater than 
this amount, the concrete will reach its allowable stress first. 
If the percentage is less than this amount, the steel will reach its 
allowable stress first. 
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PROBLEMS 

1 . Compute the value of p for balanced reinforcement if Sc = 600 lb./in.*> 

S, = 17,500 lb./in.2, and n = 15. Am. 0.00582. 

2. Using Sc = 650 Ib./in.*, S, == 18,000 Ib./in.*, and n = 15, design a 
simple reinforced concrete beam 30 ft. long with balanced reinforcement to 
support a total uniformly distributed load of 30,000 lb. including its own 
weight. Assume h = 2d. 

Am. h = 37.6 in.; d = 18.8 in.; A = 4.48 sq. in. 
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BEAMS OF CONSTANT STRENGTH 

88. Cantilever Beam of Constant Strength. — A beam of 
constant strength is one in which the unit flexural stress S in the 
outer fibers is the same at all sections. Since M/S = //c, the 
section modulus I/c must vary as the moment M if /S is to be 
constant. Since in general the moment in a beam varies with 
the length, this requires that the section modulus shall also vary 
with the length. 



If the load is w per unit of length uniformly distributed, the 
moment at any section at a distance x from the free end is 
M = wx^/2. (The negative sign may be disregarded.) For a 
beam with a rectangular cross section, the equation M/S = I/c 
gives 

wx^ __ 

2S ~ 

If the width b is constant, as shown in Fig. 139, the variable 
depth d is given by the expression, 

d = 

If the depth d is constant, as shown in Fig. 140, the variable 

188 
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width h is ^ven by the expression, 
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b - 



For a beam with a circular cross section, 


wx^ _ 

2S T‘ 



2wx^ 

TT/S 


If the load is a concentrated load P at the free end, the moment 
at any section at a distance x from the free end is Px, For a 



beam with a rectangular cross section, the equation M/S = I/c 
gives 


S 6 * 

If the width b is constant, as shown in Fig. 141, the variable depth 
d is given by the expression, 

d = 

If the depth d is constant, as shown in Fig. 142, the variable 
width b is given by the expression, 
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For a beam with a circular cross section, 

Px _ irr^ 

4 ‘ 



It is evident that the load P cannot be applied on a point or 
along a line at the extreme end of the beam, as shown in Figs. 
141 and 142, but modification of the end must be made both for 
bearing and shear. In some cases, also, the end must be modified 

for either the fixed or flexible’ 
^ ^ attachment of the load P. 

■ J — I I Figure 143(a) shows the modi- 

^ rfi fication of the end of the beam 

So A \ S ~~) shown in Fig. 141 for bearing and 

^ for shear. If Se is the allowable 

Yiq, 143 . unit bearing stress, the equation 

P = Scab gives the distance a over 
which the load P must extend. The length of the beam must 
then be I + a/2. 

If St is the allowable unit shearing stress (either vertical or 
horizontal), the average unit shearing stress is as shown in 
Art. 54. The equation P = %Stbdo gives the required depth do 
at the end. 

In a similar manner. Fig. 143(6) shows the modification of the 
end of the beam shown in Fig. 142. The width bo at the end 
necessary on account of the shear is given by the equation P = 
%Stbod. The equation P = Scabo gives the distance a over which 
the load must extend. 


EXAMPLE 1 

A cantilever beam of constant strength and rectangular cross section is 
to have the depth twice the width. The beam is to be 4 ft. long and is to 
be loaded with a uniformly distributed load of 480 lb. per linear ft. Allow- 
able S * 3000 lb. /in.*. Compute the dimensions at the middle and at the 
fixed end. 

Solviwa. — Since d = 26, I/c ~ %6*. Unit weight it? = 40 lb. per linear 
in. For x *= 24, 

_ 40 X 24* 

3® 2 X 3000* 

htA 1.79 in. j dit — 3.58 in. 
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For a; = 48, 

2., _ 40 X 48* 
r 2 X 3000* 

648 = 2.85 in.; ^48 = 5.70 in. 


EXAMPLE 2 


A cantilever beam of constant strength is 5 ft. long, 3 in. wide, and 
carries a concentrated load of 1200 lb. at the free end. The allowable unit 
stress in bending is 1000 Ib./in.*, that in bearing is 300 lb. /in.*, and that in 
shear is 120 lb. /in.*. Compute the depth at the free end and at each 1-ft. 
point to the fixed end. Compute also the extra length required for bearing. 

Solution . — At the free end, the depth do is given by the equation, 


do 

do 


2Soh 

3 X 1200 
2 X 120 X 3 


= 5 in. 


At a point 1 ft. from the free end, the moment is 


Ml - 1*4,400 in.-lb. 

, , _ 6 X 14,400 _ 
‘ 1000 X 3 

di - 5.36 in. 


28.8. 


At a point 2 ft. from the free end, the moment is 

M 2 = 28,800 in.-lb. 
da* - 2 X 28.8. 
da - 7.58 in. 
da* - 3 X 28.8. 
da = 9.29 in. 
d4 = 10.72 in. 
ds = 12 in. 


The extra length that the beam must extend beyond the middle of the load is 
given by the equation, 

a __ P 
2 2Sch 

a _ 1200 _ 2 . 

2“ 2 X 300 X 3 3“*’ 

PROBLEMS 

1. A cantilever beam of constant strength has a length of 6 ft., a constant 

width of 4 in., and a variable depth. It carries a uniformly distributed 
load of 800 lb. per linear ft. Compute the depth at the middle and at the 
fixed end if allowable S = 1500 lb. /in.*. Ans. 6.57 in.; 13.14 in. 

2. A cantilever beam of constant strength has a length of 3 ft., a constant 
depth of 2 in., and a variable width. It carries a uniformly distributed 
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load of 1800 lb. per linear ft. Compute the width at 1 ft., 2 ft., and 3 ft. 
from the free end if allowable S *= 18,000 lb. /in.*. 

Ana. bi = 0.9 in.; 62 = 3.6 in.; hi = 8.1 in. 

8. A cantilever beam of constant strength is 4 ft. long, 3 in. wide, and 
carries a load of 1600 lb. at the free end. Allowable Se == 450 Ib./in.^; 
S» = 120 Ib./in.*; S = 1200 lb. /in.*. Compute the depth at the free end 
and at each 1-ft. point along the beam. Compute also the extra length 
required. 

Ana, do = di = 6.67 in.; di - S in.; dz = 9.8 in.; di = 11.31 in.; a/2 = 
0.5926 in. 

4 . A cast-iron cantilever beam of constant strength is to be 3 ft. long and 
is to carry a concentrated load of 2000 lb. at the free end and a uniformly 
distributed load of 600 lb. per linear ft. The section is to be rectangular, 
with the depth twice the width. Allowable S = 3000 Ib./in.*; Se - 12,000 
lb. /in.*; S, = 2500 Ib./in.*. Compute the depth at the free end and at 
each 1-ft. point along the beam. Compute also the extra length required. 

Ana. do = 1.55 in.; di = 4.8 in.; di = 6.29 in.; dz = 7.47 in.; a/2 — 
0.1075 in. 

6. A steel gear shift lever for an automobile is to be designed as a beam of 

constant strength 24 in. long, with a 
load of 40 lb. normal to the lever at the 
free end. Using allowable S = 20,000 
Ib./in.*, compute the diameter at the 
fixed end, at the middle, and at a point 
1 in. from the free end. 

Ana. 0.788 in.; 0.625 in.; 0.273 in. 

89. Leaf Springs. — ^The ordi- 
nary leaf spring is a modification 

of the beam of constant strength 

and constant depth. Figure 
144(a) shows the top view and 
Fig. 144(6) the side view of a beam 
of this kind. If, now, the beam 
is sheared along the lines indicated 
in Fig. 144(a) and pieces 2, 2 are 
placed below piece 1, pieces 3, 3 
below pieces 2, 2, and so on, the 
beam will take the form indicated in Figs. 144(c) and (d) . The ends 
of the individual leaves are usually modified by being made wider 
and thinner in order to make a neater appearance. The beam 
which is composed of the separate leaves one below the other is just 
as strong as the beam with the leaves beside each other, as in Fig. 
144(a). In the former case the load is transmitted from one 
leaf to the next in bearing. In the latter case the load is trans- 



j 

Side View 


(d)| 




Bottom View 
Fig. 144. 
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mitted from one strip to the other in shear. The free end of the 
spring is modified for the attachment of the load. Springs 
of this type are often curved initially and straighten under load. 
The semi-elliptical spring may be considered as two cantilevers 
and the elliptical spring as four cantilevers. 

If d is the thickness of the leaves^ b the width of each leaf, and 
n the number of leaves, the equivalent width at the fixed end is 
bn = By and the constant stress S at the outer fibers of each leaf 
is given by the equation, 

6Pi 

^ ^ bnd^^ 


PROBLEMS 

1. A leaf spring 25 in. long is composed of seven leaves, each 2 in. wide 

and 0.2 in. thick. Compute the unit stress caused by a load of 600 lb. at 
the free end. ' Ans, 160,700 Ib./in.*. 

2. A leaf spring 30 in. long is composed of twelve leaves, each 3 in. wide 

and 0.3 in. thick. If the allowable stress is 120,000 Ib./in.®, what is the 
allowable load? Ans. 2160 lb. 

3. A loaf spring 20 in. long is to carry a load of 1000 lb. at the end with 
an allowable unit stress of 150,000 lb. /in.*. If the leaves are each 2.5 in. 
wide and 0.25 in. thick, how many leaves will be required? Ans. 6. 

4. A spring 30 in. long is to be composed of ten leaves, each % in. thick. 

If the allowable stress is 125,000 lb. /in.*, what must be the width of the 
leaves if the spring is to carry a load of 4000 lb.? Ans. 4.096 in. 

5. A spring 18 in. long is to be composed of 5 leaves, each 2 in. wide, and 

the allowable stress is 140,000 lb. /in.*. If the full length leaf is to be 1.5 
times as thick as the other four, what is the required thickness for a load of 
1000 lb.? Ans. di = 0.42 in.; d = 0.28 in. 


90. Deflection of Leaf Springs.— Since the leaf spring is 
equivalent to a beam of constant strength and constant depth, 
the differential equation from which the value of the deflection 
may be obtained becomes 


jf - EifS - 

dx^ c 

" c’ 


Both S and c are constants, and c may be replaced by d/2. 
the origin of coordinates be taken at point 0, Fig. 145. 




2S 


Let 
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By integration, 




= 0 where x — I, so Ci = — 


dx 

dy _ 2S^ 2S, 

% - T ® ■ T 

jj, S 2 252 , ^ 

= r " T* + 


SP 


y = Q where x = I, so Ct = -^ 


The maximum deflection is at the free end where a: = 0. 
Max. y 


Sl^ 

Ed 


In terms of the load P and the moment of inertia Im at the fixed 

end, since Mm = — PI, 



Max. y - — 


PP 

2EI„ 


This deflection is 50 per cent 
greater than the deflection of a 
cantilever beam with the same 
cross section throughout as that 
of the beam of constant strength 
at the fixed end, and with the 
same load P at the free end. The material it contains is only 
one-half as much. 


Fio. 145. 


PROBLEMS 

1. A leaf spring 26 in. long, composed of eight leaves, each 3 in. wide and 
0.4 in. thick, carries a load of 2400 lb. Using E = 30,000,000 lb. /in.*, 
compute the deflection and the maximum unit stress. 

Ans, 4.88 in.; 93,750 lb. /in.*. 

2. A leaf spring 20 in. long compose^ of 12 leaves each 4 in. wide and 
H in. thick is designed so that it can have a deflection of 4 in. Compute 
the maximum load and the maximum stress, using E as ^0,000,000 lb. /in.*. 

Aiw. 6330 lb. ; 1 12,500 lb. /in.*. 
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3. A leaf spring 30 in. long is composed of 5 leaves, each 2 in. wide and 
in. thick. Using E as 30,000,000 Ib./in.*, compute the load which will 
deflect it 1 in. Compute the total load it will carry if the allowable unit 
stress is 120,000 Ib./in.*. Ans, 28.94 lb.; 417 lb. 


- I .. 
(a) 


91. Simple Beam of Constant Strength. — If a simple beam 
carries a concentrated load, each part of the beam from the load 
to either one of the supports is under the same condition of 
loading as a cantilever beam with a load at the end. In Fig. 
146(a), the condition of support 
and loading of length a is the 
same as if the beam were fixed 
at the load P and loaded with 
an upward load of Ph/l at the 
end. The method of solution 
is the same as was used in 
Art. 88. 

If a simple beam carries a 
uniformly distributed load, as 
shown in Fig. 146(6), the moment at any section at a distance 
of X from the left end is 


^ 

PA h - 
i 


I' I r 1 I * I 


0)1 

2 


/T 


w per unit 


’S. 


TTTTT 




(b) 

Fig. 146. 


_ g. xvlx wv 

ssr _ O 


WX^ 

Y 


This expression for the moment must be used in the equation 
M/S = I/c in order to determine the variable value of I/c 
necessary for a beam of constant strength. As in the case of a 
cantilever beam with a concentrated load, provision must be 
made for the bearing and shear at the ends. 

EXAMPLE 

A rectangular cast steel beam 6 ft. long, supported at the ends, is to carry 
a total uniformly distributed load of 7200 lb. If designed as a beam of 
constant strength with the depth twice the width, compute the depth at 1, 
2, and 3 ft. from the end. Compute the depth just inside the bearing as 
determined by shear. Compute the total length of bearing at each end. 
Allowable S * 16,000 lb./in.»; Ss = 8000 Ib./in.*; Sc « 20,000 lb./in.». 

Solution , — Reaction R » 3600 lb. At 1 ft. from the end. Mi « 3600 X 
12 — 1200 X 6 - 36,000 in.-lb. Since h ■* d/2, I/c - d*/12. 

3 6.000 ^ 

16.000 “ 12 ‘ 
di* = 27. . 

» 3 in. 
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PROBLEMS 

1 . With the same allowable stresses as those given in the example above, 
design a cast steel beam of constant strength 6 ft. long, supported at the 
ends, to carry a total load of 40,000 lb. uniformly distributed, if the depth 
is three times the width. 

Ans, d\ = 6.08 in.; d 2 - 7.11 in.; ds = 7.40 in.; do = 3.354 in.; a = 
0.895 in. 

2 . A square cast-iron beam of constant strength 4 ft. long, supported at 
the ends, is to carry a total uniformly distributed load of 24,000 lb. Using 
allowable S = 3000 Ib./in.*, S, = 3000 lb./in.», and Sc = 16,000 Ib./in.*, 
compute the depth at the ends, at 1 ft. from the ends, and at the middle. 
Compute the length of bearing a. 

Am. do = 2.45 in.; di = 6 in.; d 2 = 6.6 in.; a = 0.306 in. 

92. Plate Girders and Box Girders. — Plate girders and box 
girders as usually constructed are approximately beams of 
constant strength. The riveted plate girder consists of a web 
plate a, Fig. 147(a), four flange angles 6, and two flange plates 
c, all of which extend the full length of the girder. The welded 
plate girder consists of a web plate and two flange plates, fillet- 
welded, as shown in Fig. 147(6). Near the ends, where the 
moment is small, the section modulus is larger than needed. 
At some certain distance from each end, the section modulus is 
just large enough, while between these points it is not large 
enough. The added strength necessary is obtained by riveting 
or welding on an extra pair of plates extending between these 
points. With these added plates, the section modulus may be 


= 3600 X 24 - 2400 X 12 « 57,600. 
57,600 ^ ^ 

16,000 12 ' 
d^^ = 43.2. 
di = 3.51 in. 

= 3600 X 36 - 3600 X 18 = 64,800. 
64,800 ^ ^ 

16,000 12 ■ 
da® =* 48.6. 
da = 3.65 in. 

do* = 1.35. 
do ~ 1.16 in. 
ho = 0.58 in. 

a X 0.58 X 20,000 = 3600. 

a = 0.31 in. 
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large enough for the load. If it is not, however, another compu- 
tation is made as before, continuing until the section modulus is 
large enough for the load at the middle. For accurate computa- 
tion, the areas of the rivet holes in the flanges in riveted girders 
should be deducted in making computation of the section 
modulus. If the rivets in the compression flange completely 
filled the holes, the areas of rivet holes 
in that flange would not need to be 
deducted, but it is common practice to 
deduct the areas of rivet holes in both 
flanges. If only the areas in the ten- 
sion flange are deducted, the centroid 
of the area of the cross section is no 
longer at the center of the web, and 
must therefore be located. The section 
modulus for the tension flange' is the 
one which governs. 

Box girders are usually composed of 
channels and plates or I-beams and 
plates, either riveted or welded together. 

The material in box girders is not 
used so efficiently as is that in plate 
girders, but extra width for the support of the load is more 
easily obtained. As with plate girders, the areas of the rivet 
holes in the flanges of riveted box girders should be deducted 
in the computation of the section modulus. 

EXAMPLE 

A plate girder 80 ft. long, supported at the ends, is composed of a web 
plate 48 by 14 in., four flange angles each 6 by 6 by K in. spaced in. 
back to back, and two flange plates each 16 by K in. extending the full 
length. It is to support a uniformly distributed load of 3600 lb. per linear 
ft. with an allowable stress of 18,000 lb. /in.*. Compute the minimum 
lengths of the additional flange plates if they are also 16 by in. Rivets 
are % in. in diameter in ^ ^e-in. punched holes. There are two rows of rivets 
joining the flange plates and the flange angles, and one row of rivets joining 
the flange angles and the web plate, with the center of the row in. from 
the backs of the angles. 

Solution. — ^The total load is 288,000 lb., so each reaction is 144,000 lb. 
The load w per linear inch is 300 lb. The moment is 



Fig. 147. 


M » 144,000a? - 150a?*. 
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The moment of inertia of the solid section as computed from values given 
in the table of properties of sections is / = 26,007.3 in.*. For punched holes 
for %-in. rivets, the width of area to be deducted is in. For four rivet 
holes in the flanges, 

/ = 4 X + 4 X 0.875 X 24.25« = 2058.5 in.«. 

For two rivet holes in the web, 

/ - 2 X 1.5 X 5:|P-’ + 2 X 1.3125 X 20.75* = 1130.5 in.*. 

The net moment of inertia is 

I = 26,007.3 - 2058.5 - 1130.5 = 22,818.3 in.*. 

The section modulus I /c = 22,818.3/24.75 == 922.0 in.*. 

144,000x - 150a;* = 18,000 X 922.0. 

X — 134 in. or 826 in. 

These two values of x are the distances from the left end at which the 
section modulus of the girder is just sufficient to carry the load. Between 
these two points the section modulus is not large enough and the section 
must be increased by adding flange plates at the top and bottom. The 
minimum length of the first pair of plates is therefore h = 826 — 134 = 
692 in., or 57 ft. 8 in. 

With the added pair of plates, the moment of inertia and the section 
modulus are both increased. 


144,000a; 


144,000a; 


144,000a; 

The solution of this equation gives imaginary values for a;, so no more 
plates are needed. This could have been determined also by solving for the 
bending stress at the middle with the three added pairs of plates. 


h 

h 

C2 

150x* 

X 

h 

/a 

h 

Cz 

150a;* 

X 

U 

/i 

li 

C4 

150a;* 


= 1256.4 in.*. 


= 22,818.3 + 8906.6 = 31,724.9 in.*. 
31,724.9 
25.25 
18,000 X 1256.4. 

• 198 in. or 762 in. 

564 in., or 47 ft. 0 in. 

31,724.9 + 9266.4 = 40,991.3 in.*. 
40,991.3 , ^ , 

-WTb- “ • 

18,000 X 1591.9. 

' 282 in. or 678 in. 

! 396 in., or 33 ft. 0 in. 

^ 40,991.3 + 9633.3 - 50,624.6 in.*. 

5^* -.me in... 
i 18,000 X 1928.6. 
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M = 
S « 


288,000 

8 


X 960 - 34,560,000. 


34,560,000 ® 


PROBLEMS 

1 . A box girder 40 ft, long, supported at the ends, is composed of two 
15-in. 50-lb. channels spaced 10 in. back to back, and two 18- by 
plates welded to the channels and extending the full length. The girder is 
to carry a uniformly distributed load of 3000 lb. per linear ft. and a concen- 
trated load of 40,000 lb. at the middle with an allowable unit stress of 
18,000 lb. /in.®. Compute the minimum lengths of the additional flange 
plates if they are also 18 by in. 

Am. 30 ft. 4 in.; 23 ft. 10 in.; 15 ft. 10 in.; 4 ft. 2 in. 

2. A plate girder 60 ft. long, supported at the ends, is composed of a web 

plate 48 by % in., four flange angles each 6 by 6 by ^ in. spaced 48}^ in. 
back to back, and two flange plates each 16 by % in. Rivets are % in. in 
diameter in iJie-in. drilled holes. There are two rows of rivets connecting 
the flange plates and the flange angles, and one row of rivets connecting the 
flange angles and the web plate, with the center of the row 3K in. from the 
backs of the angles. The girder is to support a uniformly distributed load 
of 6000 lb. per linear ft. with an allowable stress of 18,000 Ib./in.*. Compute 
the minimum lengths of the additional flange plates if they are also to be 16 
by % in. The areas of the rivet holes are to be deducted in both tension 
and compression flanges. Am. 34 ft. 2 in.; 13 ft. 6 in. 
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93. Work and Resilience in Bars. — During the application of a 
load to an elastic body, motion ensues in the direction of the force, 
and therefore work is done upon the body by the force. Since 
in elastic deformations the distance varies directly with the force, 
the work done is the product of the distance and the average force. 
The average force is one-half of the sum of the initial and the 
final values of the force. If the initial value of the force is zero, 
the average force is one-half of the final value. 

Since an elastic body recovers its original size and shape 
when its deforming load is removed, it has the capacity of doing 
work. That is, when a portion of the load is removed, the body 
does mechanical work by moving back the remaining part of the 
load. When stored in the elastic body, the work done upon it 
is in the form of elastic potential energy, and is called resilience. 
The resilience of a unit volume of any material when stressed to 
its elastic limit is called the modulus of resilience of the material. 
The modulus of resilience is the measure of the resilience of the 
material, and is the maximum amount of work which may be 
stored up in a unit volume of the material and then recovered 
without loss. 

If the unit of volume is the cubic inch and the stress is measured 
in pounds per square inch, resilience is given in units of inch- 
pounds per cubic inch. As the stress increases from zero to 5, 
the deformation increases from zero to 6. The average force is 
S/2, so the work done is S/2 X S. Since 6 = S/E, the work done 
per cubic inch is S/2 X S/E = SV2E. Since the work done 
upon the body is equal to the elastic resilience stored in the body, 


Unit elastic resilience 


S* 

2E 


When the value of S becomes the elastic limit of the material 
this expression gives the modulus of resilience, as stated above. 

200 
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If the value of S exceeds the elastic limit, some of the work is 
used up in overcoming the frictional resistance of the molecules 
of the material as they slide over each other to take a permanent 
deformation, and hence cannot be recovered in the form of 
mechanical work. 

If the stress in a body is uniform throughout the body, the 
total elastic energy is given by the product of the unit resilience 
and the volume of the body. 

EXAMPLE 1 

Compute the total amount of work stored in a wrought-iron bar 1 in. in 
diameter and 8 in. long, while the total load is changed from 10,000 to 25,000 
lb. Use E * 27,000,000 lb. /in.*. 

Solution: 


= '2,730 lb./in.». 

OK non 

^2 = 31,830 Ib./in.*. 

The initial unit resilience = 12,730*/2 X 27,000,000 = 3.00 in.-lb./cu. in. 

The final unit resilience = 31,830*/2 X 27,000,000 = 18.78 in.-lb./cu. in. 

The increase in unit resilience = 18.78 — 3.00 = 15.78 in.-lb./cu. in. 
The total increase in resilience ~ 15.78 X 8 X 0.7854 = 99.15 in.-lb. 

EXAMPLE 2 

A steel cable with a cross-section area of 0.4 sq. in. and a length of 1000 ft. 
supports a mine cage weighing 4800 lb. Using E = 24,000,000 lb. /in.*, 
compute the total resilience in the cable due to its own weight and the weight 
of the mine cage. 

Solution . — At the lower end, S — 12,000 lb. /in.*. At a distance of x in. 
above the lower end, S = 12,000 -f 0.284a;. The resilience per cu. in. = 
1/2E( 12,000 4- 0.284x)*. Since the area is 0.4 sq. in., the resilience per inch 
of length = 1/5A"( 12,000 -f 0.284x)*. The resilience in dx length = 
1/5E( 12,000 + 0.284x)*dx. The integral of this expression between the 
limits of 0 and 12,000 gives the total resilience. 

1 / /•12,000 /•12,000 /•12,000 \ 

U = 12,000* I dx + 6816 I xdx + 0.08065 / xHxV 

U = 18,877 in.-lb. 

PROBLEMS 

1 . A steel bar 0.5 in. in diameter and 8 in. long is loaded with a total load 
of 7000 lb. in tension. E - 29,000,000 lb. /in.*. Compute the unit resil- 
ience, the total resilience, and the amount of elongation. 

Ans. 21.9 in.-lb./cu. in.; 34.4 in.-lb.; 0.00984 in. 
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2 . A block of southern yellow pine 2 in. square and 10 in. long placed on 
end and loaded with a compressive load of 28,000 lb., shortened 0.026 in. 
in a gage length of 8 in. Compute E and the unit resilience. 

Am, 2,154,000 lb. /in.2; 11.38 in.-lb./cu. in. 

3 . Steel railroad rails 39 ft. long weighing 120 lb. /yd. are laid in a track 

with spaces of 0.12 in. between ends when the temperature is 45° F. E 
29,000,000 lb. /in.*. Compute the total amount of resilience in each rail 
when the temperature is 120° F. Am. 4260 in.-lb. 

4 . A steel cable with a cross-section area of 0.6 sq. in. and a length of 
750 ft. supports an elevator weighing 3600 lb. Using E = 18,000,000 
lb. /in.*, compute the total resilience in the cable due to the elevator and its 
own weight. Compute also the unit resilience at the upper end. 

Am. 8027 in.-lb.; 2.03 in.-lb /cu. in. 

94. Impact Stresses in Bars. — In all of the discussion of bars 
in tension and short blocks in compression, it was assumed that 
the loads were applied slowly and uniformly. This is practically 
the case if the load is increased by small increments from zero to 
its maximum value P. The average force is P/2 and the work 
done in deforming the bar an amount e, if the elastic limit is 
not exceeded, is 



If now a weight W is held in contact with a bar and then is 
suddenly released to cause tension or compression in the bar, the 
entire amount of the weight W acts through the distance e 
through which the bar is deformed, and the work done by gravity 
on the weight is 


U = We. 


As the load comes on the bar, the pressure on the bar increases 
from zero at the instant the load is released up to a maximum 
value P as the load comes to rest at the bottom of its travel. 
The work done against the variable resistance is Pe/2 as before 
if the elastic limit of the material is not exceeded. Some of the 
work done by gravity on the weight is lost in air resistance, some 
is used in deforming the weight itself and some is used in deform- 
ing the supports of the bar, but ordinarily the greater part of it is 
used against the resistance of the bar. Assuming that all of the 
work done on the weight by gravity is stored in the bar in elastic 
resilience, 
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P = 2Tf. 


The maximum pressure of a suddenly applied load approaches a 
value twice as great as the staiic weight. 

After coming to rest at the bottom of its travel, since the 
upward pressure on the weight is twice the downward force, the 
weight vibrates back up to its original position (approximately). 
If there were no losses, the vibration would continue indefinitely, 
but on account of ^the losses, the weight soon comes to rest in its 
static position with a deflection which is one-half as much as the 
maximum deflection. 

If now the weight W is dropped from a height h before it comes 
in contact with the bar and then produces a tensile or compressive 
deformation of e, the total work done by gravity is W(h + e). 
If the losses mentioned above are neglected and if the elastic 
limit is not exceeded, 

w(h + e) = 


As before, P is the maximum pressure of the weight on the 
bar. In terms of the maximum stress S, assuming the value of E 
to be the same for impact as for static loads, ^ this becomes 


W(.h + c) = ^Al. 


+ e). 


Since W/A is the static unit stress So and since e = 81/ E, 

5 * - 2S<^ - = 0 . 

s = s,(i +^i+ 

The value of e is small compared with h, and if e is neglected, it 
will be noticed that the unit stress caused by an impact load 

1 There is some evidence that the value of E for impact loads is higher than 
for static loads, but no authoritative experiments to determine accurate 
values have as yet been made. 
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varies inversely as the square root of the length of the bar. 
If the length of the bar is doubled, the impact stress is approxi- 
mately O.707 times as much. 

If a weight W moving with a velocity v is stopped by a bar in 
tension or compression, the work done is equal to Wv^/2g. If v 
is in units of feet per second and g, the acceleration of gravity, 
in feet per second per second, the work is in units of foot-pounds. 
Neglecting the losses at the point of impact, the work done by 
the moving body as it is brought to rest is equal to the resilience 
in the bar. 

PROBLEMS 

1 . A weight of 50 lb. drops a distance of 8 in. and strikes axially on a 
cylinder of cast iron 6 in. in diameter and 10 in. high. Using the value of 
E as 15,000,000 lb. /in.*, compute the unit stress caused. 

Ans, 6520 lb. /in.*. 

2 . If the value of E is 18,000,000 lb. /in.*, what unit stress is caused in a 
steel cable 1*200 ft. long and 0.8 sq. in. in cross section by the fall of a weight 
of 2000 lb. through a distance of 15 ft.? What will be the elongation caused? 

Ans, 36,130 Ib./in.*; 28.91 in. 

8. If the value of E is 14,000,000 lb. /in.*, how long a bar 1 in. in diameter 
will be necessary to take the impact of a 30-lb. weight striking with a 
velocity of 40 ft. per sec. without exceeding a stress of 35,000 lb. /in.*? 

Ans. 21.75 ft. 

96. Helical Springs. — A helical spring is formed by winding 
a wire or rod, usually circular in cross section, around a cylinder 
in one layer, the axis of the rod taking the form of a helix. The 
rod is annealed to eliminate initial stresses, then slipped oflF 
the cylinder and tempered. 

A spring which is to be used in tension only is usually wound 
with the coils touching each other. A spring which is to be 
used in compression must be wound with spaces between the 
coils. Such a spring can, of course, be used in either tension or 
compression. ' 

The end coil of a spring which is to be used in tension is bent 
across the end of the coil and formed into a loop or hook to which 
to attach the load. The end coil of a spring which is to be used 
in compression is tapered, the tapered part being in contact with 
the next coil and the whole end formed so that the plate through 
which the load is applied is in contact around the complete 
circumference. 
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Figure 148 represents a helical spring with the coils close 
enough together so that the axis of the coil is very nearly in the 
plane of any cross section of the wire or rod of which the coil is 
made, as at il. An axial load P upon the spring in either 
tension or compression causes a torque in the rod which is 
approximately equal to PR, B being the radius of the coil, the 
distance from the axis of the coil to the 
axis of the rod. In addition to this tor- 
sional shearing stress there is a direct 
shearing stress at every section due to the 
load P, but this direct stress is so small 
compared to the torsional stress that it 
is usually neglected. 

All of the principles of torsion as derived 
in Arts. 32 and 33 apply to the helical 
spring. 




PRr 
J * 



Fia. 148. 


The lengthening or shortening y of the 
coil is equal to the radius of the coil multiplied by the angle of 
twist of the rod. 


y = Be, 

If n is the number of free turns of the rod, I = 2TRn. 

If the coil spring represented in Fig. 148 is loaded in compres- 
sion until the coils are in contact, the maximum stress in torsion 
is reached. Any further increase in the load merely compresses 
the wires of the coil laterally. The end attachments for coil 
springs used in tension are usually so designed that the elongation 
of the spring cannot exceed the amount which will produce the 
allowable stress in the spring. Since with the usual construction 
there is no danger of exceeding the allowable unit stress for which 
a coil spring is designed, even though the load for which it was 
designed is exceeded, the allowable unit stress may closely 
approach the elastic limit. 

The scale of a spring is the load necessary to cause unit deflec- 
tion in the spring. A 600-pound'’ spring is a spring which 
will be deflected 1 inch by a load of 600 pounds. 
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EXAMPLE 

The spring shown in Fig. 148 has 8.5 free turns of steel rod 1.2 in. in 
diameter wound on a 4-in. cylinder with spaces of 0.9 in. between coils. 
Compute the load P which will compress the coils completely together. 
Compute the unit shearing stress S,. E, = 12,000,000 lb. /in.*. 

Solution. — R * 2.6 in. With 8.5 free turns, there are 8.5 spaces, so the 
deflection when the coils touch is y - 8.5 X 0.9 = 7.65 in. 


y 


Re 


RTl 

EJ 


7.65 = 
P - 
>S^ « 


2.6 X P X 2.6 X 2 X T X 2.6 X 8.5 X 2 
*12,000,000 X X X 0.6* 

19,910 lb. 

Tr ^ 18,910X^6 y.6X _ 2 ^ , 


PROBLEMS 

1. A helical spring is made of 24 turns of steel wire 0.224 in. in diameter 

wound upon a 1-in. cylinder with the coils in contact. Compute the length- 
ening of the spring and the maximum shearing stress caused by a load of 
250 lb. E. == 12,000,000 lb./in.». Am. 2.91 in.; 69,300 Ib./in.*. 

2 . A helical spring is composed of five free turns of steel wire 1 in. in 
diameter, with 5.4 in. outside diameter of coil. Compute the scale of the 
spring. If the spring is to be used in compression, compute the spacing 
necessary between the coils so that the maximum shearing stress will not 
exceed 125,000 Ib./in.* when the coils are compressed together. 

Am. 3520 lb. /in.; 0.634 in. 

8. If Et = 6,000,000 lb. /in.* for brass wire, compute the outside diameter 
of coil necessary so that 30 free turns of wire % in. in diameter will have a 
scale of 10 lb. /in. Through what length may this coil be stretched safely 
if S% is not to exceed 50,000 Ib./in.*? Am. 0.973 in.; 4.5 in. 

4 . A helical spring has six free turns of steel rod 1.4 in. in diameter, with a 
radius of coil of 3.2 in. and spaces of 0.8 in. between coils. Compute the 
load and the unit stress when^the coils are compressed completely together 
if E. « 12,000,000 Ib./in.*. Am. 17,590 lb.; 104,400 Ib./in.*. 

96. Resilience in Torsion. — If a torque which is uniforinly 
increased from zero to T is applied to a shaft to produce an angu- 
lar twist of 6 radians, the work of the external couple is given by 
the product of the average torque and the angle of twist. 


U 


TB _ TH . 
2 ^ 2EJ' 


This external work is equal to the internal resilience, and in terms 
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rr _ -S.Vi 
^ 2E.r^‘ 

In the solid circular shaft or bar, 

.St 2 

^ - wr'‘- 

If the bar is formed into a helical spring, the resilience of the 
spring in terms of the external work is given by the expression, 



in which P is the maximum load on the spring and y is the 
deflection. 

Since irrH is the volume of the spring, the quantity is 

the average unit resilience in the spring, and is one-half as much 
as the unit resilience in a bar subjected to a unit shearing stress 
of Sa throughout. On account of the fact that the value of the 
shearing modulus of elasticity Ea is much smaller than that of 
the tensile and compressive modulus of elasticity E, the average 
elastic unit resilience in a coil spring is much greater than that 
in a leaf spring made from material of the same grade. 

PROBLEMS 

1. Compute the maximum unit resilience and the total resilience in a 
shaft 4 in. in diameter and 20 ft. long which is transmitting 800 hp. at 
450 r.p.m. E, = 12,000,000 Ib./in.^ 

Ans, 3.31 in.-lb./cu. in.; 4995 in.-lb. 

2. Compute the total resilience in a shaft^2 in. outside diameter, 1.6 in. 

inside diameter, and 8 ft. long which is transmitting 180 hp. at 1600 r.p.m. 
Ea - 12,000,000 Ib./in.*. Ans. 216 in.4b. 

3 . Compute the total resilience and the average unit resilience in the 
spring described in the example. Art. 95. 

Ans. 76,200 in.-lb.; 485 in.-lb./cu. in. 

4 . A helical spring is to take the shock of a body weighing 800 lb. falling 
a total distance of 8 in. without exceeding a stress of 120,000 lb. /in.*. What 
is the weight of the lightest steel spring that can be used? Ans. 6.06 lb. 

97. Resilience in Beams. — A beam which has loads applied to 
it suffers elastic deformation and contains elastic energy or 
resilience. The amount of this resilience may be obtained 
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either in terms of the work of the external load or in terms of 
the internal resisting stress. 

If a concentrated load P is applied to a beam gradually to 
cause a deflection of yi at the point of application, the average 
force is P/2 and the work done is equal to the product of the 
average force and the total distance y\ through which the load 
has moved. The resilience stored in the beam is equal in amount 
to the external work, and if it is represented by C/, 

Since the direction of application of the load and the deflection 
caused by it are always in the same direction, the work is always 
positive and the sign of the deflection need not be considered. 




— 



< X > 

<rdX 


Side View Section 

Fig. 149 . 

If a uniformly distributed load of w per unit length is applied 
to a beam gradually, each differential part of the weight, wdXj 
moves a different distance y. The work done by each differential 
weight is wydxl2j and the total work done by the load is the sum 
of these differential quantities. 

u = ~jydx. 

The value of the variable deflection y is obtained from the equa- 
tion of the elastic curve, after which the integration may be 
performed. 

In terms of the variable internal resisting stress S, the unit 
elastic resilience at any point in a beam is S^/2E, The stress S 
varies both with the distance from the neutral axis and with the 
distance x along the beam. If y represents the distance of any 
point in the cross section from the neutral axis, as in Art. 45, the 
variable stress S =» My /I, and the unit resilience 
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In the differential volume dAdx, shown in Fig. 149, the resilience 
is 

dU = ^,dAd^- 
The total resilience in the beam is 


Since 


[y‘dA - I, 

„ 1 

''-siJt*- 

EXAMPLE 1 

By both methods, derive the expression for the total resilience in a 
cantilever beam of uniform cross section with a concentrated load P at the 
end, shown in Fig. 150. 



Solution. — By the method of external work: By Art. 59, the deflection at 
the end is 

"" 3EI 


U - 

u = 


2 ' 
PH^ 
QEI' 


By the method of internal work: Since the moment of inertia 7 is constant 
and the variable moment M = Px, 


U 

U 


pa Cl 

Mi, 

QEI 


:j^X^dx. 


In terms of the maximum stress S^ since M - PI - SI /c, 

sm 


U 


3Ec* 


If the section is rectangular, the average unit resilience is S*/ISE. 
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EXAMPLE 2 


By both methods, derive the expression for the total resilience in a fixed 
beam of uniform cross section, with a uniformly distributed load 



Sdution, — By the /method of external work: The beam is shown in Fig. 151. 
By Art. 73, the variable deflection is 

y = - 2ti:» + 

^ = iSzX - 2^^’ + *’**)'**• 


u = 


wH<i 


WH^ 


1440E/ 1440EI 


By the method of internal work: Since the moment of inertia I is constant, 
and the moment 


M * ^(filx - - 6a;*), 


U = 


288E/, 


=f^\l*dx - 12l»xdx + 48l^x^dx - 72lx^dx + 36x*dx). 
wH* WH^ 


U 


1440EI 1440EI 

In terms of the maximum stress <8, since the maximum moment 

Wl SI 
Af = ^ 


u 


sm 


lOEc* 

If the section is rectangular, the average unit resilience is jS*/30E. 

PROBLEMS 

1 . Derive the expressions for the total resilience and the average unit 
resilience in a cantilever beam of rectangular cross section with a uniformly 

WH^ S* 


distributed load. 


Ana. 


40Er 30 E 

2 . Derive the expression for the total resilience in a simple beam with a 
uniformly distributed load. Ana, 

8. Derive the expression for the total resilience in a simple beam with a 
load P at a distance a from one end and h from the other. Use the method 

P*o*6* 


of external work. 


Ana, 


OEIl 
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4. Derive the expression for the average unit resilience in a beam with a 
circular cross section, fixed at both ends, with a load P at the middle. 

24JS' 

98. Resilience in a Leaf Spring. — The ordinary leaf spring is 
equivalent to a beam of constant strength and constant depth, as 
shown in Fig. 152. As was shown in Art. 90, the deflection at the 
end due to the load P is i/i = 

PPI2EIm- In this expression, 

Im is the moment of inertia of 
the cross section at the fixed 
end. 

The resilience in the beam is 

Tj - ^ 2/1 ^ 

^ 2 \EIrr: 

In terms of the maximum stress 
S, since M - PI - SIm/c, 

jj _ S^IJ 
^ ~ 4Pc2‘ 

In terms of the dimensions of the beam, this becomes 

_ bjd 

^ 2 ‘ 

Since hmld/2 is the volume of the beam, the average unit resilience 
is S^/QE. This is three times as much as the average unit 
resilience in a rectangular beam with a constant cross section 
loaded similarly, but only one-third as much as that in a bar 
subjected to a direct stress of S throughout. 

EXAMPLE 

Compute the size of leaves of a spring 24 in. long to carry a load of 1800 lb. 
with a deflection of 6 in. and a unit stress of 125,000 lb. /in.* in bending. 
Use E = 30,000,000 Ib./in.*. 

Solution . — The external work Pyi/2 is equal to the internal resilience, 
S^I8E X volume. 

‘““x»-r>SSss8x‘»-'- 
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From M Sl/e, 

,800 X M . 

o 

d * 0.4 in. 

5m ** 12.96 in. 

With six leaves, each leaf would be 2.16 in. wide. With five leaves, each 
leaf would be 2.592 in. wide. 


PROBLEMS 

1 . A leaf spring 20 in. long is composed of 10 leaves, each 4 in. wide and 

0.35 in. thick. Using E as 30,000,000 Ib./in.*, compute the resilience in 
the spring due to a load of 3000 lb. Ans. 4198 in.-lb. 

2 . Assuming eight leaves, compute the size of leaves of a spring 30 in. 
long to carry a load of 5000 lb. with a deflection of 10 in. and a unit stress 
of 150,000 Ib./in.* in bending. Use E = 30,000,000 Ib./in.*. 

Ans. 3.7 by 0.45 in. 

3 . A leaf spring is to take the shock of a body weighing 800 lb. falling a 

total distance of 8 in. without exceeding a stress of 150,000 lb. /in.*. What 
is the weight of the lightest steel spring that can be used? Compare with 
the result of Problem 4, Art. 96. Ans. 14.55 lb. 

99. Impact Stresses in Beams. — If a load on a beam is suddenly 
applied and all of the work done by gravity upon the load is 
assumed to be stored in the beam in elastic energy, the deforma- 
tion and the stress will be twice as great as for the same static 
load- 

If a load W drops from a height h upon a beam and causes a 
deflection of y, the total work done by gravity upon the load is 
W{h + y). If P is the maximum pressure of the load on the 
beam, the work done against this resistance as it increases from 
zero to P is Py/2. If the losses due to air resistance, deformation 
of the load W itself, and deformation of the supports of the 
beam are neglected, 

W{h + y) = 

If Pi is the load to cause a deflection of unity, the pressure 
P = Piy. 

wih + y) = 

In many cases the beams which form parts of machines are 
subjected to blows which cause impact stresses. If TT is the 
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weight of a body and v is the velocity with which it strikes a 
blow on a beam, the energy which it delivers to the beam is 
Wv^l2gj g being the acceleration of gravity. If W is in pounds, v 
in feet per second, and g in feet per second per second, the energy 
will be given in foot-pounds. This must be reduced to inch- 
pounds when used with the expressions for deflection. 


EXAMPLE 1 

A block weighing 0.6 lb. falls 5 in. and strikes the middle of a wooden 
beam 1.2 in. wide, 0.25 in. deep, and 30 in. long, supported at the ends. 
Using the value of E as 2,100,000 lb. /in.*, compute the deflection and the 
stress. 

Solution . — The load which will deflect the beam unit distance is 


Pi 

Pi 

0.6(5 + y) 


4^1 

5.83 lb. 
5.832/* 

2 


y = 1.122 in. 
p ^ 6.55 lb. 

s = ;^ = 3930 lb./in.». 
EXAMPLE 2 


A steel rod 1 in. in diameter projects 8 in. from a solid support. With 
what velocity must a 5-lb. sledge strike it transversely at the end to cause a 
stress of 40,000 lb,/in.* if P - 28,000,000 Ib./in.*? 

Solution . — If V is the velocity of the sledge in feet per second, the energy 
of the sledge in inch-pounds is 


5 X 12 X v* 
2 X 32.2 


0.9315V*. 


y = 

Pi = 


SP __ 40,000 X 64 

3£7c 3 X 28,000,000 X 0.5 

— = 8053 lb. 


« 0.061 in. 


The energy of the beam is 


^ = 14.96 in.-lb. 

0.9315t>» = 14.96. 

V* = 15. 

V = 4 ft./sec. ■ 


PROBLEMS 

1. A body weighing 300 lb. drops 10 ft. and strikes the middle of a 20-in. 
100-lb. I-beam, 20 ft. long, fixed at both ends. Neglecting the losses of 
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energy, compute the maximum stress and the maximum deflection. Use 
E » 29,000,000 Ib./in.*. Ans, 39,900 Ib./in.*; 0.33 in. 

2 . The fiber stress at elastic limit of a hickory beam tested in impact 
bending at the Forest Products Laboratory, Madison, Wisconsin, was 
22,900 Ib./in.*, and its modulus of elasticity was 2,350,000 Ib./in.*. If a 
spring board of this material is 16 in. wide, 1.8 in. deep, and 7 ft. long, from 
what height can a body weighing 175 lb. drop upon the free end of the board 
without exceeding the elastic limit? Ans. 12 ft. 2 in. 



CHAPTER XII 


COMBINED STRESSES 


100. Combined rtexural and Direct Stresses. — If in addition 
to its transverse loading a beam is subjected to direct axial 
loading, the resultant stress at any point in a cross section is 
equal to the algebraic sum of the stresses produced by the two 
loadings independently. If P is the direct axial load and A is 
the area of the cross section, the direct unit stress at any point 
in the cross section is 


Si 


P 

'A 


If M is the flexural moment at any section caused by the 
transverse loads upon the beam, y the distance of any point from 
the neutral axis of the cross section, and / the moment of inertia 
of the cross section, the flexural unit stress at that point is 



The total stress S at any point is the algebraic sum of the two. 

^ _P .My 


The maximum and minimum stresses are the ones usually 
desired, and these are given by the expression. 



EXAMPLE 1 

A steel eyebar used as the bottom chord of a bridge is 2 in. wide, 12 in. 
deep, and 30 ft. long. If it carries a tensile load of 760,000 lb., compute the 
maximum and minimum unit stresses due to the direct load and its own 
weight. 

ScUviion: 


a _ P _ 750,000 
“ Z 24~ 


31,260 Ib./in.* T. 
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Neglecting the heads, TF “ X 1 X 30 X 490 = 2460 lb. 

«»=^W?^^ = 23001b./in.*. 


At the bottom of the cross section at the middle between supports, 
Max. S = 31,250 4- 2300 = 33,550 Ib./in.* T. 


At the top of the cross section at the middle between supports, 

Min. S - 31,250 - 2300 = 28,950 ljp./in.» T. 

EXAMPLE 2 

A concrete wall 8 ft. high and 3 ft. thick, monolithic with a concrete base 
at the bottom, has water 6 ft. high on one side and none on the other. 
Using the weight of concrete as 150 Ib./cu. ft. and that of water as 
62.5 Ib./cu. ft., compute the stresses at the bottom of the wall, both inside 
and outside, in pounds per square foot. 

Solution. — S\ = 8 X 150 = 1200 Ib./ft.®. This is the vertical com- 
pressive unit stress of the base on the wall at all points. With a 1-ft. length 
of the wall as the unit, the horizontal pressure of the water on the wall at 
the bottom is 6 X 62.5 = 375 lb. /ft.*. The horizontal pressure varies 
uniformly from this value at the bottom to zero at a point 6 ft. up from the 
bottom. The average horizontal unit pressure on the wall is 187.5 lb. /ft.*, 
and the total horizontal pressure on the unit length of wall is 6 X 187.5 = 
1125 lb. The center of pressure of this horizontal force is at a point 2 ft. 
from the bottom, and the moment of the horizontal pressure about the 
neutral axis of the cross section of the wall at the bottom is 


M = 1125 X 2 
2250 X 6 


^2 - 


1 X 9 


2250 ft.-lb. 
1500 Ib./ft.*. 


At the inner face, the stress S^ is tension, so 

S = 1500 - 1200 = 300 Ib./ft.* T. 


At the outer face, the stress <82 is compression, so 

S * 1500 + 1200 - 2700 Ib./ft.* C. 


PROBLEMS 

1 . A wooden cantilever beam, 3 in. wide, 12 in. deep, and 6 ft. long carries 

a load of 250 lb. per linear foot including its own weight, and an axial com- 
pressive load of 4000 lb. Compute the maximum and minimum stresses 
at the fixed end. Ans. 861 lb. /in.* C.; 639 lb. /in.* T. 

2 . A vertical wooden post 8 in. square and 6 ft. high fixed at the lower end, 
carries a vertical load of 6000 lb. on top and a side thrust of 1200 lb. parallel 
to one side of the post at a point 2 ft. from the upper end. Compute the 
maximum and minimum stresses. Ana. 769 lb. /in.* C.; 581 lb. /in.* T. 
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3. A steel shaft 3 in. in diameter and 2 ft. long fixed at one end, carries 
an axial compressive load of 10,000 lb. Compute the side thrust at the free 


end which will reduce the stress to zero at one side. 

4. Solve Example 2 above if the water is the 
full height of the wall on one side and 2 ft. high 
on the other. 

Ana, 2300 Ib./ft.* T.; 4700 Ib./ft.* C. 


Ans. 156 lb. 



a 

1 ->| 

A 

1 


0 

b - 


jL. 




101. Eccentric Loading. — If a block 
is subjected to a force which is not 
applied along its axis, the single force 
produces the two effects of direct stress 
and flexural stress. In Fig. 153, P repre- 
sents the resultant of the compressive 
forces applied at the top of the block 
KLMNj at a distance e from the axis of 
the block. Since a force may be replaced 
by a force through any given point and a 

couple, the force P may be replaced by ''an axial force at C 
and a couple whose moment is Pe. The unit stress at N is 



and that at M is 


S 


P ^ Pec 

A^~T’ 


S 


P Pec 
A I ' 


If the stress at M is zero. 


P 

A 


Pec 


For the rectangular section represented, 


P _ 6Pe 
hd 



For an eccentricity larger than d/6 in either direction parallel to 
d, or larger than 6/6 in either direction parallel to 6, the stress at 
any point on the opposite side is reversed in sign. Since brick 
or stone masonry laid in lime mortar has practically no tensile 
strength, the resultant load on a wall or rectangular pier which is 
made of such masonry should not fall outside of the middle third. 
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If the resultant of the applied load is not acting in the plane 
of either principal axis, it must remain within the rhombus ABCDy 
Fig. 154, if there is to be no reversal of stress at the opposite 
corner. For if the resultant is acting at any point outside of the 
rhombus, as at 0, it can be resolved into two components, each of 
which is on one of the principal axes. If one of these components 
is acting at 5, the edge of the middle third on the longer axis, 
the other component will be acting at 
-j point E, which is outside of the middle 
I third on the shorter axis, and will there- 
^ fore cause a reversal of stress at the 
I opposite corner. 

i The expression S = P/A ± Me/ 1 ap- 
plies also to the ordinary U clamp and to 
the hook if the base of the U and the 
shank of the hook are straight. If they arc curved, as is usually 
the case, the expression applies only approximately. 



m 

m 

m 


Fig. 164. 


PROBLEMS 


1 . Derive the expression for the maximum eccentricity e without reversal 

of atress for a circular cross section. Ans. c = t* 

4 

2 . If k is the radius of gyration of a cross section of any shape, derive the 
expression for the maximum eccentricity e without reversal of stress, in 

terms of the radius of gyration. Ans. e = — • 

c 

8. Compute the maximum eccentricity e along the diagonal of a square 
cross section without reversal of stress at the opposite comer. 

Ans. e = I X 0.707. 


4 . A concrete foundation wall 30 in. thick has a load of 24,000 lb. per 
linear ft. of wall applied along a line 12 in. from the front face of the wall. 
Compute the unit stresses at the front and at the rear faces due to the load. 

Ans. 15,360 Ib./ft.* C.; 3840 lb. /ft.* C. 

6. A hollow concrete pier is 3 ft. square on the outside and 2 ft. square on 
the inside. If the resultant load is 50,000 lb. applied at a point 8 in. from 
the center on a line through the center parallel to one of the sides, what 
are the maximum and minimum stresses due to the load? Compute 
the eccentricity without reversal of stress. Compute the eccentricity along a 
diagonal without reversal of stress. 

Ans. 19,230 Ib./ft.* C.; 770 lb./ft.» C.; 8.67 in.; 6.13 in. 

6. The shank of a hook is 3 in. in diameter and the line of action of the 
load is 4 in. from the center of the shank. Compute the maximum and 
mini mum stresses in the shank due to a load of 10,000 lb. 

Ans. 16,500 Ib./in.* T. ; 13,670 Ib./in.* C. 


Art. 102] 


COMBINED STRESSES 


219 


7. The shank of a hook is triangular, with a base of 2 in. and an altitude 

of 3 in. The base of the triangle is on the inside of the shank, and the line 
of action of the load is 2 in. from the face of the shank. If the safe stress in 
tension is 18,000 lb. /in.®, and that in compression is 24,000 lb. /in.*, what is 
the safe load that the hook can carry? Ans. 6545 lb. 

8 . A load of 1000 lb. is supported on a bracket with a T-section as shown 


in Fig. 155. Compute the stresses at M 
and N due to the load. 

Am. 1950 Ib./in.* T.; 4890 Ib./in.* C. 


^000 


k- 




r. 


M 


N 


'/y//7?/77//Z 




Fio. 166. 


102. Resultant of Direct and 
Shearing Stresses. — Figure 156(a) 
represents, as a free body, a paral- 
lelepiped of length dXy height dy^ and 
width unity, upon which is exerted 
a tensile stress of St per unit area 
in the X direction and a direct shear- 
ing stress of Ss per unit area in the Y direction. The direct verti- 
cal shearing stress induces a horizontal shearing stress of equal 
unit intensity in the X direction, as was shown in Art. 16. 

Let this parallelepiped be divided by a diagonal plane, and 
let the differential prism above and to the left of this diagonal 
plane be taken as the free body, as shown in Fig. 156(6). Sa is 
the unit shearing stress on the diagonal plane ds, and St is the 
unit tensile stress on the diagonal plane ds. 



The forces on the end and top surfaces are resolved into their 
components parallel to ds and perpendicular to ds. Since the 
forces acting upon the prism are in equilibrium, the summation 
of forces parallel to the plane ds gives, 

Sads = Stdy cos 6 — Sady sin d d- Sadx cos 6. 


If this equation is divided by ds, and if dy/ds is replaced by sin 9 
and dx/ds by cos 9, it becomes, 
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<S/ = St sin 0 cos ^ — Ss sin® 0 + Sa cos® B, 

In terms of the angle 20 j 

Sa' = ^ sin 26 + Sa cos 26, 

The summation of forces normal to the plane ds gives, 

Stds = Stdy sin 6 + Sady cos 6 + Sadx sin 

St = St sin® 6 + 25, sin 6 cos 6, 

St = ^(1 — cos 26) + Sa sin 26, 

If all of the forces on the parallelepiped in Fig. 156 are reversed, 
the same expressions are obtained, except that St becomes SJ 
and the shearing stress 5/ is reversed in direction. If the 
shearing forces alone are reversed, the angle 6 is below the X 
axis. 

PROBLEMS 

1 . A block has a direct tensile stress of 1600 lb. /in,* and a shearing stress 

of 600 lb. /in.* at right angles to the direction of the tensile stress. Compute 
the unit shearing stress S/ on a plane at an angle of 15® with the direction of 
the direct tensile stress, and the unit tensile stress St normal to the same 
plane. Ans, 920 Ib./in.*; 407 Ib./in.*, 

2 . Solve Problem 1 for an angleof 45®. Ans. 800 Ib./in.*; 1400 Ib./in.*. 

103. Maximum Resultant Shearing Stress. — If the first deriva- 
tive of Sa' with respect to 6 in the expression, 

Sa' = ^ sin 26 + Sa cos 26, 

is equated to zero, the value of 6 to make 5/ a maximum is 
obtained. 

dSa' 
dd 

Tan 26 

Angles with positive values of the tangent are in the first or third 
quadrant. 


= St cos 26 — 25, sin 26 = 0. 

-f 
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Figure 167 shows a right triangle in the first quadrant, the legs 
of which represent St/2 and 8,, The angle opposite St/2 is then 

26 and the hypotenuse is \/ {St/2)^+ S,^- If the values of sin 20 
and cos 26 from this triangle are substituted in the general equa- 
tion for jS/, it becomes, 

Max. S/ = ± \/(Si/2y +S.K 

There are two values of 180° apart, 
for which tan 26 = (St/2)/Stj hence there 
are two values of 0,, 90° apart. The planes 
along which this maximum value of S/ occurs 
are the planes OA and OB, Fig. 157. 



EXAMPLE 


Compute the direction and magnitude of the maximum resultant shearing 
stress in the block described in Problem 1, Art. 102. 

Solution: 


§ % 

Ss-600 V 


s^-mo 

(a) 



05 

St^ieoo 


1= 800. 
S, = 600. 


Ss-600 




“ 600 " 

26. = 53° 08' or 233° 08'. 

0. = 26° 34' or 116° 34'. 

Max.iSf,' = V^M^OO* * lOOOlb./in.* 

Figure 158(a) represents a block with 
L unit dimensions upon which are acting 

C7^ cO or direct tensile stress, the direct verti- 
cal shearing stress, and the induced hori- 
zontal shearing stress. Figure 158(5) 
shows the direction and magnitude of the 
maximum resultant shearing stresses. 


PROBLEMS 


1 . Compute the direction and magnitude 
of the maximum resultant shearing stress 
in a block due to a direct horizontal 
tensile Stress of 18,000 lb. /in.* and a vertical shearing stress of 3000 lb. /in.*. 

Ans. 35® 47'; 9487 Ib.'/in.*.. 
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2. Solve Problem 1 if the shearing stress is only 300 Ib./in.*. 

Am. 44° 03'; 9006 Ib./in.*. 

104. Maximum Resultant Normal Stress. — If the first derivar 
tive of St with respect to 6 in the expression, 

St = ^(1 — cos 26) + S, sin 26, 


is equated to zero, the value of 6 to make St & maximum is 
obtmned. 


dSt' 

d6 


St sin 26 + 2S, cos 26. 


Tan 26 = 


S. 



Angles which have negative values of the tangent are in the 
second or fourth quadrant. 

Figure 159 shows a right triangle in the second quadrant, the 
legs of which represent S, and —St/2. The hypotenuse of the 


triangle is \/ (/S(/2)* 4- S,^. If the values of sin 26 and cos 26 

from this triangle are substituted in 
the general equation for S/, it becomes. 



Max. S, 




+ Sb 


If the right triangle in the fourth 
quadrant is used, Sa is negative and 
St/2 is positive. With the values of sin 26 and cos 26 from this 
triangle substituted in the equation for S/, it becomes, 


Min. S/ = I - + S.^. 

Since V(-S,/2)* + 5.* is the expression for the ma^mum value 
of the resultant shearing stress S/, the two expressions for S/ may 
be written together. 

Maximum or minimum St/2 ± max. S,'. 

Since the maximum value of S,' is always greater than St/2, the 
minimum value of S/ is always negative in sign, which signifies 
epmpression. 
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A comparison of Figs. 167 and 159 shows that the angle 26t 
is 90® larger than 2^,, so St is 45® larger than d,. 

EXAMPLE 

Compute the direction and magnitude of the maximum and minimum 
resultant tensile stresses in the block described in Problem 1, Art. 102. 
SoliUion: 

= 800. 

S, = 600. 

t"“29,= -|g=-0.75. 

2et = 143® 08' or 323® 08'. 

St = 71® 34' or 161® 34'. 

Max. St' - 800 + 1000 = 1800 Ib./in.*. 

Min. St' = 800 - 1000 - -200 Ib./in.*. 

The negative sign indicates that the Stress is compression. Figure 158(c) 
shows the direction and magnitude of the maximum and minimum resultant 
tensile stresses. 

The value of Ot could have been obtained from the result of the example 
of Art. 103. 

- 0, 4- 45®. 


PROBLEMS 

1. Compute the direction and magnitude of the maximum and minimum 
resultant tensile stresses in the block described in Problem 1, Art. 103. 

Ans, 80® 47' and 170® 47'; 18,487 Ib./in.* T.; 487 Ib./in.* C. 

2. A block has a direct horizontal compressive stress of 20,000 lb. /in.* 
and a vertical shearing stress of 4000 lb. /in.*. Compute the direction and 
magnitude of the maximum and minimum resultant compressive stresses. 

Ans. 79® 06'; 169® 06'; 20,770 ib./in.* C.; 770 Ib./in.* T. 

105. Combined Flexural and Shearing Stresses in Beams. — If 

a comparatively short, deep beam is loaded heavily enough to 
develop the allowable flexural stresses in tension and compres- 
sion, very large shearing stresses are developed. 

The largest tensile or compressive stress occurs at the outer 
fibers of the beam where the shearing stress is zero, while the 
largest shearing stress occurs at the neutral surface where the 
tension and compression are zero. 

It is easily possible that even though the direct flexural and 
shearing stresses are below the allowable values, the maximum 
resultant shearing stress at some point may exceed the allowable 
stress. In the case of timber beams, however, the direction of 
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this maximum resultant shearing stress is partly across the grain 
and so may still be allowable. 

It is very seldom that the maximum resultant tensile or com- 
pressive stress will exceed the value of the direct flexural stress 
in the outer fibers. Computation of the maximum resultant 
stresses at two or three points will usually be sufiicient to show 
how they vary across the beam. 

PROBLEM 

1 . Using the safe bending stress for southern yellow pine as 1600 lb. /in.* 
and the safe shearing stress as 110 lb. /in.* as given in Table V, compute the 
safe load at the middle of a simple beam 8 in. wide, 24 in. deep, and 5 ft. long. 
Compute the direction and magnitude of the maximum resultant shearing 
and tensile stresses at points 2 in., 6 in., and 10 in. from the bottom, in a 
section just at the left of the load. 

Am, P = 28,160 lb. At 2 in., 6, = 40^ 50', dt - 85*^ 60', S/ = 231 
lb./in.^ St' = 460 Ib./in.*. At 6 in., = 29" 30', St - 74" 30', S/ = 160 
Ib./in.*, St'- = 298 Ib./in.*. At 10 in., = 11" 36', Ot = 56" 35', S/ - 
116 Ib./in.*, St' « 162 Ib./in.*. 

106. Combined Flexural and Shearing Stresses in Shafts. — In 

Chap. IV it was assumed that the shafts were subjected to torque 
alone. In practice, however, shafts are usually subjected to 
bending stresses due to their own weight, to the weight of pulleys, 
to the tension in belts, and sometimes to centrifugal forces. 

There are, therefore, three different direct stresses in a shaft 
which transmits power: (1) shearing stresses due to torsion; (2) 
tensile and compressive stresses due to bending; and (3) shearing 
stresses due to bending. Except in extremely short shafts, 
heavily loaded fiexurally, the latter shearing stress need not be 
considered, since it is zero where the flexural tensile and compres- 
sive stresses are greatest. 

The torsional shearing stress reaches the same maximum value 
at all of the outer fibers, so the maximum resultant shearing and 
tensile stresses will occur at the outer fibers on the tensile side of 
the shaft at the danger sections. On the opposite or compressive 
side of the shaft, the maximum resultant shearing and compres- 
sive stresses will occur. As the shaft rotates, these points of 
maximum stress rotate also and thus produce regular reversals of 
stress. Material subjected to reversals of stress has an endurance 
limit somewhat lower than the elastic limit as determined by 
ordinary static tests. 



Abt. 106] 


COMBINED STRESSES 


225 


In terms of the direct torque T and the direct bending moment 
M, the equivalent torque T' and the equivalent bending moment 
Af' are given by the following equations: 

r = VW+T^. 

M' = HiM + r). 

PROBLEMS 

1. A shaft 2 in. in diameter is subjected to a torque of 600 ft.-lb, and a 
bending moment of 500 ft.-lb. Compute the direct stresses and the maxi- 
mum resultant stresses. 

Ana. S, = 4580 lb./in.»; St = 7640 Ib./in.*; S/ = 5960 lb./in.»; St' = 
9780 Ib./in.a. 

2. A steel shaft 3 in. in diameter extends 30 in. beyond its end support 
and on the free end carries a pulley 3 ft. in diameter weighing 100 lb. On 
one side of tlie pulley the tension in the belt is 600 lb. vertically downward. 
On the other side of the pulley tHe tension is 250 lb., also vertically down- 
ward. Compute the maximum resultant shearing and tensile stresses. 

Ana. S/ = 5680 Ib./in.*; St' = 11,230 Ib./in.*. 

3. A steel shaft 3 in. in diameter and 25 ft. long is supported at the ends. 
At a point 2 ft. from the left end is a pulley 2 ft. in diameter weighing 80 lb., 
upon which are downward vertical belt pulls of 600 and 150 lb. At a 
point 1 ft. from the right end is a pulley 3 ft. in diameter weighing 160 lb. 
upon which are upward vertical belt pulls of 420 and 120 lb., the torque being 
opposite to that at the left end. Compute the maximum resultant shearing 
and tensile stresses. Ana. S/ = 6080 lb. /in.*; St *= 12,075 Ib./in.*. 



CHAPTER XIII 
EULER’S COLUMN FORMULA 


107. Classes of Coltunns. — Members of structures and 
machines which are subjected to axial compressive loads are called 
posts, struts, or columns if their length is several times as great as 
their least lateral dimension. If I is the length of a column and k 
is the least radius of gyration of its cross section, the ratio l/k 
is called the slenderness ratio of the column. The slenderness ratio 
of columns is the basis for comparison of columns of different 
lengths and of different sizes and shapes of cross section. 

Compression members for which the value of l/k is less than 30 
are not usually called columns, but for the purpose of classification 
may be called short columns. Instead of using a colu^pn formula 
for short columns, it is customary to specify a reduced value of 
the allowable unit stress. 

Compression members for which the value of l/k is between 30 
and 160 are called medium length columns. Practically all col- 
umns used in such structures as bridges and buildings fall in this 
class. 

Compression members for which the value of l/k is greater than 
160 are called long columns. Some secondary members, such as 
wind and sway bracing in bridges, and some members used in 
machines fall in this class. 

PROBLEMS 

1 . Comput? the length of a bar 2 in. in diameter for which l/k = 30; 

for which l/k * 160. Ana, 15 in. ; 80 in. 

2. Compute the maximum value of l/k for a column 3 by 8 in. in cross 

section and 16 ft. long. Ana. 222. 

8. A steel pipe is 1 in. in diameter outside and in. in diameter inside. 
For what length of pipe will the slenderness ratio equal 160? Ana, 50 in. 

4. Between what lengths are 5-in. 10-lb. I-beams classed as medium 
length columns? Ana. 19.5 in. to 8 ft. 8 in. 

108. Euler’s Formula for Long Columns —Figure 160 shows a 
column which is sub}ected to an axial load P causing it to buckle 
laterally. At cross section B, the stress on the concave side of the 
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column is given by the same expression as was derived in Art. 101 
for eccentric loads, S = PfA + Mc/L For long col- 
umns, the term Me/ 1 becomes very large compared with 
the term P/A. If the term P/A is neglected, the value 
of the buckling load P may be obtained in terms 
of the modulus of elasticity E and the dimensions of 
the column. 

In order that the same notation may be used as 
was used for beams, the X axis is taken in the direc- 
tion of the length of the column, positive upward, 
and the Y axis is taken horizontal at the lower end 
of the column, positive to the left. As in the case 
of the beam which is convex upward, the moment in 
the column shown is negative and the deflection y is 
positive. If the column were buckled to the right, 
the moment would be positive and the deflection 
negative. In either case, the moment and the deflection are 
opposite in sign, or M = —Py. 

The moment equation in terms of the second derivative of y 
with respect to x becomes, 

- -Py- 



If this equation is multiplied by dy, it becomes, 

= -Ey^v- 

The expression may be written 

At the middle, dy/dx = 0 and y — f. 

P 
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At the lower end, y — 0 and x = 0. 

sin""^ 0 = C 2 . 

C 2 = 0 or nw, n being any integer. 
With the value of C 2 = 0, 



At the upper end, y = 0 and x = Z, 


8in“^ 0 




0 or WT, n being any integer. 


If the value of zero is used, either P = 0 or J = 0. 
If the value of n = 1 is used, 


P = 


wm 

V ‘ 


If the value of n = 2 is used. 


47r2P/ 


(1) 

( 2 ) 


The curve into which the column bends is a sine curve. If 
n = 1, the column of length Z bends into one sine curve as shown in 
Fig. 160 and the buckling load P is given by Equation (1) above. 
If n = 2, the column of length I bends into two sine curves, as 
shown in Fig. 161. This result is accomplished by means of the 
lateral supports on each side at the middle point I>. In terms 
of the full length I the buckling load P is four times as great as it 
would be if the column were bent into one sine curve, as shown by 
Equation (2) above. 

In terms of Zi, the length of the sine curve, the buckling load 
becomes. 



the same form as Equation (1). 



Art. 109] 


EULEWS COLUMN FORMULA 


229 


If the moment of inertia I is replaced by its equivalent 
Equation (1) above reduces to, 

P 

A 

It should be noted that the quantity P/A is not the maximum 
unit stress, but is the average unit stress, or what might be called 
the unit load. 

It is found that a very slight increase in the load, above the 
value which causes a slight buckling, will increase the deflection 
greatly. The fiber stress increases with the deflection, and when 
it has passed the yield point of the material the column will fail 
with no further increase of the load. The buckling load, there- 
fore, is taken as the ultimate load. 

Since the fiber stress reached when failure begins is only the 
yield point of the material, the factor of safety permissible is 
much lower than that in the case of beams or of bars in tension. 
Instead of values of 4 or 5 for ordinary structural work, the values 
of 2, 2.5, or 3 may be used safely. 

PROBLEMS 

1 . Compute the buckling load on a wooden column 2 by 6 in. in cross 
section and 10 ft. long, if E = 1,200,000 lb. /in.*. Ans. 3290 lb. 

2. Compute the buckling load on a steel wire 0.109 in. in diameter and 

22 in. long, if Jg; = 29,000,000 Ib./in.*. Ans. 4.1 lb. 

3. A piece of steel pipe is 0.540 in. outside diameter, 0.364 in. inside 

diameter, and 8 ft. long. Compute the buckling load, if ^ = 29,000,000 
Ib./in.*. Ans. 103 lb. 

109. End Conditions of Columns. — In the derivation of Euler’s 
formula for long columns in Art. 108^ it was assumed that the 
ends of the column were free to turn or rotate as the column, 
deflected. Such columns may be called roundrend columns, 
although there is some small resistance to the turning. 

If a column is held rigidly at the ends so that it cannot turn, 
as shown in Fig. 162(a), it is called a fixed-end column. By 
symmetry, the tangent at the middle point C remains vertical. 

From AioB the column is concave to the left, with the moment 
and the curvature decreasing from a maximum at A to zero at 
B. At B, the column changes curvature, being concave to the 
right from B to C, with the moment and the curvature increasing 
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from zero at B to a maximum at C, the same in amount as that at 
Af but opposite in sign. Curve BC, if rotated 180® about point B, 

would be superimposed upon curve AB. 

Since there is zero moment at B and 
at D, the portion BD of the column is 
under free bending the same as the col- 
umn shown in Fig. 160. If h is the 
length of the sine curve BD, the buck- 
ling load becomes 

P ^ 

If I is the length of the entire column, 
h = 1/2, and 

It will be seen that this equation is the 
same as Equation (2), Art. 108, and 
applies to the case in which the column 
bends into two sine curves, as Figs. 161 and 162(a). 

Figure 162(6) represents another possible end condition, the 
lower end being fixed and the upper end free to turn, but held 
laterally directly above the lower end. Since the moment is 
zero at A and also at B, the point of cpunterflexure, the line of 
action of the resultant pressure at A must be in the direction AB, 
This requires that there must be a horizontal component Ph of 
the load at A, 

The solution of the differential equation gives length AB = 
OJl (approximately). If the length of the sine curve h = 0.7Z, 
Euler's formula for this case becomes. 



P = 


2Tm 

p 


(approx.). 


Ends perfectly free to turn and ends absolutely fixed are both 
ideal conditions which can only be approximated in actual 
columns. Even hemispherical, cylindrical, and knife-edge bear- 
ings used in laboratory tests offer some resistance to turning. 
The ordinary cylindrical pin used in connecting rods of engines 
and in columns of bridges gives still more resistance. 

Absolutely fixed ends are also impossible, because all materials 
are elastic and yield to a certain extent as the load is applied. 
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Square-end columns are intermediate between those with ends 
free to turn and those with ends fixed. For large values of 
l/k, square-end columns approach round-end columns in behavior, 
while for low values of l/k they approach fixed-end colunms in 
behavior. 


PROBLEMS 

1. Compute the buckling load on a wooden column 2 by 8 in. in cross 

section and 20 ft. long if it is supported laterally at the middle point and the 
value of E is 1,400,000 Ib./in.*. Ans, 5120 lb. 

2. Compute the buckling load on a 5-in. 10-lb. I-beam 15 ft. long, if it 

is fixed at the lower end and round at the upper end. Use E = 29,000,000 
lb./in.2. Ans. 21,200 lb. 

3. If a rectangular column of length I and cross-section dimensions b 

and d is supported laterally at the middle in the direction of dimension d, 
but is unsupported in the other direction, what must be the ratio of 5 to d 
so that it is equally strong in the two directions? Am, b ^ 2d. 



Fia. 163. 

110. Limits for Use of Euler’s Formula. — With a factor of 
safety of 2.26 and a value of E of 29,000,000 pounds per square 
inch, the safe unit load for steel columns with round ends is given 
by, 
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Figure 163 is a diagram on which are plotted the corresponding 
values of the safe load P/A and the slenderness ratio l/k, for 
round-end steel columns. The curve is infinite in length in both 
directions. For large values of Z/fc, it is valid indefinitely. For 
small values of l/k it is not valid, since in its derivation only 
the effect of the flexural moment was considered. As the direct 
compressive component of the stress becomes an appreciable part 
of the total stress, the error in using Euler's formula also becomes 
appreciable, and the smaller the value of l/k the larger the error, 
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Fiq. 164. 

Euler's formula should not be used for columns with values of l/k 
less than about 160. 

Figure 164 is a diagram on which are plotted the corresponding 
values of the safe load P/ A and the slenderness ratio l/kior round- 
end oak columns with a factor of safety of 2.5 and a value of E of 
1,500,000 Ib./in.^. This curve may be used for values of l/k as 
low as 100. 

PROBLEMS 

1 , On an extension of the diagram of Fig. 163, plot Euler’s curve for 
values of l/k up to 600. 

8. Using the value of as 2,000,000 lb. /in.*, and a factor of safety of 3, 
plot Euler's curve for wooden columns for values of l/k between 80 and 300. 
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111. Investigation of Columns by Euler’s Formula. — ^Problems 
in the investigation of columns are of two kinds. In one, the 
dimensions and the loading of the column are given to compute 
the factor of safety. In the other, the dimensions of the column 
and the factor of safety are given to compute the safe load. 

Computation of the value of l/k must always be made to deter- 
mine if Euler^s formula applies. As shown in Art. 1 10, if the value 
of l/k is less than 160 for steel columns, or less than 100 for wooden 
columns, Euler’s formula should not be used. For columns of any 
other material, diagrams of P/ A and l/k should be plotted to 
determine the lower limit oi l/k for which such formula should be 
used. As will be explained in Chap. XV, this limiting value of 
l/k will be given by the point on the curve at which a straight line 
drawn through the safe value of P/A for short blocks will be 
tangent to the curve. 


EXAMPLE 

Compute the length of a 12-in. 31.8-lb. I-beam above which Euler’s 
formula may be used. 

Solution , — From the table of properties of I-beams, the minimum value 
of A; is 1.01 in. 


E = 160. ' 

k 

* Z = 160 X 1.01 = 161.6 in. = 13.5 ft. 

PROBLEMS 

1. Compute the length of 2- by 4-in. oak columns above which Euler’s 

formula may be used. Ans. 4.8 ft. 

2. A loaded scaffolding weighing 2000 lb. is supported by four oak columns, 

each 2 by 4 in. by 10 ft. Assuming round-end conditions and using E = 
1,500,000 lb./in.2, compute the factor of safety. Ans, 5.48. 

3. An 8-in. 18.4-lb. I-beam 20 ft. long, fixed at the low^er end and round 

at the upper end, carries a load of 15,000 lb, E = 29,000,000 lb. /in.*. 
Compute the factor of safety. Ans. 2.52. 

4. Compute the safe load on a wooden column 10 by 12 in. by 60 ft., 

assuming round-end conditions. Use E =*= 1,200,000 lb. /in.* and a factor of 
safety of 3. Ans. 7600 lb. 

6. A horizontal steel connecting rod 7 ft. long has an elliptical cross 
section, with the vertical axis of the ellipse 2 in. and the horizontal axis 
1.5 in. Using E as 30,000,000 lb. /in.*, and considering the rod as fixed-end 
type in the horizontal direction and round-end type in the vertical direction, 
compute the safe load in compression with a factor of safety of 2.6. 

Ans. 98901b. 
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6 . Compute the safe load on a steel water pipe 1.05 in. in diameter out- 
side, 0.824 in. in diameter inside, and 12 ft. long, when used as a colump 
with fixed ends. Use a factor of safety of 2.25 and a value of E — 29,000,000 
lb./in.». Ans. 910 lb. 

112. Design of Columns by Euler’s Formula. — ^The deter- 
mination of the size of a column of regular section to carry a 
given load is a simple matter of substitution in the formula. 
If material is available only in certain commercial sizes, the next 
commercial size larger than the computed value must, of course^ 
be selected. 

In applying Euler^s formula to the selection of a rolled struc- 
tural shape of the proper size, the value of the necessary moment 
of inertia is computed and the selection is made from the table 
of properties of sections the same as in the case of beams. The 
least value of the moment of inertia governs. 

If the value of l/k is below 160 for steel columns or below 100 
for wood columns, Euler’s formula should not be used. Another 
computation should be made with a formula from one of the suc- 
ceeding chapters. 


PROBLEMS 

1 . Compute the diameter of a round-end steel column 20 ft. long to carry 

a load of 6000 lb. with a factor of safety of 2.25. Use E = 29,000,000 
Ib./in.*. Ans- 2.72 in. 

2. Solve Problem 1 if the column has fixed ends instead of round ends. 

Ans, 1.924 in. 

8. Assuming round-end conditions, compute the size of a square wooden 
column 16 ft. long to carry a load of 1800 lb. with a factor of safety of 3. 
Use E = 1,600,000 lb. /in.*. Arts. 3.5 in. 

4 . A hollow steel column 8 ft. long to carry a load of 600 lb. is to have its 
inside diameter two-thirds of its outside diameter. Using E ~ 30,000,000 
Ib./in.* and a factor of safety of 2.5, compute the outside diameter. 

Ans, 1.042 in. 

6. Select an I-beam to be used as a column 30 ft. long to carry a load of 
20,000 lb. with a factor of safety of 2.25. Use E = 29,000,000 Ib./in.*, and 
assume round-end conditions. Ans. 18-in. 54.7-lb. I-beam. 

6. Select a rolled angle section with equal legs to be used as a column 
15 ft. long to carry a load of 6000 lb. with a factor of safety of 2.5. Use 
E » 29,000,000 Ib./in.* and assume round-end conditions. 

Ans. 4- by 4- by ^-in. angle. 

?• Select a rolled Z-bar section to be used as a column 20 ft. long to carry 
a load of 4000 lb. with a factor of safety of 2.25. Assume round-end con- 
ditions and use E ^ 29,000,000 Ib./in.*. 

Ans. 5- by 3H- by Mo-in. Z-bar. 
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113. Rational Basis for Form of Rankine’s Formula. — ^As 

stated previously, Euler's formula is not valid for 
steel columns if their slenderness ratio l/k is less than 
about 160. Since the value of l/k for columns used 
in structural work is usually between 60 and 160, 
it becomes necessary to use a column formula which 
takes into account the direct component of the stress 
as well as the flexural component. 

Figure 165 represents a column of medium length 
which is loaded with an axial load P. At the mid- 
dle point A on the concave side where the deflection 
is /, the unit stress is 






I ‘ 


Fio. 166 . 


Since 


The unit load is 


I = Ak^, 




P 

A 


S 


l+f£ 


The following relations were found to hold true for beams: 
« aWlc j, pWl^ 

s - — ; / 


In these equations, a and P are constants, depending upon the 
support and loading of the beam, and /is the maximum deflection. 
If the quantity W is eliminated between these equations, the 
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fo 


aE' 


For beams of the same material loaded until the same maxi- 
mum stress S is reached, fc = KP, in which is a constant and is 
equal to pS/aE, 

Since columns are of the same form as beams, the only differ- 
ence being in the method of loading, it is reasonable to assume 
that in the case of columns, also, fc varies as Z^, or 

fc = ql\ 


in which g is a constant depending upon the material of the 
column and also upon its method of loading and support. In 
contrast with beams, no rational method of determining the 
value of the deflection of columns is available, so the constant 
q is usually determined by experiment. 

If the quantity ql^ is substituted for/c in the expression for the 
unit load, it becomes 


P S 



The formula just derived is Rankine^s formula for columns of 
medium length. If S becomes Su, the yield point of the material, 
the formula gives the ultimate unit load on the column. If 
8 is the safe stress for short blocks of the material in compression, 
the formula gives the safe unit load on the column. 

Rankine^s formula is sometimes called Gordon's formula, since 
it is only a modification of the earlier Gordon's formula, 


P 8 



in which d is the least dimension of the column. 

114. Rankine’s and Other Constants. — From the results of a 
comparatively small number of tests of columns with rather low 
values of the slenderness ratio, Rankine determined the value of 
1/18,000 for q for round-end columns. He used the value of 
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12,500 for 8, so his formula for round-end columns became 
P 12,500 


This corresponds to a factor of safety of nearly 3, since the ulti- 
mate value of S for medium steel is used as 36,000 Ib./in.^ Curve 
b, Fig. 166, shows Rankine’s curve with Rankine’s constant. 



Slenderness Ratio -r 
k 

Fia. 166. 

This curve gives low values of P/ A for values of l/k between 0 
and 80. 

The value of the constant q determined by Rankine for square- 
end columns was 1/36,000. If the ends approach fixed-end 
conditions and there is no eccentricity of loading, these values are 
safe. Since a slight displacement of a square-end or fixed-end 
column, either axially or laterally, will cause an unknown ecc^- 
tricity of loading, it is becoming common practice to treat square 
and fixed ends as no better than round or pin ends. 

For values of l/k between 60 and 200, the American Institute of 
Steel Construction uses the following Rankine formula: 
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P 

A 


1 + 


18,000 




The factor of safety for columns computed by this formula is 
only 2. For columns with values of l/k between 0 and 60, no 
column formula is used, but a maximum value of 15,000 for P/ A 
is specified. This curve is shown in Fig. 166, curve c. 


PROBLEM 


1. On a diagram similar to Fig. 166, plot the curve ^ = 


15,000 


1 + 


1 


15,000 




116. Limits for Use of Rankine’s Formula. — It is becoming 
increasingly common practice for building laws to specify a 
maximum value of P/A less than 16,000 for medium steel, on 
account of the unknown eccentricity. The American Institute 
of Steel Construction, the American Bridge Company and the 
New York Central Railway, for instance, specify a maximum 
value of 15,000. The Chicago Bridge and Iron Works specifies 
a maximum value of 14,000,, the Bethlehem Steel Company 
specifies 13,000 and the American Railway Engineering Associa- 
tion specifies 12,500 for railway bridges. The formula given in 
Problem 1, Art. 114, may be used safely in the lower ranges of 
values of l/k, Rankine^s formula with Rankine^s constants gives 
values which are too conservative in this range. 

In structural work, it is common practice to limit the upper 
value of l/k. For example, the American Institute of Steel 
Construction specifies 120 as the upper limit of l/k for main 
members and 200 as the upper limit for secondary members, 
such as wind bracing. The Building Code Committee of the 
U. S. Department of Commerce, in their Report BH9, recommend 
160 as the upper limit of l/k in buildings. 

In certain kinds of machines and sometimes in temporary 
building construction, columns with values of l/k in excess of 
200 may be used. Rankine's formula with Rankine^s constants 
may be used in this range, as may also the formula given in 
Problem 1, Art. 114. For columns with high values of J/ft, a 
check with the result from Euler^s formula is advisable. 

116. Investigation of Columns by Rankine’s Formula.— Ran- 
kine’s formula is easily applied to the investigation of the safe 
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load to be placed upon a given column, or to the determination 
of the factor of safety with a given loading. If the curve is 
plotted on a diagram, the safe unit load may be read off directly. 

EXAMPLE 

A column is composed of a web plate 10 by in. and four angles, each 
6 by 4 by in., with the^short legs riveted to the plate and the long legs 
spaced 10.6 in. back to back. By means of the formula of the American 

p 1 g QAQ 

Institute of Steel Construction, — ; — - > compute the total 

safe load on the column for lengths of 10 ft. and 20 ft. 

Solution. — ^The moment of inertia of the cross section with respect to the 
axis perpendicular to the web plate is 412 in.^. That with respect to the 
axis parallel to the web plate is 165 in.^. The cross-section area is 24 sq. in. 
The least radius of gyration is A; ~ Vd 65/24 = 2.62 in. For a length of 
10 ft., l/k = 120/2.62 = 45.8. Since this is below 60, the value of P/A is 
limited to 15,000 lb. /in. 2 . 

P = 24 X 15,000 = 360,000 lb. 

For a length of 20 ft., l/k == 240/2.62 = 91.6. For this value of the 
slenderness ratio, the column formula applies. 

P _ 18,000. 

24 91.6 X 91.6* 

18,000 

P = 24 X 12,280 = 294,700 lb. 

PROBLEMS 

1 . By means of the formula of the American Institute of Steel Construc- 

tion compute the safe load on a 10-in. 25.4-lb. I-beam used as a column 
for lengths of 4 ft. and 12 ft. Ans. 110,700 lb.; 59,700 lb. 

2. For a 15-in. 75-lb. I-beam used as a column in accordance with the 
specifications of the American Institute of Steel Construction, what are the 
upper limits of the overall length, (1) for which no column formula is used; 
(2) for main members; (3) for secondary members? 

Ans. 6 ft. 10.8 in.; 11 ft. 9.6 in.; 19 ft. 8 in. 

3 . A solid circular steel column 4 in. in diameter and 4 ft. long carries a 

load of 180,000 lb. Compute the factor of safety by the specifications of 
the American Institute of Steel Construction. Atw. 2.61. 

4 . By means of the formula given in Problem 1, Art. 114, compute the 
safe load on a steel column 6 in. square and 10 ft. long. Ans. 409,000 lb. 

6 . By means of the specifications of the American Institute of Steel Con- 
struction, compute the safe load on a column 40 ft. long with a cross section 
as shown in Fig. 167. ^ Ans. 272,000 lb. 
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6 . The. American Railway Engineering Association specifies the formula 

P/A *15,000 — (l/d)(l/k)^ for pin-end columns in railway bridges for 
values of l/k up to 140. Compute the safe load on the column referred to in 
Problem 6 by means of this formula. Ans, 277,000 lb. 

7. By means of the specifications of the American Institute of Steel 

, Construction compute ibhe safe load on a 

column consisting of a structural angle sec- 
tion, 8 by 6 by 1 in. in cross section and 
20 ft. long. 

Ans. 79,300 lb. (secondary member 
only). 

117. Design of Columns by Ran- 
kine’s Formula. — In using Rankine^s 

^ formula to determine the size of a 

column of circular, square, or other 
regular-sided cross section to carry a given load, a quadratic 
equation in the square of some dimension is obtained. In 
determining the size of a column built of rolled structural 
shapes, unless tables computed by the required formula .are 
available, the method of solution by trial is the simplest. 
Since for main members the value of P/A varies from 
16,000 pounds per square inch down to 10,0,00 pounds per square 
inch, an approximate value of the area of cross section of a 
column to carry a load of 600,000 pounds must be between 40 
and 60 square inches. A column with a cross-section area within 
this range should be selected for the first computation. If the 
size selected is too large or too small, another trial must be made. 
Tables in the Handbook of the American Institute of Steel Con- 
struction and other steel handbooks give safe loads upon single 
rolled H-beams used as columns. 


EXAMPLE 1 


By means of the formula ^ * 


5,000VA;; 


compute the size of a 


solid circular steel column 10 ft. long to carry a load of 180,000 lb. 
Soltdian , — ^Let r be the radius of the cross section. 


180,000 


- 3.82r» - 14.66 


15,000 

120 X 120 X 4* 
15,000 X r* 
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r » 2.49 in. 
Diam. * 4.98 in. 


This formula is valid for all values of l/k. 


EXAMPLE 2 


By means of the specifications of the American Institute of Steel Construe* 
tion, select a plate anc^ angle column 25 ft. long to carry a load of 400,000 lb. 
The column is to be a main member. 

Solviion . — ^The area of the column must be between 400,000/15,000 = 
26.7 and 400,000/10,000 = 40 sq. in. For trial, assume an area of 35 sq. in. 
If a plate 12 by % in. is used, with four angles, each 8 by by % in., with 
the short legs riveted to the plate and the long legs spaced 12}^ in. back to 
back, the area is 34.7 sq. in. The moment of inertia with respect to the 
axis normal to the web plate is 927.6 in.^. That w’ith respect to the axis 
parallel to the web plate is 483.0 in.^ and therefore governs. A;* = 13.92. 


P 


34.7 X 18,000 
- 300 X 365“ 

^ 18,000 X 13.92 


460,000 lb. 


Since this value is larger than needed, another trial will be made, with a 
smaller section. A web plate 10 by in. and 4 angles, each 8 by 3^ by 
Ke in., spaced lOK in. back to back will be used. The area is 30.23 sq. in. 
The moment of inertia with respect to the axis normal to the web plate is 
565 in.**. That with respect to the axis parallel to the web plate is 428 in.^ 
and therefore governs. A:* = 14.16. 


30.23 X 18,000 
300 X 300 
18,000 X 14.16 


402,000 lb. 


The value of l/k is 300/3.76 = 80. This section is satisfactory. 


PROBLEMS 

1 . By means of the specifications of the American Institute of Steel 

Construction, compute the size of a square column 6 ft. long to carry a load 
of 750,000 lb. Ans. 7.07 in. 

2. ^Ive Problem 1 for a length of 20 ft. Ans, 8.1 in. 

3. Solve Problem 1 for a length of 30 ft. 

Ans. 9.18 in. if used as a secondary member; 10.392 in. if used as a 
main member. 

P 15 000 

4. By means of the formula -j => — tt—,’ delemiine the size of a 

‘ + isrUi) 

plate and channel column 30 ft. long to carry a load of 600,000 lb. 

Ans. Two 15-in. 40-lb. channels spaced 8 in. back to back, and two 
16- by 1-in. plates. 
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118. Graphic Derivation of Straight-line Column Formula. — It 

will be seen by reference to Fig. 166 that between the values of 
//Jfc = 60 and Ijk = 160, the Rankine curves do not vary much 
from a straight line. Since the great majority of columns used in 
structural work fall within this range, the equations of such 
straight lines may be used as column formulas. Although not 
quite so accurate as the Rankine formulas and more limited in 
range, the straight-line formulas have the advantage of simplicity 
of form and application. Although not used so much as formerly, 
they still have a place in American engineering. 

As given in analytical geometry, the equation of a straight line 
is 

2/ == mx + 6. 

In this equation, 6 is the intercept oi\the Y axis and m is the slope 
of the line. In the column diagram, the ordinate y is Pj A and the 
abscissa x is Z/fc. The graphic method of deriving the equation of 
a safe straight-line formula consists in plotting Euler^s curve on a 
diagram, drawing a straight line through the allowable value of 
PI A on the Y axis and tangent to Euler^s curve, and then deter- 
mining the equation of this straight line. Let the allowable value 
of PjA on the Y axis be called S. The equation of the straight 
line then becomes 

P o. I 

. j^S + rrij^. 

If the value of S is taken as 18,000 and the value of the yield 
point as 36,000, the factor of safety is 2. In Fig. 168, Euler’s 
curve is plotted with this factor of safety. Through the point S = 
18^000, the straight line SBC is drawn, tangent to the curv^e at B 
and intersecting the X axis at the point l/k = 231. The value of 
m is 18,000/231 78, and is negative in sign, since the line slopes 
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downward to the right. The equation then becomes 

J = 18,000 - 78j- 


If the value of S is taken as 16,000 and the value of the yield 
point as 36,000, the factor of safety is 2.25. In Fig. 169, Euler^s 
curve is plotted with 2.25 as the factor of safety. Through the 



Slenderness R^iio ^ 

Fio. 168. 

point /S = 16 000, the straight line SBC is drawn, tangent to 
the Euler curve at B and intersecting the X axis at the point 
where l/k is 231. The equation of this straight line then becomes 

^ = 16,000 - 69.3j- 

This formula is commonly used as 

2 = 16,000 ^ 70jg- 

Some straight-line formulas have been made arbitrarily, with 
no direct relation to any Euler curve. For example, the Building 
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Code Committee of the Department of Commerce in their 
Report BH9, 1926, recommend the formula 

j = 18,000 - 70~ 

for columns made from steel which passes the specifications of 
the American Society for Testing Materials (see Table XV). 

20,000 

18,000 

16.000 

14.000 

12.000 
J 10,000 

•E 8000 
=> 

6000 
4000 

2000 
0 

I 

Slenderness Ratio -f- 
k 

Fig. 169. 

The Euler curve to which this straight line is tangent has a 
factor of safety of only 1.63 while the value of S has a factor of 
safety of 2. 

PROBLEMS 

1.- On a diagram similar to Fig. 168, plot Euler’s curve corresponding to 
S •• 15,000 and derive the equation of the straight-line curve tangent to it. 

.4n«. 2 = 15,000 - 65j- 

2« For steel which is considered acceptable, but of which the origin and 
physical characteristics are not definitely determined, the Building Code 
Committee referred to above recommends the column formula/ P/A ** 
16,000 — 601/A;. Determine the factor of safety of the Euler curve to which 
it is tangent. ^ 1 , 7 , 
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119. Algebraic Derivation of Straight-line Column Formula. — 

In terms of x and y, Euler’s formula becomes 

If this expression is differentiated with respect to x, it gives the 
slope of Euler^s curve at any point. 

dx 

At the point J5, Fig. 170, where the straight line SBC is tangent 


Y 



Fig. 170. 


to Euler's curve, the slope m of the straight line is the same as 
the slope of Euler’s curve. 

If a^B is the abscissa of point B, the slope of Euler’s curve at B is, 

2t^E 


The equation of the straight line then becomes, 

y 


S-^^x. 


Xb^ 


At point B, the coordinates (j/b, Xb) must satisfy both the 
straight-line equation and Euler’s equation. 

_ 2r»E 
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If the quantity v^EIxb^ is eliminated between these two equa- 
tions, the result becomes, 



If a straight line is drawn through any point S on the Y axis 
and tangent to Euler’s curve, the ordinate of the point of tan- 
gency is one-third of S. 

The relation just derived is true for any value of S and for 
Euler’s curve with any factor of safety, but in order to have a 
consistent column formula, the factor of safety of S and the 
Euler curve should be the same. 

If the value of S is 16,000, ya becomes 16,000/3 or 5,333. If 
this value is substituted in Euler’s equation, y = ir*E/2.25a:*, it 
becomes, 

c ooo _ 9-87 X 29,000,000 
2 . 252 !^=“ 

Xb^ = 23,800. 

Xa — 154. 

The slope of the straight-line curve is given by the expression. 


8 -ya 10,667 

Xa 154 


-69.3. 


The straight-line equation then becomes, 

j = 16,000 - 69.3j- 


PROBLEMS 


1 . Check the equation P/A = 18,000 — 78Z/fc by the algebraic method. 

2 . Derive the straight-line formula with a factor of safety of 2.5. 

Atu. j = 14,400 - 62.4^- 


, 3. For steel with a yield point of 36,000 Ib./in.*, the American Bridge 
Company used the formula P/A ^ 20,000 — 70l/k in the design of the 
Southern Pacific Railroad bridge across Suisun Bay near San Francisco. 
Determine the factor of safety of the Euler curve to which it is tangent. 

Ans. 1.18. 


120. Limits for the Use of Straight-line Formulas. — Due to 
the unknown effect of unavoidable eccentric loading on columns 
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which have a small slenderness ratio, it is quite general practice 
to specify as a maximum unit load, a value less than the value of 
S in the column formula. The Chicago Building Laws specify 
the formula 

j = 16,000 - 70^, 

for values of l/k between 30 and 150. For values of l/k below 
30, a maximum value of 14,000 for P/A is specified. 

If a straight-line curve is tangent to Euler^s curve, it should 
not be used for values of l/k much higher than the point of 
tangency. That is, if the computed value of P/A is less than 
S/3, the result should not be used, but another computation 
should be made with Euler^s curve or with some Kankine curve 
which is valid for that value of l/k. 

If a straight-line curve has no relation to Euler^s curve, the 
two should be plotted on the same diagram to determine the 
range of values for which the formula may be considered valid. 

All of the straight-line formulas have been derived for round- 
end or pin-end conditions, but, as was stated in Art. 114, it is 
becoming common practice to consider square-end and fixed-end 
columns as no stronger than pin-end columns on account of the 
unknown eccentric loading. The straight-line formulas are used, 
therefore, with columns of any end conditions. 

PROBLEMS 

1. By means of the formula Fj A — 16,000 — 70?/A;, compute the allow- 
able load on a steel column 4 in. in diameter and 20 ft. long. Explain the 
result. 

2. Estimate the limits of the value of Ijh for which the formula P/A 
20,000 — 70//fc should be used for columns made of medium structural 
steel with a yield point of 36,000 lb. /in.*. 

121. Investigation of Colux^s by Straight-line Formulas. — 

The investigation of a column by means of any straight-line 
formula is a very simple computation. If the largest value* of 
the slenderness ratio l/k for the column is substituted in the 
formula, the allowable unit load P/A is obtained. If the curve 
is plotted on a diagram, the value of the unit load may be read 
off directly from the curve for the given value of l/k. The 
product of the unit load and the area of the cross section gives 
the total safe load on the column. 
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PROBLEMS 

1 . Compute the total safe load on a steel column 4 in. in diameter and 
8 ft. long by means of the formula P/A = 16,000 - 70l/k, 

Ans, 116,700 lb. 

2. Compute the safe load on a 12-in. 31.8-lb. I-beam 12 ft. long used as a 
column, by means of the formula P/A = 18,000 — 7Sl/k, 

Ans. 63,700 lb. 

3. Compute .the safe load on an angle section 6 by 6 by 1 in. and 10 ft. 
long, used as a column, by means of the formula P/A = 16,000 — 70l/h 

Ans. 96,360 lb. 

4. The cross-section area of a 16-in. Bethlehem H-column with two 20- 
by 3-in. flange plates is 226.86 sq. in., and the least radius of gyration is 
5.11 in. By means of the formula P/A = 18,000 — 701 /k, compute the 
total safe load on this column for lengths of 20 ft. and 40 ft. 

Ans. 3,338,000 lb. ; 2,592,000 lb. 

5. A column 40 ft. long is composed of two 15-in. 45-lb. channels spaced 
9.764 in. back to back, and two cover plates, each 18 by 2 in. Compute the 
total safe load by means of the formula P/A — 30,000 — 105^/ifc. 

Ans. 2,026,700 lb. 

122. Design of Coliunns by Straight-line Formulas. — In 

using a straight-line formula to determine the size of a column 
of circular, square, or other regular-sided cross section to carry 
a given load, a simple quadratic in some dimension of the cross 
section is obtained. 

As in the case of Rankine's formula, in determining the size of 
a column built of rolled structural shapes, the method of trial is 
the simplest. A column is selected by estimation, or, if available, 
from a table of safe loads computed by any other column formula. 
Computation by the required formula will show whether the 
column selected is the proper size or not. 

EXAMPLE 1 

By means of the formula P/A = 16,000 — 70l/k, compute the size of a 
square steel column 15 ft. long to carry a load of 400,000 lb. 

Solution. — ^Let h represent the length of one side of the cross section. 

= 16,000 - 

0* o 

4000 = 16062 - 436.56. 

6 = 6.54 in. 


The radius of gyration k = 6.54/3.464 = 1.89 in. The slenderness ratio 
Z/jfe = 180/1.89 * 96. This value is within the limits for which this formula 
is valid. 



Abt. 122] STRAIOHT--LINE COLUMN FORMULA 


249 


EXAMPLE 2 

By means of the formula P/A = 18,000 — 701/A;, select an H-column 40 ft. 
long to carry a load of 1,230,000 lb. 

SoliUion. — In the Handbook of the American Institute of Steel Construc- 
tion, the lightest H-column which will carry this load is one weighing 384 
lb. /ft. It has a cross-section area of 112.93 sq. in., its least radius of gyration 
is 4.29 in., and it will carry 1,234,000 lb., computed by the formula of the 
American Institute of Steel Construction. By the given formula, 

P = 112.93^18,000 - 70 X ^ = 1,147,000 lb. 

This amount lacks 83,000 lb., so the next selection will be a column which 
will carry at least 1,234,000 + 83,000 = 1,317,000 lb. This is one weighing 
412 lb. per linear ft. It has a cross section of 121.15 sq. in., its least radius 
of gyration is 4.32 in., and it will carry 1,334,000 lb. by the formula of the 
American Institute of Steel Construction. By the required formula, 

P = 121.15^18,000 - 70;^^ = 1,238,5001b. 

This column is satisfactory. 

PROBLEMS 

1 . By means of the formula P/A = 16,000 — 70l/k, compute the diame- 
ter of a solid circular steel column 10 ft. long to carry a load of 200,000 lb. 

Arts. 5.17 in. 

2. If the column to carry the load given in Problem 1 is to be hollow, with 

the inside diameter three-fourths of the outside diameter, how much lighter 
is it than the solid column? Arts. 154 lb. 

3* Select a Carnegie-beam section 32 ft. long to be used as a column to 
carry a load of 500,000 lb. in accordance with the formula P/A - 15,000 — 
Qbl/k. Arts. 14-in. 193-lb. beam. 

4 . By means of the formula P/A — 18,000 — 7Sl/ky determine the size 
of a single rolled-angle column 8 ft. long to carry a load of 60,000 lb. 

Arts. 6- by 6- by 3^-in. angle. 

6. By means of the formula P/A - 18,000 — 70Z/A;, select a column 40 ft. 
long composed of two channels and one cover plate to carry a load of 
750,000 lb. 

Arts. Two 15-in. 45-lb. channels, 12 in. back to back, and one 20- by 
11^6-in. plate. 

6. By means of the formula P/A - 18,000 — 7Sl/ky select a wide flange 
H-column 50 ft. long with two flange plates to carry a load of 2,000,000 lb. 

Arts. 14-in. 320-lb. core section with two plates each 22 by 2^ in. 
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123. Timber Columns. — Prior to 1927, several technical 
organizations, including the American Society for Testing 
Materials and the American Railway Engineering Association, 
cooperated with the Forest Products Laboratory of the U. S. 
Forest Service in a series of comprehensive tests upon timber to 
determine its properties and safe working stresses. In accord- 
ance with the results of their tests, these organizations recom- 
mend a fourth-power parabola for columns of intermediate 
length. This curve passes through point S on the P/A axis 
and is very flat for low values of the slenderness ratio, but curves 
sharply to become tangent to Euler^s curve at a point for which 
P/ A is two-thirds of S. The formula is given in terms of the 
least dimension d of the column: 


P 

A 



The quantity S is the allowable compressive stress for short 
blocks parallel to the grain. The quantity X is a constant for 
any grade and species of timber, and is the value of the quantity 
l/d at the point where the parabola is tangent to Euler's curve 
(see Table V for values of S and X). For any grade and species 
of timber. 




The Forest Products Laboratory formula has been adopted by 
the Building Code Committee of the U. S. Department of 
Commerce and by the National Lumber Manufacturer's Asso- 
ciation, so it is. the most authoritative timber column formula 
in use at present. 

Commercial timber is divided into two grades, select and 
common, the allowable stresses for the common grade being 
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80 per cent of the values for the select grade for most species. 
Three conditions of exposure are recognized; (1) dry, as in 
ordinary buildings; (2) occasionally wet but soon dried, as in 
railway trestles, bridges, and towers; (3) continually damp or 
wet, as in packing plants, docks, and posts in soil. For condi- 
tions (2) and (3), the allowable stresses are reduced by amounts 
varying from 12)^ to 33)^ per cent, depending upon the species 
of timber and the degree of exposure. 
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Fig. 171. 


In Fig. 171 is shown Euler\s curve for select oak columns in 
dry locations, with a factor of safety of 3. Its equation is 

P 



Curve 6 is the Forest Products Laboratory equation for oak 
columns, drawn through the point S = 1000 and tangent to 
Euler’s curve at point B where P/A = 667 and l/d is about 25. 
The Forest Products Laboratory formula is to be used for values 
of l/d between 0 and 25; Euler’s formula is to be used for values 
between 25 and 50. Values of l/d greater than 50 are not 
permitted. 

In terms of the least radius of gyration, the Forest Products 
Laboratory formula for rectangular oak columns becomes 
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A 164,000,OOoQ 

This curve is shown plotted from point S to point Fig. 172. 
Curve a is Euler’s curve in terms of the least radius of gyration 
kj with a factor of safety of 3. Its equation is 


p Tm 



For west-coast Douglas fir and for southern pine, the value 
of E is 1,600,000 pounds per square inch and the formula for 



rectangular columns of select timber in dry locations becomes 

I = 117^1 ^ 1 

A 136,000,000 

For west-coast hemlock, the value of E is 1,400,000 and the 
formula for rectangular columns becomes 

A 177,000,000 

For spruce and Rocky Mountain Douglas fir, the value of E is 
1,200,000 and the formula for rectangular columns is 

j = 800 |^l - 104 . 000 , oOo(fc) ]■ 

The formulas for other species of timber may be computed from 
the values given in Table V. For complete data for modification 




Art. 124] 


COLUMNS IN GENERAL 


253 


of these formulas for grade of timber and condition of exposure, 
see the ^^Book of Standards,^' 1927, Part II, of the American 
Society for Testing Materials. 


PROBLEMS 

1 . Compute the size of a square southern-pine column 16 ft. long to cany 

a load of 300,000 lb. Am. 16.1 in. 

2 . Compute the total safe load on an oak column 6 by 10 in. in cross 
section, for lengths of 10 ft. and 20 ft. Am. 61,500 lb.; 15^400 lb. 

3 . Derive the Forest Products Laboratory formula in terms of the slender- 
ness ratio l/k for redwood timber columns of rectangular cross section, 
select grade, in dry locations. Use E = 1,200,000 lb. /in.*. 


Am. 


= 1000 


l'- 


m 


A 105,200,000\ 

4 . Compute the size of a square redwood column 30 ft. long to carry a 
load of 250,000 lb. Am. 17.9 in. 

6. Solve Problem 4 for a length of 60 ft. Am. 25.1 in. 

6 . Derive the Forest Products Laboratory formula in terms of the slender- 
ness ratio l/k for spruce columns of circular cross section, select grade, in dry 

“ 292,250,(mik) 


locations. 


Am. 


124. Cast-iron Columns. — Euler’s column formula applies to 
cast-iron columns for which the slenderness ratio is large, but on 
account of the brittle nature of ordinary cast-iron, such slender 
columns are rarely used. For cast-iron columns with values 
of the slenderness ratio l/k below 100, the following Rankine 
formula has been used. 


P 

A 


10,000 


1 + 


1 


12,800 


©■ 


The Building Code Committee of the U. S. Department of 
Commerce in their Report BH9, 1926, for values of l/k below 90, 
recommend the straight-line formula, 

~ = 9000 - 40^- 

For values of l/k between 90 and 120, they recommend the 
formula. 


j = 6000 ,- 27^. 



254 


' [Chap. XVI 


STRENGTH OF MATERIALS 
PROBLEMS 

1. By means of the Rankine formula given above, compute the safe load 

on a cast-iron column 12 in. outside diameter, 10 in. inside diameter, and 
20 ft. long. Ans, 267,000 lb. 

2 . By means of the Rankine formula given above, compute the size of a 
square cast-iron column 8 ft. long to carry a load of 80,000 lb. 

An8. 3.64 in. 

3. By means of the straight-line formula given above, compute the safe 
load on a' cast-iron column 15 in. in diameter and 18 ft. long. 

Ans. 1,183,0001b. 

4 . A hollow circular cast-iron column 25 ft. long to carry a load of 

1,600,000 lb. is to have the inside diameter four-fifths of the outside diame- 
ter. By means of the straight-line formula given above, compute the out- 
side diameter. Ans. 27.28 in. 

125. Concrete Columns. — Concrete columns are not designed 
by a column formula, but a maximum value of the ratio of the 
length I to the least lateral dimension d is usually specified. The 
maximum allowable value of l/d is usually 15. For a circular 
column, this corresponds to a value of 60 for the slenderness ratio. 
For a square column, it corresponds to a value of 52. 

For plain concrete columns, the building codes of many cities 
also specify an allowable value of the unit stress in the concrete 
lower than the value of 650 pounds per square inch, the value 
which is commonly allowed in bearing and in flexure. 

For concrete columns which are reinforced with longitudinal 
bars, the code of the American Society of Civil Engineers permits 
the following increase of load. If P is the total load. Sc the 
allowable compressive stress in the concrete. As the area of the 
steel, and n the ratio of the moduli of elasticity, the allowable 
load P is given by the expression, 

P = Sc(Ac + nA«). 

For columns reinforced with hoop or spiral reinforcement 
only, a higher value of Sc than that for plain concrete is commonly 
permitted. 


PROBLEMS 

1. Circular concrete columns 10 ft. high and spaced 16 ft. apart each way, 
are to support a f oor load of 600 lb. /ft.* of floor area, with an allowable 
value of Se = 650 lb. /in.*. Compute the size of the columns. 

Ans. 17.4 in. 
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2. A square concrete column 25 ft. high is to support a load of 220,000 lb. 

with an allowable value of Sc = 650 lb. /in.*. Compute the size of the 
column. Ana. 20 in. 

3. A concrete column 20 in. in diameter and 15 ft. high is to be reinforced 

with longitudinal steel rods each 1 in. square. If the allowable value of Se 
is 600 Ib./in.*, and n = 15, how many steel rods will be needed so that the 
column will carry a load of 280,000 lb.? Aws. 11. 

126. Column Action in Webs of I-beams and Girders. — It 

was shown in Art. 18 that in a beam which is subjected to vertical 
shearing stresses, the direct vertical shear and the induced 
horizontal shear together develop diagonal compressive and 
tensile stresses of equal unit intensity with the shear. These 



Fio. 173. 


stresses act in directions at 45° with the planes of the shear 
and at 90° with each other, 'in plate girders and rolled beams, 
these tensile stresses tend to keep the webs straight, but the 
compressive stresses tend to buckle them. 

Figure 173(a) represents an end view and Fig. 173(b) a partial 
side view of a plate girder. If V is the total vertical shear at 
any section, t the thickness of the web, and h its depth, the unit 
diagonal compressive stress is 



If d is the clear distance between the flange angles, the total 
length of the fixed-end diagonal column upon which the unit 
load Sc is acting is I == 1.414(i, or the length of the sine curve 
is Zi = 0.707d. 

If stiffeners are not provided and if the ratio d/t exceeds certain 
limits, the allowable value of Sc must be reduced in accordance 
with some column formula. If it is desired to develop the full 
amount of the allowable shearing stress, stiffeners must be 
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provided at proper intervals. Stiffeners usually consist of pairs 
of vertical angles riveted to the web of the beam or girder. In 
some cases the stiffener angles have been replaced by plates 
welded to the web with their longer axes normal to the web. 

The column formula used by the American Institute of Steel 
Construction is a Rankine formula in terms of d and and is 
derived as follows. Since experiments have shown that until the 
ratio d/t exceeds 60 there is no danger of column buckling in the 


web, the formula has the general form, ™ 




and 


passes through the two points (0, 18,000) and (60, 12,000) in the 
P/A, d/t diagram. The value of 12,000 is the allowable unit 
stress in shear. If the value of 12,000 is substituted for P/A and 
60 for d/t, the formula becomes 


12,000 = 
K = 


18,000 

1 + A(3600)‘ 
1 

7200' 


With this value of K in the formula above, it becomes 


P 

A 


18,#00 


1 + 


-(-Y 

7200\tJ 


as given in Table XVI. In the web of the beam the load P is 
the vertical shear V, so the formula may be written. 


V 

A 


18,000 


1 + 


1 


7200' 


dV 

tj 


If this expression is solved for d, it becomes 



The quantity d in this equation is. the maximum allowable clear 
distance between flanges if no stiffeners are used. If the clear 
distance between flanges is made to exceed this value of d and 
stiffeners are used, this equation gives the maximum allowable 
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distance between stiffeners, but in no case should this distance 
exceed 6 feet. 

For the same reduction, the column formula recommended by 
the Building Code Committee, U. S. Department of Commerce, 
for steel passing the specifications of the American Society for 
Testing Materials is a straight-line formula, 

V d 

j = 15,000 - 70®* 


See Table XV. The maximum allowable value of V/A is 12,000, 
so this formula is used for values of d/t above 43. 

Stiffeners are usually required on the webs of plate girders and 
rolled beams at all points where 
there are concentrated loads or 
reactions and must be of suf- 
ficient size to transmit the load 
or reaction to the web. For 
all standard rolled beams, the 
ratio d/t is less than 60, so there 
is no danger of diagonal column 
failure due to the compression 
resulting from the direct and 
induced shear. There is direct vertical compression in the web 
above the reaction, however, and if no stiffeners are provided the 
unit load in the web must be reduced by the column formula 


It I 

1 1 

1 

1 

\± ! 

1 

1 

* <-. I 

1 

1 


( 01 ) 


h-a-H 


(b) 


Fig. 174. 


P 

A 


18,000 


1 + 


1 


18 , 000 VA:. 


The same requirement holds true for plate girders with no end 
stiffeners. 

The web of the beam is considered as a vertical column with 
fixed ends, so that h of the column formula, becomes d/2, as shown 
in Fig. 174. Since this formula in terms of d and t 

becomes 


P 

A 


18,000 


1 + 


dV 


6000V < 


The maximum allowable value of P/A is 15,000. 
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In accordance with the results of tests, the length of web 
resisting buckling is assumed to be the length of bearing a on 
Che wall plate plus one-fourth of the depth of the beam. The 
cross-section area of the column is then 

EXAMPLE 1 

A plate girder consists of a web plate 48 by % in. and four flange angles 
each 6 by 6 by 3^ in., spaced 48.5 in. back to back, with the rivets 3K in. 
from the back. Using the formula of the American Institute of Steel 
Construction, compute the maximum allowable end reaction both without 
stiffener angles and with stiffener angles. Compute the maximum allowable 
distance between stiffeners at the ends of the girder. 

Solution. — The distance between rivet lines is 41.5 in., so the effective 
area of the web is 41.5 X 0.375 = 15.56 sq; in. The unsupported height 
of the web between flange angles is 36.5 in. If no stiffener angles are used 
at the end, the average unit shearing stress Sa must not exceed V j A of the 
column formula. 

V _ 18,000 

A 36.5 X 36.5 

7200 X 0.375 X 0:375 

2 = 7770 lb./in.2. 

V = 15.56 X 7770 = 121,000 lb. 

If stiffener angles are used, the allowable average unit shearing stress in 
the web is 12,000 lb. /in.*. 

V = 15.56 X 12,000 = 186,700 lb. 

The maximum distance between stiffeners at the end of the girder is 

d = 85 X 0.375.^11^ -1=22.5 in. 

EXAMPLE 2 

A 24-in. 79.9-lb. I-beam rests on a 3.5-in. bearing plate at each end. 
Compute the maximum allowable end reaction if no stiffeners are used. 
Compute the maximum web fhear V. Compute the length of bearing to 
develop the maximum end reaction V. 

Solution. — For the unsupported web, 

* - J 24 

6000 X 0.-5 X 0.5 

A = = 0.5 X 9.5 = 4.75 sq. in. 

R =ScA = 13,010 X 4.75 - 61,800 lb. 
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The maximum web shear is 

7 = 24 X 0.5 X 12,000 = 144,000 lb. 

The length of bearing a to develop an end reaction of 144,000 lb. is given by 

13,010 X 0.5(a + 6) = 144,000. 

a = 16.2 in. 

Instead of an increased length of bearing, stiffener angles could be used in 
order to develop the full amount of the shear V. 

PROBLEMS 

1 . A plate girder consists of a web plate 72 by in., four flange angles 
8 by 6 by 1 in., and two flange plates 18 by 1 in. The 6-in. legs are riveted 
to the web with one row of rivets 3.5 in. from the backs of the angles, and 
the 8-in. legs are spaced 72.5 in. back to back. Using the formula of the 
American Institute of Steel Construction, computoithe maximum allowable 
end reaction with no stiffener angles. If the allowable unit stress in flexure 
is 18,000 Ib./in.'*, compute the miniifium length in which the full flexural 
stress may be developed by a load at the middle without causing excessive 
buckling stresses in the web. Rivet holes arc drilled in. in diameter. 

Ans. 194,000 1b.; 46.4 ft. 

2 . Solve Problem 1 if stiffener angles -are used. 

Ans, 393,0001b.; 22.9 ft. 

3 . A 20-in. 65.4-lb. I-beam rests on a 3H-in. bearing plate at each end. 
Compute the maximum allowable end reaction if no stiffener angles are 
used. If stiffener angles are used so that the total amount of the end shear 
V may be developed, compute the minimum length in which the full flexural 
stress of 18,000 lb. /in.* may be developed by a uniformly distributed load 
without causing excessive buckling stresses in the web. 

Ans, 60,400 lb.; 5.85 ft. 

4 . By means of the straight-line formula of the Building Code Committee, 

solve for the maximum end reaction of the girder described in Problem 1, 
if no stiffener angles are used. If the allowable unit stress in flexure is 
18,000 lb. /in.*, compute the minimum length in which the full flexural stress 
may be developed by a uniformly distributed load without causing excessive 
buckling stresses in the web. Ans. 214,000 lb.; 84 ft. 

127. Column Action in Compression Flanges of Beams. — 

The compression flange of an I-beam, channel beam, or plate 
girder is subjected to axial compression, and acts to some extent 
as a column. The action differs from true column action in 
the fact that at any section the stress varies from a maximum 
value at the outer fiber to a lesser value near the web, and also in 
the fact that except in beams of uniform moment, the stress varies 
from zero at one section to a maximum value at another along the 
flange. 
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On account of these variations from true column action, slightly 
larger values of the unit load P/ A are permitted. If beams are 
unsupported laterally, the allowable unit stress must be reduced 
according to some column formula. If it is desired that the full 
value of the compressive stress equal to the allowable tensile 
stress be developed, lateral supports must be provided at proper 
intervals. 

The column formula specified by the American Institute of 
Steel Construction is a Rankine formula, 


P 

A 


20,000 


1 + 


(see Table XVI). 


The length I is the unsupported length and b is the width of the 
compression flange. The derivation of this formula is similar to 
that of the formula for diagonal compression in the web of a beam, 
as given in Art. 126. The value of the allowable compressive 
stress is 18,000 and the maximum value of l/b for which no reduc- 
tion is necessary has been found by practice over many years to 
be about 15. On account of the partial column action, the 
larger value of 20,000 is used in the numerator. This equation 
is the equation of the Rankine curve passing through the two 
points (0, 20,000) and (15, 18,000) in the P/A, l/b diagram. 
Values of l/b in excess of 40 are not allowed. 

For steel passing the specifications of the American Society for 
Testing Materials, the Building Code Committee of the U. S. 
Department of Commerce recommends a straight-line formula 
for the same reduction between the same limits of l/b. 

j = 22,000 - 270g (see Table XV). 


If l/b = 15, the value of P/A is 18,000. 


EXAMPLE 

By meanis of the formula of the American Institute of Steel Construction, 
compute the allowable flexural stress in the compression flange of an 18-in. 
54.7-H)- I-beam 20 ft. long supported at the ends and loaded with a uniformly 
distributed load, with no lateral support. Compute the number of lateral 
supports if a compressive stress of 18,000 lb. /in.* is to be developed. 

Solution. — I = 240; 6 = 6. With no lateral supports, the allowable unit 
stress is 
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„ _ P _ 20,000 

* A 240 X 240 

2000 X 36 


11,100 Ib./in.*. 


If the beam is to be supported laterally so that a stress of 18,000 lb. /in.* 
may be developed, the length I must not exceed 156, or 90 in. For sym- 
metry, there should be four supports, one at each end and one at a point 
80 in. from each end. 


PROBLEMS 

1 . By means of the formula of the American Institute of Steel Construc- 

tion, compute the allowable flexural stress in the compression flange of a 
12-in. 31.8-lb. I-beam 20 ft. long supported at the ends and loaded with a 
uniformly distributed load, if it has no lateral support. Compute also the 
number of lateral supports if the full compressive stress of 18,000 lb. /in.* is 
to be developed. Ans. 9300 lb. /in.*; five. 

2. Solve Problem 1 by means of the straight-line formula of the Building 

Code Committee. Ans. 9040 lb. /in.*; five. 

3. A 6-in. 12.5-lb. I-beam 24 ft. long, supported at the ends and loaded 
with a uniformly distributed load has lateral supports at the ends and at 
each 6-ft. point along the beam. Compute the allowable stress in com- 
pression and the total allowable load on the beam, including its own weight, 
by means of the formula of the American Institute of 
Steel Construction. Ans. 16,200 Ib./in.*; 3285 lb. 


128. Eccentric Loads on Columns. — If the 

load on a column is eccentric, the allowable 
unit load as determined by any column formula 
must be still further reduced by the amount 
Wecjl. W is the amount of the eccentric load 
and e is the amount of its eccentricity. Fig- 
ure 175 represents a common method of 
applying load to a column by means of a 
bracket. The allowable unit load P/A must 
equal or exceed the value {Wi + W)/A + Wec/l. Wi is the 
direct axial load, W is the eccentric load, and A is the area of 
the cross section of the column. 



Fig. 175. 


EXAMPLE 

A column of southern pine of select grade is 6 in. square and 12 ft. long, 
and carries an axial load of 8000 lb. By means of the formula given in 
Art. 123, compute the additional load, eccentric 4 in., which can be applied 
to the column. 

Solviion: 

A “ " 136,000,000 X 9 ) “ 
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_ 8000 + TV TV X 4 X 3 X 12 
36 36 X 36 

TV = 3890 lb. 

PROBLEMS 

1 . With an axial load of 2000 lb., compute the additional load eccentric 
3 in. which can be applied to the column described in the example above. 

Ans. 6360 lb. 

2 . The column shown in Fig. 175 is 20 ft. long and consists of a web plate 
14 by H in., four angles each 6 by 4 by Jfe in., and two flange plates each 
14 by ^ in. The 4-in. legs of the angles are riveted to the web plate and 
the 6-in. fegs are spaced 14.5 in. back to back. The column carries an axial 
load of 150,000 lb. By means of the formula P/A = 16,000 — 70 Z/fc, 
compute the load TV, eccentric 10% in., which can be applied in addition. 

Ans, 96,650 lb. 

3 . Compute the total load the column described in Problem 2 will carry 

if it has no eccentricity. Assuming that the 150,000 lb. remains axial, 
compute the eccentricity along the web that the remaining part of the load 
may have safely. Ans, 343,000 lb.; 2.6 in. 

4 . Compute the diameter of a circular steel column 15 ft. long to carry 
a load of 72,000 lb. applied with an eccentricity of 3 in., by means of the 
formula of the American Institute of Steel Construction. Ans, 6.41 in. 
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129. Derivation of Area Moment Equations. — The method of 
obtaining the deflections of a beam by means of the moment of the 
area of the moment diagram has decided advantages in certain 
cases. The fundamental equations for this method will, there- 
fore, be derived here and their application to a few cases will be 
shown. 

It was shown in Art. 58 that the moment M at any point in a 
beam is equal to the product of El and the second derivative of y 
with respect to M being positive if the beam is concave upward, 
X being positive to the right, and y positive upward. 



If the moment of inertia / is a constant, 

“Ks) ■ 


The quantity 



if integrated between the limits dy/dx at 


A, Fig. 176, and dy/dx at B, becomes the change in slope of the 
elastic curve between A and B, 

If 6 is the angle between the tangent to the elastic curve at A 


and that at B, the expression El 



becomes El By the 


angle 6 being so small that tan B may be taken as equal to B with 
no appreciable error.' 

It will be seen in the moment diagram, Fig. 176, that the 
quantity Mdx is the differential area of the moment diagram. 
If the quantity Mdx is integrated between the limits Xa and Xb, 


263 
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it will, therefore, give the area ABCD. 

El 6 = area ABCD. 

The area of the moment diagram between any two points is equal 
to El times the change in slope of the elastic curve between those 
two points. 

If the slope at the fixed end of a cantilever beam is zero, the 
slope at the free end is equal to \/EI times the entire area of the 

moment diagram. 

In case the moment of inertia 
I is npt constant, the expres- 
sion becomes, 

.p(i) . j>. 

In this case, the M /I diagram 
must be plotted instead of the 
m moment diagram. Then the 

area of the M/I diagram be- 
tween any two points is equal to E times the change in slope 
of the elastic curve between those two points. 

Referring again to the case in which the moment of inertia I is 
constant, 

EId{^ = Mdx. 

Since dy/dx is tan B and since, for small angles, tan B may be taken 
as equal to 0, 

EldB = Mdx. 

The deflection y' of the point A from the tangent at B is 

2/' = Jdy = J{x - XA)dB.. 

Ely' = r\x ~ XA)EIdB. 

Ely' = f^^(x — xj/)Mdx\ 

The quantity Mdx is the area of the differential strip of the 
moment diagram. The quantity (a: - Xji)Mdx is the moment of 




Art. 130 ] DEFLECTION OF BEAMS 265 

this diflerential area with respect to the point A . The quantity 

— XA)Mdx 

JXA 

is, therefore, the moment of the area of the moment diagram 
between A and B with respect to point A. 

The moment of the area of the moment diagram between any two 
points A and B with respect to point A is equal to El times the 
deflection of point A from the tangent at point B. 

If point A is at the free end of a cantilever beam and point 
B is at the fixed end, the deflection y of the free end from the 
tangent at the fixed end is equal to If El times the moment of the 
area of the moment diagram with, respect to the free end. 


P 



130. Cantilever Beam with Concentrated Load at the Free 

End. — Figure 177 represents a cantilever beam of length I with 
a load P at the free end. Below the beam the moment diagram 
is drawn to scale. The moment diagram is a triangle and its 
area is — PF/2. By the first principle derived in Art. 129, the 
area of the moment diagram times 1/EI when added to the slope 
6 of the elastic curve at the free end will give the slope at the 
fixed end. Since the slope at the fixed end is 0, and the area of 
the moment diagram is negative, 


6 = 


Pl^ 
2EI 

2EI 


= 0 . 


At any point A on the beam, the slope Oa with respect to the 
fixed end is equal to 1/EI times the area of the trapezoid between 
A and the fixed end. 



266 


STRENGTH OF MATERIALS 


[Chap. XVII 


The change in slope between the free end and point A is given by 
the quantity \/ El times the area of the triangle between A 
and the end. 



By the second principle derived in Art. 129, the deflection yi 
of the free end of the cantilever from the tangent at the fixed 
end, is given by the quantity 1 /El times the moment of the area 
of the moment diagram with respect to the free end. The 
distance of the centroid of the triangle from the vertex is %l 
and the area of the triangle is —Pl^/2. Therefore, 


2/1 = 
2/1 == 


“ 2 
ZEI 


^ 3^ ^ El 


The deflection y of any point ^4 is given by the quantity \/EI 
times the moment of the area of tlie trapezoid with respect to A . 
The dotted line divides the trapezoid into two triangles. Then 


y = 
y = 


Px _ PI 

Mi ^ ‘ ”3 " 2Ei 

+ 2P). 


X - xy. 


The equation just derived is the equation of the clastic curve of 
the beam. 


PROBLEMS 


1 . Compute the slope and the deflection at the middle of a cantilever 
beam of length I with a load P at the free end. 


Ans. 


8 £/’*' 48 £:/' 


2 . A wooden cantilever beam is 6 in. wide, 16 in. deep, and 10 ft. long. 
Compute the load at the free end which will cause a deflection of ^ in. if 
the value of E is 1,500,000 Ib./in.^ Am. 4000 lb. 

8. If the allowable stress in the beam described in Problem 2 is 1400 
lb. /in.*, what will be the amount of the slope and the deflection at the end 
when the beam is loaded to its allowable value? Am. 0.007; 0.56 in. 

4 . Locate the point on a beam of length I for which the deflection is one- 
half of the amount that it is at the end. Am, 0.3472. 
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6. A 5-in. 10-lb. I-beam 10 ft. long is used as a cantilever, li E — 
29,000,000 lb. /in.*, what load at the free end will cause a deflection of 0.3 in. 
at a point 4 ft. from the free end? Ans. 423 lb. 

131. Cantilever Beam with Concentrated Load at Any Point. — 

Figure 178 represents a cantilever beam of length I with a load P 
at a distance of a from the free end and b from the fixed end. 

P 



The area of the moment diagram is —Pb^/2, so the slope of the 
beam under the load and from there to the free end is, 


e 


Pb^ 


~ 2EI 


The distance of the centroid of the triangle from the free 
end of the beam is a + ^b, so the deflection at the end is. 



If there are several concentrated loads on a beam, the slope 
and the deflection at any point due to each load may be obtained 
separately. The total slope is the sum of all of the separate 
slopes and the total deflection is the sum of all of the separate 
deflections. 


PROBLEMS 

1 . A steel shaft 2 in. in diameter and 30 in. long is fixed at one end and 
carries a load of 400 lb. at a point 10 in. from the frefe end. Compute the 
slope and the deflection at the free end if = 30,000,000 lb. /in.*. 

Ans. 0.00339; 0.0792 in. 

2 . If the load on the beam described in Problem 1 is a movable load, how 
far from the free end must it be placed to cause a deflection of 0.1 in. at the 
free end? 
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3. A wooden cantilever beam 8 in. wide, 2 in. deep, and 6 ft. long has a 
load of 100 lb. at the middle. What additional load may be applied at the 
free end if the limiting deflection at the free end is 1 in. and E = 1,500,000 
lb./in.»? Ans. 33 lb. 

132. Cantilever Beam with Uniformly Distributed Load. — 

Figure 179 represents a cantilever beam of length I with a uni- 
formly distributed load of w per linear unit. The moment curve 
is a parabola and the area enclosed by the axis and the curve is 
equal to one-third of the circumscribing parallelogram, —wPf2 X 
Z/3, or —wP/Q, 


w per unit 



Since the slope of the beam at the fixed end is zero, and since 
the quantity —wl^/&EI added to B must equal zero, 


%EI 


e= 


wl^ 

Ml' 


The centroid of the area of the moment diagram is located at 
a point from the vertex, so the moment of the area with 
respect to the vertex is —wl^/Q X SI/ 4:. 

wl^ 

8El' 


The deflection 2 / at A is given by the quantity I /El times the 
moment with respect to point Aj of the area of the moment dia- 
gram to the right of A. The moment of this area is obtained by 
subtracting the moment of the area to the left of A from the 
moment of the total area. The distance of the centroid of the 
total area from point A is — x, and that of the area on 
the left of A is —x/i. 
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1 / wP\fZ, N 1 / wx^\f x\ 

» - III, - t){^‘ -V-w(- t A" ij- 

w / . l^x 

^ ~ Ei\ 8'^~6 M/ 

The expression just derived is the equation of the elastic curve 
of the beam. 


PROBLEMS 

1 . Steel reinforcing bars 1 in. square and 30 ft. long are balanced at the 

middle. Compute the distance the ends deflect below the level of the 
middle, if j& = 29,000,000 Ib./in.^ Ans. 15.4 in. 

2. A wooden cantilever beam 4 in. wide, 12 in. deep, and 8 ft. long carries 

a uniformly distributed load sufficient to cause a maximum flexural stress 
of 1250 lb. /in.*. Using E - 1,500,000 lb. /in.*, compute the deflection at 
the end. » Afis. 0.32 in. 

3 . An 8-in. 18.4-lb. I-beam 10 ft. long used as a cantilever beam carries 

a total uniformly distributed load of 4620 lb. including its own weight. 
Using E as 29,000,000 lb. /in.*, compute the slope and the deflection at the 
free end. Ans. 0.00673; 0.605 in. 

133. Cantilever Beam with Uniformly Distributed Load over 
Part of Beam. — Figure 180 represents a cantilever beam of length 



I loaded with a uniformly distributed load of w per linear unit 
over a length of b from the fixed end, the remaining length a 
having no load. The area of the moment diagram is — wb^/6, so 
the slope at the end of the load and from there to the end of the 
beam is, 

_ wb^ 

® 8EI' 

The distance from the free end of the beam to the centroid 
of the area of the moment diagram is o + ^ib. The deflection 
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of the free end of the beam below the level of the fixed end is, 
therefore, 


wb^ I 


Figure 181 represents a cantilever beam of length I loaded with 
a uniformly distributed load of w per unit over a length of a from 
the free end, the remaining length of b having no load. The 
area of the moment diagram for the length a is and that 

wperumr 



~wa(&+b) 


for the remaining length b is —wabll2. The slope of the beam at 
the right end of the load is, therefore, 

- wabl 

^ = m’ 

and that at the free end of the beam is, 

wabl 


2EI 


wa^ 

W 


The deflection of the beam at the right end of the load is, 

y - - + 4f). ' 

The deflection at the end of the beam is, 

yi= - ^(3a’ + I2a^b + 18ab^ + 86»). 


PROBLEMS 

1. Compute the slope and the deflection at the end of the beam shown in 
Fig. 180 if o and 6 are equal. Ant. 8 = y, = “ ggi 
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2. Compute the slope and the deflection at the end of the beam shown in 

7 41 

Fig. 181 if a and b are equal. Ans. = ~ 

3. A wooden cantilever beam 4 in. wide, 10 in. deep, and 12 ft. long carries 

a load of 200 lb. per linear ft. over a length of 8 ft. from the free end. Using 
E as 1,500,000 Ib./in.^ compute the deflection of the free end due to the 
superimposed load. Ans. —1.71 in. 

4. Solve Problem 3 if the load extends 8 ft. from the fixed end. 

Ans. —0.590 in. 

6. A steel rod 1 in. in diameter and 20 in. long is fixed at one end and 
carries a total load of 240 lb. distributed uniformly over a length of 8 in. 
at the middle of the beam. Using the value of E as 30,000,000 lb. /in.* 
compute the deflection of the free end due to the 240-lb. load. 

Ans. 0.140 in. 

134. Simple Beam with Concentrated Load at the Middle. — 

Figure 182 represents a simple beam of length I supported at the 



ends and loaded with a concentrated load P at the middle. Each 
reaction is P/2 and the moment increases uniformly from zero at 
each end to a maximum value of +PZ/4 at the middle. The slope 
of the beam under the load P is zero. By the first principle 
derived in Art. 129, the slope $ at the left end of the beam plus 
1/EI times the area of the moment diagram between the left end 
and the middle is equal to the slope at the middle. 


^ 4EI^ 4: 


= - 


PP 

UEI 


By the second principle derived in Art. 129, the deflection 
upward of the left end from the tangent at the middle is equal to 
1/EI times the moment of the area ABD with respect to point A. 
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' PP PP 

IQEI ^ 3 48i!/' 

The deflection yi of the middle below the level of the ends is the 
same as 2/2 in amount, but is, of course, negative. 

^ _ Pl^ 

48£7‘ 


At point Ej the distance of the tangent at the left end from the 
horizontal line through the left end is. 


xd — 


PPx 

1%EI 


The deflection y’ of the elastic curve from the tangent at the left 
end is equal to I /El times the moment of the area AFE with 
respect to point E. 


Px^ V 5 — 


P^ 

\2EI 


The deflection y of the elastic curve at E below the level of the 
supports is, therefore, 

PIH Px^ 

^ mSI 12EI' 

This expression is the equation of the elastic curve of the left 
half of the beam. 


PROBLEMS 


1 . Write out the expression for the slope i 


tiie Lmra point. 


® 144 El' 

2 . Write out the expression for the deflection at the quarter point. 

768 El' 


Ans. y = 


3. A wooden beam 12 in. wide, 2 in. deep, and 16 ft. long is supported 
at the ends. If E is 1,600,000 lb. /in.*, what load at the middle will cause a 
deflection of 2 in.? At what distance from the end is the deflection 1 in.? 

Am. 173.6 lb.; 33.3 in. 


136. Simple Beam with Concentrated Load at Any Point. — 

Figure 183 represents a simple beam of length I with a load P at a 
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distance of a from one end and a distance of h from the other end, 
a being greater than b. By the second principle of Art. 129 
the deflection upward of the elastic curve at the right end from the 
tangent at the left end is equal to 1 /El times the moment of th^ 
area ABCD of the moment diagram with respect to point C. 
The area of the triangle ABD is Pa'^b/21 and its centroid is distant 
a/3 + h from point C, The area of the triangle CBD is Pdb^/2l 
and its centroid is distant %b 
from point C. The deflection 
is, therefore, 

+ T + It)- 

The slope at the left end is, 





Pab 

'6EIP 


(a^ 4- Sab + 2b'^). 


Moment Diagram 

Fig. 183. 


This equation may be reduced to a simpler form by factoring, 
since a^ + Sab + = (a + b)(a + 2b) and a + b = I 




Pab 

QEIl 


(a + 26 ). 


The slope at any other point on the beam is equal to the slope 
at the left end plus I /El times the area of the moment diagram up 
to that point. At point E the slope is, 


Be 




Pbx ^ 

2EII 


At the point of maximum deflection the slope is zero, so, 

0. 


+ 26) + 




-f” 2ah 


At point Ej distant x from the left end, if x is less than a, the 
deflection ?/' of the elastic curve from the tangent at the end is 
given by the quantity 1/EI times the moment of the area AFE 
with respect to point E. 


Pbx^ X Pbx^ 
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The deflection y of the elastic curve from the horizontal line 
through the ends is given by the expression, 




y = xe + y'. 
Pabx 


y = - 


6EII 

Pbx 

6EII 


(a + 2b) + 


Pbx^ 


6EII 
(a* + 2ab — x^). 


At the point under the load whore x = a, the expression for y 
reduces to, 


SEIl 


The maximum deflection 2/ 1 is at the point where x 




+ 2ab 
3 


Fab (a + 26)\/3a(a + 26) 
27Mi 


The point of maximum deflection is at the greatest distance from 
the middle when 6 approaches zero in value, and a approaches 1. 
For these values, 


X 


I 

V3 


0.5771. 


It is seen from this that the point of maximum deflection is never 
farther than 0.077Z from the middle of the beam. The deflection 
at the middle of the beam may be used instead of the maximum 
unless extraordinary accuracy is required. 


PROBLEMS 

1. Derive the expression for the deflection at the middle of the beam. 

Ans. yo = “4^(3^" 

2 . Derive the expression for the slope at the right end of the beam. 

3. Derive ^he expression for the deflection of the beam between the load 
and the righ^ 3nd in terms of x measured from the right end, positive to the 

left. iirw. y = + 2a6 - **). 

4 . A steel shaft 3 in. in diameter and 20 ft. long, supported at the ends, 
carries a load of 150 lb. at a point 6 ft. from one end. Using E = 30,000,000 
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Ib./iii*®! compute the maximum deflection, the deflection at the middle, 
and the deflection at the load due to the load alone. 

Ans. 0.290 in.; 0.287 in.; 0.255 in. 

6. A 24-in. 100-lb. I-beam 50 ft. long is supported at the ends and carries 
a load of 24,000 lb. at a point 15 ft. from one end. Using E = 29,000,000 
lb. /in.*, compute the maximum deflection and the deflection at the middle 
due to the concentrated load. Ans, 1.26 in.; 1.24 in. 

136. Simple Beam with Uniformly Distributed Load. — Figure 
184 represents a simple beam with a uniformly distributed load 


w per unit 



of w per linear unit. The slope of the tangent at the left end of 
the beam is obtained from the area of the moment diagram. 
Since by symmetry the slope at the middle is zero, 


6 + -fTf X area ABD = 0. 
El 

a 4 - = 0 

® 2iEI 

_ wl^ 

'2W 


The maximum deflection, 2 / 1 , of the middle below the ends is the 
same as the deflection of the end upward from the tangent at the 
middle, and this is given by the quantity 1 /El times the moment 
of the area ABD with respect to the point A . The distance of the 
centroid of this area from the center line DB is three-eighths of 
length AB, so the distance from point A is %AB or 

_ wV ^ 5 j _ 5 wl* 

~ 241/ ^ 16 ^ ^ El' 


The deflection of the middle below the ends is, of course, negative. 
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The deflection upward of the elastic curve from the tangent 
at the left end is given by the quantity 1/EI times the moment of 
the area AFE with respect to point F. In Fig. 185 this area 
AFE is shown separated into its two component areas, the 
positive triangle OHI and the negative parabolic area GHJ, 
The amount of the area GHI is wlx^f4:j and the distance from IH 



to its centroid is x/3. The amount of the area GHJ is wx^/& and 
the distance from IH to its centroid is x/i. 

, _ wlx^ wx^ 

^ ~ i2EI 24lJ' 


The deflection y of the elastic curve below the level of the ends 
is, therefore, the algebraic sum of dx and y'. 


y = Bx + y\ 
wPx 

2 / = - 


y ^ - 


2^EI 

wx 

MEl 


+ 


wlx^ 


wx* 

~2iEl' 


12EI 
{P - 2lx^ + x^). 


PROBLEMS 

1. Compute the slope and the deflection of the simple beam with uniformly 
distributed load at a point 2/4 from the right end. 

11 Wl\ 19 Wl^ 

384 El * 2048 El * 

2 . A 24-in. 79.9-lb. I-beam, 40 ft. long, is supported at the ends and 

carries a total uniformly distributed load of 50,000 lb. Using E as 29,000,000 
lb. /in.*, compute the maximum deflection. Ans, 1.19 in. 
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137. Simple Beam with Two Symmetrical Loads. — ^Figure 186 
represents a simple beam of length Z, loaded with two concen- 
trated loads. Each load is P in amount and is placed at a 
distance a from the end. The distance between the loads is 6. 


P P 



Fig. 186 . 


By symmetry, the slope of the beam at the middle is zero. The 
slope at B plus I /El times the area between B and C is equal to 
zero. 


6b "f* 


Pab 

2EI 


== 0 . 


6b — 


Pab 

2EI 


In a similar manner, the slope 6a at the left end is obtained. 



Pab Pa^ 
2EI 2EI 


Pa 

2EI 


{a + b). 


The deflection upward of the left end from the tangent at the 
middle is given by the quantity 1/EI times the moment of the 
area between A and C with respect to point A. 



The deflection of the middle point below the level of the ends is 
the same in amount, but negative in sign. 


- — 

“ Ely 


Pafa^ ^ 
El[ 3 ^ “2 


The deflection upward of the point of application of the load 
P above the tangent at the middle is given by the quantity 1/EI 
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times the moment of the area between B and C with respect to 
point B. 

, _ Pab b _ Pa¥ 

^ wi' 

The deflection ys of the point of application of the load P below 
the level of the ends is given by the algebraic sum of yi and j/'. 

Pa/a^ ^ Pjah^ 

EI\J '^2 Sir* 

Pa^/a b\ 

W\8^ y 

PROBLEMS 

1 . Derive the general expression for the slope 6 between A and B. 

p 

Ans. e = + ah - a;*). 

2 . A wooden beam 12 in. wide, 18 in. deep, and 24 ft. long, supported at 
the ends, carries two symmetrically placed loads 16 ft. apart of 15,000 lb. 
each. Compute the slope under the load, the deflection under the load and 
the maximum deflection. Use E = 1,500,000 Ib./in.®, 

Ans. 0.0079; 0.443 in.; 0.821 in. 


yB = - 
yB= - 



CHAPTER XVIII 
CURVED BEAMS AND HOOKS 

138. Location of Neutral Axis. — If a beam is curved so that 
the fibers which arc in tension differ appreciably in length from 
those in compression, the distribution of stress is different from 
what it was assumed to be in Chap. VI. For curved beams the 
same as for straight beams, the assumption is made that the 



deformation of any fiber is proportional to its distance from 
the neutral axis. This means that any cross section of the beam 
remains plane after loading, but the neutral axis of any cross 
section is not the centroidal axis. 

Figure 187 represents a portion of a curved beam between two 
planes, both of which pass through the center of curvature 0. 
The inner radius is ri and the outer radius is r^. The beam is 
subjected to the action of equal and opposite couples, each of 
magnitude M. Since there is zero resultant force across any 
cross section such as AR, and since the unit deformation and, 
therefore, the unit stress is greater on the concave side, the 
position of the neutral axis is shifted a distance h from the cen- 
troidal axis toward the concave side of the beam. 

279 
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Let 6 be the angle through which the plane .45 is turned by 
the moment M, If y is the distance of any fiber from the neutral 
axis, the total deformation of the fiber is yd and the unit deforma- 
tion is 


The unit stress is, 


d = 


yS 

ra 


S = 


ra 


The force acting on area dA is, 

dF = 


Since the total force across the plane AB is zero, 



139. General Expression for Relation between Stress and 
Moment. — The cross section of the beam represented in Fig. 187 
is rectangular, but the following derivation is valid for a cross 
section of any shape. 

From Art. 138, the differential force acting on the area dA, Fig. 
187, is 

ra 

The moment of this differential force with respect to an axis 
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through point 0 is 

dM = —ydA. 

a 


The total moment of all of these differential forces constitutes the 
couple M. 


M 

M 




But y = hf 80 


From Art. 138, 


M 

II 


a 

E9 

M 

a 

Ah 

s 


a T 

s 

= Ml. 


Ahr 


Though the total deformation of any fiber varies directly as its 
distance from the neutral axis, the unit deformation and there- 
fore the unit stress do not vary directly as the distance from the 
neutral axis on account of the difference in the original length of 
the fibers. 

140. Stresses in Curved Beams of Rectangular Cross Sec- 
tion. — If the cross section of a curved beam is rectangular, the 
width being b and the depth d = r 2 — ri, dA = b dr, and the 
expression for tq as derived in Art. 138 becomes 


To 


ro 




h 



From Fig. 187, 
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EXAMPLE 

A curved beam is 4 in. wide, 12 in. deep, and has a radius of 3 in. at the 
inner surface. Compute ro and h. Compute the unit stresses at the inner 
fiber, and at 1, 2, 3, 4, 6, 8, 10, and 12 in. from the inner fiber across the 
cross section, due to a moment of 60,000 ft.-lb. acting to cause compression 
at the inner fiber. 

Solviion: 


12 

loge 5 


12 

1.609 


= 7.458 in. 


h = 9 - 7.458 = 1.542 in. 


M = 60,000 X 12 = 720,000 in.-lb. 
A = 48 sq. in. 


At the inner fiber. 


S 

At 1 in., S 
At 2 in., S 
At 3 in., S 
At 4 in., S 
At 6 in., S 
At 8 in., S 
At 10 in., S 
At 12 in., S 


720,000 X 4.458 
48 X 1.542 X 3 

720,000 X 3.458 
48 X L542 X 4 

720,000 X 2.458 
48 X 1.542 X 5 

720,000 X 1.458 
48 X 1.542 X 6 

720,000 X 0.458 
48 X 1.542 X'7 

720,000 X 1.542 
48 X 1.542 X 9 

720,000 X 3.542 
48 X 1.542 xTi 

720,000 X 5'..542 
48 X 1.542 X 13 

720,000 X 7.542 
48 X L542 X 15 


= 14,460 lb./in.2 C 
= 8410 lb./in.2 C. 

= 4780 lb./in.2 C. 

= 2360 lb./in.2 C. 

== 640 lb./in.2 C. 

= 1670 lb./in.2 T. 

= 3140 lb./m.2 T. 

= 4150 lb. /in. 2 T. 

= 4890 lb./in.2 T. 


The variation in the unit stress across the cross section is shown graphically 
in Fig. 188. 


PROBLEMS 

1 . Solve the example above for the stresses at the inner and outer fibers if 
the radius of the inner surface is 1.5 in. 

Ans. ro = 5.46in.;/i = 2.04in.;A8i = 19,410 lb. /in.*; >82 = 43801b./in.*. 

2 . A curved cast-iron beam is 3 in. square and has a radius of 1 in. at the 

inner surface. If the allowable unit stress in tension is 3000 lb. /in.* and 
that in compression is 16,000 lb. /in.*, compute the allowable moment if the 
concave surface is in compression. Compute the allowable moment if the 
concave surface is in tension. Ans, 19,960 in.-lb.; 7910 in.-lb. 
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141. Stresses in Curved Beams of T-section.— If the cross 
section of a curved beam is a T-section, two sets of limits are 

required in the integration of the expression 



4890 



6 ravify 

AxiS'^ 

.-/'i 



A 

i" 

1 

Neutral Axis^ 

— 

_ t' Y 



i j„ 

: i 

H 

j" ^0 

--jL. .i 


Fio. 189. 


EXAMPLE 


Figure 189 represents a T-bcam with the flange on the concave side. 
Compute ro and h. Compute the stresses Si and S 2 due to a moment of 
100,000 in.-lb. 

Solution: 


ro = 

y = 


'■■/V 

5 fog. «“+ log. 

6 XH +5 XZH 

10 ~ ^ 


h = 2 - 1.446 = 0.554 in. 


_ 100,000 X 1.446 
' 10 X 0.554 X 3 

„ _ 100,000 X 4.554 
’ “ 10 X 0.6'14 X 9 


8700 lb./in.». 


9130 Ib./in.*. 
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PROBLEM 

1 . Solve the example above if the flange is on the convex side of the 
beam and the radius of curvature of the inside surface is changed to 2 in. 
Ans. ro = 5.2m.;/i = 0.8in.;/Si = 20,000 lb. /in.*; .S* = 4375 Ib./in.*. 


142. Stresses in Curved Beams of Circular Section. — In the 
circular cross section shown in Fig. 190, the radius of the circle 

is a. 

A = Tra^. 
dA = 2a cos ddr, 
r = f + a sin $, 
dr = a cos Odd, 
dA — 2a^ cos^ BdS. 



The expression 




then becomes, 


J r j r + a sin 6 


If cos^ 0 is replaced by 1 — sin^ B and the numerator is divided by 
the denominator, it becomes. 




sin BdB — 


(j2 



dB 

f + a sin ^ 


2 



^rf + 0 — 2\/ 


^tan“i 


a + f 
\/f^ — 


tan~^ 



Since tan“^ — and tan“^ —^==L=z are numerically 
- a2 ^/r^ - 

a r 

complementary angles, and since- tan"^ ■ is negative, 

- o* 

their difference is always equal to g* 
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= 27r(f - Vr* - a*)- 


ro = 


/ 


^ 2(f - v'f’* - o*) 

r 


To = M(f + 


EXAMPLE 

A curved beam of circular cross section is 6 in, in diameter and has an 
inner radius of 8 in. Compute ro and h. Compute the stresses aSi and 8 % 
due to a moment of 200,000 in.-lb. 

Solution: 


r — 11 in. 


ro - H(ll -f \/l21 ~ 9) = 10.7915 in. 
h = 0.2085 in. 


8 ^ 


2^,000 X 2.7915 
28.27 X 0.2085 X 8 ' 
200 ^ 000 ^)^^ 08 ^ 
28'27 X 0,2085 X 14 


11,830 lb./in.2. 
^ 7770 lb./in.2. 


PROBLEMS 

1. A curved beam of circular cross section is 4 in. in diameter and has an 
inner radius of 1 in. Compute ro and h. Compute 8 i and 82 due to a 
moment of 60,000 in.-lb. 

Ans. ro = 2.618 in.; h - 0.382 in.; Si - 20,220 Ib./in.*; 82 - 5960 
lb. /in.*. 

2. A curved beam of circular cross section is 8 in. in diameter and has an 

inner radius of 2 in. If the allowable unit stress is 15,000 lb. /in.*, what is 
the maximum allowable moment? Ans. 29,670 ft. -lb. 

143. Stresses in Curved Bars and Hooks of Rectangular Sec- 
tion. — In the discussion in the last four articles, the beams were 
considered to be subjected to moment only. If the load across 
any cross section of a beam or bar is not a couple but is a resultant 
force, this force may be resolved into a force through the center of 
gravity of the section and a couple. The moment of the couple is 
PCj P being the amount of the force and e its eccentricity. The 
unit stress at any point is equal to the algebraic sum of the direct 
unit stress P/A and the unit stress due to the moment Pe, It 
is assumed that the loading is in the plane of the curvature of 
the bar or hook. 
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EXAMPLE 

Figure 191 represents a curved bar of rectangular cross section with an 
eccentric load. Compute the unit stress at M and at N, 

Solution . — The direct unit stress P/A = 1200/6 = 200 Ib./in.*. This 


/200 



is compression at all points in the cross section 
MN. 


n = 


= 3.9154 in. 


log* % 
h = 0.0846 in. 

M = 5 X 1200 = 6000 in.-lb. 


At point My due to the moment, 


S, = 


6000 X 0.9154 
6 X 0.0846 X 3 


= 3607 lo./in.2 C. 


At point Ny due to the moment. 


S, = 


6000 X 1.0846 
6 X “0.0846 X 5 


. = 2564 lb./m.2 T. 


At point My the total stress is 

Sm = 3607 4- 200 = 3807 Ib./in.* C. 
At point Ny the total stresais 

Sn = 2564 - 200 = 2364 Ib./in.* T. 


PROBLEMS 

1 . Solve the example above if the line of action of the load passes through 

the center 0. Ans. Sm = 3086 lb. /in.*; Sn- = 1851 lb. /in.*. 

2 . A hook with a rectangular cross section is 1.6 in. wide, 5 in. deep 
through the shank, and has an inner radius of curvature of 3 in. Compute 
the stresses at the inner and outer surfaces due to a load of 8000 lb. applied 
on a line 2 in. from the inner face of the shank. 

Ans. 8830 Ib./in.* T.; 3060 Ib./in.* C. 

144. Stresses in Curved Bars and Hooks of Circular Section. — 

Loads applied to hooks are always tensile loads. Loads applied 
to curved bars may be either tensile or compressive loads. As 
in the case of curved bars of rectangular cross section, the stress 
at any point is the algebraic sum of the direct unit stress and the 
flexural unit stress. 
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EXAMPLE 

A curved bar of circular cross section is 1 in. in diameter, and has an 
inner radius of curvature of 4 in. If the allowable unit stress is 10,000 
lb. /in. 2 and the compressive load applied is 500 lb., what eccentricity may 
it have? 

Solution, — ^The maximum unit stress is at the inner fiber. 

a = 0.5 in.; f = 4.5 in. 

ro = H(4.5 -f V20T^5 ~^"o: 25“) = 4.486 in. 

/i = 4.5 - 4.486 = 0.014 in. 

The direct unit tensile stress is 

0.7854 

Si = 10,000 

e = 1.70 in 

PROBLEMS 

1 . Compute the unit stress in the outer f.ber in the bar described in the 

example above. Ans. 7310 Ib./in.^. 

2. The shank of a hook of circular cross sec- 
tion is 3 in. in diameter and the inner radius of 
curvature is 2 in. Comp\ite the stresses at the 
inner and outer surface.s due to a load of 10,000 
lb. applied on a line 1.5 in. from the inner surface. 

Ans. 18,150 lb. /in.*; 6960 lb. /in.*. 

146. Stresses in Hooks of T-section. — 

Hooks are often made with a T-seetion, 
as shown in Fig. 192. This section gives 
added area for wear where the load is 
applied, and also is a more efficient section 
in the shank than a plain rectangular section of the same 
cross-section area would be. 

EXAMPLE 

In the hook shown in Fig. 192, the flange at section MN is 2 m. wide and 
1 in. deep. The web is 1.5 in. wide and 3 in. deep. The inner radius of 
curvature at Af is 3 in., and the load P is applied along a line 2.5 in. from M. 
Compute the unit stresses at M and N due to a load of 10,000 lb. 

Solution. — As shown in Art. 141, 

6.5 _ .1 A • 

“ 2 log, fi + 1.5 log. h ~ 



= 636 lb./in.». 

_ 500 X 0.486 X 4e 
X X 4 X 0.014 


+ 636. 
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The distance of the centroid of the section from the inner face is 

„ 2 X 0.5 + 4.5 X 2.5 , . 

P = 1.885 in. 

f = 4.885 in. 

h = 4.885 - 4.6 = 0.285 in. 


The direct tensile stress is 


s = = 1540 lb./in.». 

0.0 


The moment at the section is 


M = 10,000(2.5 1.885) = 43,850 in.-lb. 

— 43,850 X 1-6 _ 1 9 e9ri /•„ 2 

6.5 X 0.285 X 3 ^2,620 Ib./in. . 

„ 43,850 X 2.4 o.omi,/- . 

6.5 X 0.285 


The total unit stress at M is 

Si + S 12,620 + 1540 = 14,160 Ib./in.* T. 
The total unit stress at N is 

Si - 18 = 8120 - 1540 - 6580 Ib./in.* C. 


PROBLEM 


1 . A hook with a T-section has a flange 4 in. wide and 1.8 in. deep, and a 



Fio. 193. 


web 1.8 in. wide and 5 in. deep. The cen- 
ter of curvature of the inner surface is 
3 in. If the line of action of the load is 
to be 4.5 in. from the inner surface of the 
shank and the allowable unit stress is 
12,000 lb. /in.*, what load may be applied 
to the hook? Ans. 22,800 lb. 

146. Stresses in Hooks of Tri- 
angular Section. — Hooks are some- 


times made with a triangular cross section, as shown in Fig. 193. 



dA = udr.. 
u _ Ti — r 
6 d ’ 

u = 2(^2 ~ r) 



Abt. 146] 
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EXAMPLE 

In Fig. 193, let 6 = 2 in., ri = 1.5 in., r 2 = 4 in., and let the line of 
action of the load be 2 in. from the base of the cross section. Compute the 
maximum and minimum stresses due to a load of 4000 lb. 

Solution: 


f = 2.333 in. 

O 

= ^ = 2.19 in. 

2(4log.j^ -2.5j 

h = 2.333 - 2.19 = 0.143 in. 

The direct tensile unit stress is 


mo 

"2.5 


1600 Ib./in.*. 


The moment at the section is 


M = 4000 X 2.833 - 11,333 in.-lb. 


51 

52 


11,333 X 0.69 
2.5 X 0.143 X 1.5 
11,333 X 1.81 
2.5 X 0.143 X 4 ‘ 


= 14,600 lb./in.». 
14,340 Ib./in.*. 


The total unit stress at the inner fiber is 

+ >Sf = 14,600 4- 1600 = 16,200 lb./in.» T. 
The total unit stress at the outer fiber is 

Si- S ^ 14,340 - 1600 = 12,740 Ib./in.* C. 


PROBLEM 

1 . The cross section of a triangular hook has a base of 2 in., an altitude 
of 3 in., and a radius of curvature of 2 in, at the inner face of the shank. 
If the allowable unit stress in tension is 18,000 lb. /in.*, and that in com- 
pression is 15,000 lb. /in.*, what load may be applied along a line 3 in. from 
the inner face of the shank? Ans. 4450 lb. 




TABLES 


Table I. — Average Weights and Specific Gravities 


Material 

Pounds per 
cubic foot 

Pounds per 
cubic inch 

Specific 

gravity 

Timber 

36 

0.021 

0.58 

Brick 

125 

0.072 

2.00 

Brick masonry 

120 

0.070 

1.92 

Sandstone masonry 

140 

0.081 

2.24 

Limestone masonry 

160 

0.093 

2.56 

Granite masonry 

165 

0.096 

2.64 

Concrete 

150 

0.087 

2.40 

Cast iron 

450 

0.260 

7.20 

Wrought iron 

480 

0.278 

7.68 

Steel 

490 

0.284 

7.84 

Aluminum 

165 

0.096 

2.64 

Brass 

535 

0.310 

8.55 

Copper 

556 

0.322 

8.90 


Table II. — Average Values of Elastic Limit, Ultimate Strength, and 
Modulus op Elasticity 
(Pounds per Square Inch) 


Material 

Elastic limit 

Ultimate strength 

Modulus of 
elasticity 

E 

Tension 

Com- 

pression 

Tension 

Com- 

pression 



1,000 


2,500 

2,000,000 


12,000 

25 , 000 


11,000,000 

Hrnjwi 

9,000 


28,000 


14,000,000 

Oopp*^** - t - - - - . 1 

10,000 


35,000 


15,000,000 

Cast iron 

6,000 

25.000 

20,000 

80,000 

15,000,000 

Wrought iron 

27,000 

27,000 

50,000 

50,000 

27,000,000 

Structural steel 

35,000 

35,000 

C5.000 

65,000 

29,000,000 

High carbon steel (tempered) 

70,000 

70,000 

120,000 

120,000 

30,000,000 

Nickel steel (tempered) 

120,000 

120,000 

150,000 

150,000 

30,000,000 

Chrome steel (tempered) 

130,000 

130,000 

160,000 

160,000 

30,000,000 

Chrome vanadium steel (tempered) .... 

170,000 

I 170,000 

240,000 

240,000 

30,000,000 

Monarch (improved plow) wire 

156,000 

156,000 

287,000 


24,000,000 
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Table III. — Allowable Unit Stresses, New York Building Laws 
(Pounds per Square Inch) 


Material 

Tension 

Compression 

Polled structural steel 

16,000 

16,000 

Cast steel 

16,000 

16,000 

Cast iron 

3,000 

16,000 

Concrete (1:2:4) 


500 

Brick masonry, lime mortar 


no 

Brick masonry, cement mortar . . 


250 

Sandstone 


400 

Limestone 


700 

Granite and slate 


1,000 

Bluestone 


2,000 






Table IV. — Allowable Unit Stresses in Steel Structures, American 
Bridge Company 
(Pounds per Square Inch) 



Tension 


Com- 
pression I 


Polled structural steel 1G,000 16,000 

Cast steel 16,000 

Pins 

Shop rivets 

Field rivets and bolts 


Flexure 

Shear 

Bearing 

16,000 

10,000 

16,000 

16,000 


16,000 

24,000 

12,000 

24,000 


12,000 

24,000 


10,000 

20,000 
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Table VI. — ^Coefficient of Temperature 


Material 

6 

Fahrenheit 

6 

Centigrade 

iron. 

0.0000060 

0.0000108 

Wrought iron 

0.0000067 

0.0000121 

Steel?! 

0.0000065 

0.0000117 


0.0000105 

0.0000190 



Copper 

0.0000093 

0.0000168 

Concrete 

0.0000079 

0.0000143 

Glass 

0.0000044 

0.0000080 



Table VII. — Values Specified by the American Society for Testing 

Materials 



Ultimate 
strength, pounds 
per square inch 

Yield 

Minimum elongation 

Mini- 
mum re- 
duction 
of area, 
per cent 

Material 

point, 
pounds per 
square inch 

In 8 inches, 
per cent 

In 2 
inches, 
per cent 

Wrought iron 

48,000 

46- 56,000 

25,000 

H ult. str. 

22 



Rivet steel for bridges. . . . 

1,500,000 
ult. str. 



Struotural steel for bridges 

55- 65,000 

H ult. str. 

1,. 500, 000 
ult. str. 

22 


Structural nickd steel .... 

85-100,000 

50,000 

1,500,000 
ult. str. 

18 

25 

Reinforcing bars (dc> 
formed) 

80,000 (min.) 

50,000 

1,000,000 




ult. str. 




Table VIII. — Shearing Modulus of Elasticity 


Material 

E. 

Pounds per square inch 

Cast iron 

Wrought iron 

6,000,000 

10,000,000 

12,000,000 

4,000,000 

4.800.000 

6.400.000 

1 

Steel 

Aluminum. 

Brass. 

CoDDcr 
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Table IX. > — Properties op American Standard Beams 





Depth 

of 

beam 

Weight 

per 

foot 

Area 

of 

section 

Width 

of 

flange 

Thick- 
ness of 
web 

Axis 1-1 

Axis 2-2 

/ 

h 

1 

c ' 

Z 

h 

Z 

c 

In. 

Lb. 

In.* 

In. 

la. 

In.4 

la. 

In.» 

In.* 

In. 

In.* 


120.0 

36.13 

8.048 

0.798 

13,010.8 

1 9.26 

250.9 

84.9 

1.56 

21.1 


116.0 

33.67 

7.087 

0.737 

12,940.5 

9.35 

246.0 

82.8 

1.57 

20.7 

24 

110.0 

32.18 

7.925 

0.675 

2,869.1 

9.44 

239.1 

80.6 

1.68 

20.3 


106.9 

30.98 

7.875 

0.025 

2,811.5 

9.53 

234.3 

78.9 

1.60 

20.0 


100.0 

29.25 

7.247 

0.747 

2,371.8 

9.05 

197.6 

48.4 

1.29 

13.4 


96.0 

27.79 

7.186 

0.686 

2,301.5 

9.08 

191.8 

47.0 

1.30 

13.0 

24 

90.0 

26.30 

7.124 

0.624 

2,230.1 

9.21 

185.8 

45.5 

1.32 

12.8 


86.0 

24.84 

7.063 

0.563 

2,169.8 

9.33 

180.0 

44.2 

1.33 

12.5 


79.9 

23.33 

7.000 

0.500 

2,087.2 

9.46 

173.9 

42.9 

1.36 

12.2 


100.0 

29.20 

7.273 

0.873 

1,648.3 

7.51 

164.8 

52.4 

1.34 

14.4 


95.0 

27.74 

7.200 

0.800 

1,699.7 

7.59 

100. 0 

60.6 

1.36 

14.0 

20 

90.0 

26.26 

7.126 

0.726 

1,650.3 

7.68 

156.0 

48.7 

1.36 

13. V 


86.0 

21.80 

7.053 

0.653 

1,631.7 

7.78 

150.2 

47.0 

1.38 

13.3 


81.4 

23.74 

7.000 

0.600 

1,466.3 

7.86 

146.6 

45.8 

1.39 

13.1 


76.0 

21.90 

6.391 

0,641 

1,263.5 

7.60 

126.3 

30.1 

1.17 

9.4 

20 

70.0 

20.42 

6.317 

0.567 

1,214.2 

7.71 

121.4 

28.9 

1.19 

9.2 


66.4 

19.08 

6.250 

0.500 

1,169.5 

7.83 

116.9 

27.9 

1.21 

8.9 


90.0 

26.29 

7.2,86 

0.796 

1,256.5 

6.9f 

139.6 

51.9 

1.40 

14.3 


85.0 

24.81 

7.154 

0.714 

1,216.6 

7.00 

135.2 

49.8 

1.42 

14.0 

18 

80.0 

23.34 

7.072 

0.632 

1,176.8 

7,10 

130.8 

47.9 

1.43 

13.6 


76.6 

22.04 

7.000 

0.560 

1,141.8 

7.20 

126.9 

46.3 

1.45 

13.2 


70.0 

20.46 

6.251 

0.711 

917.5 

6.70 

101.9 

24.5 

1.09 

7.8 


66.0 

18.98 

6.109 

0,629 

877.7 

6.80 

97.5 

23.4 

1.11 

7.6 

18 

60.0 

17.50 

6.087 

0.547 

837.8 

6.92 

93.1 

22.3 

1.13 

7.3 


64.7 

15.94 

6.000 

0.460 

795.6 

7.07 

83.4 

21.2 

1.15 

7.1 


75.0 

21.86 

6.278 

0.868 

687.2 

6.61 

91,6 

30.6 

1.18 

9.8 


70.0 

20.38 

6.180 

0.770 

659.6 

6.69 

87.9 

23.8 

1.19 

9.3 

15 

66.0 

18.91 

6.082 

0.672 

632.1 

6.78 

84.3 

27.2 

1.20 

8.9 


60.8 

17.68 

6.000 

0.590 

609.0 

6.87 

81.2 

26.0 

1.21 

8.7 


65.0 

16.06 

6.738 

0.648 

60S. 7 

5.63 

C7.8 

17.0 

1.03 

5.9 


60.0 

14.69 

6.640 

0.560 

481.1 

6.74 

04.2 

16.0 

1.05 

5.7 

15 

46.0 

13.12 

6.542 

0.452 

453.6 

5. 88 

60.6 

15.0 

1.07 

6.4 


42.9 

12.49 

5.600 

0.410 

441.8 

5.95 

58.9 

14.6 

1.08 

5.3 


* Tables IX-XII are reprinted, with slight changes, from the Carnegie Pocket Companion, 
by courtesy of the Carnegie Steel Company. 












296 


STRENGTH OF MATERIALS 
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Table X. — Properties op Structural Channels 



Depth 

of 

channel 

Weight 

per 

foot 

Area 

of 

section 

Width 

of 

flange 

Thick- 
ness of 
web 

Axis 1-1 

Axis 2-2 

a 

k 

B 

B 

k 

c 

y 

In. 

Lb, 

D 

In. 

In. 

In* 

In. 




In.* 

In. 


55.0 

16.11 

3.814 

0.814 

429.0 

5.16 

57.2 

12.1 

0.87 

4.1 

0.82 


50.0 

14.64 

3.716 

0.716 

401.4 

5.24 

53.0 

11.2 

0.87 

3.8 

0.80 


45.0 

13.17 

3.618 

0.618 

373.9 

5.33 

49.8 

10.3 

0.8S 

3.6 

0.79 

15 

40.0 

11.70 

3.520 

0.520 

346.3 

5.44 

46.2 

9.3 

0.89 

3.4 

0.78 


35.0 

10.23 

3.422 

0.422 

318.7 

5.58 

42.5 

8.4 

0.91 

3.2 

0.79 


33.0 

9.90 

3.400 

0.400 

312.6 

5.62 

41.7 

8.2 

0.91 

3.2 

0.79 


40.0 

11.73 

3.415 

0.755 

196.5 

4.09 

32.8 

6.6 

0.75 

2.5 

0.72 


35.0 

10.26 

3.292 

0.632 

178.8 

4.18 

29.8 

5.9 

0.76 

2.3 

0.69 

12 

30.0 

8.79 

3.170 

0.514) 

161.2 

4.28 

26.9 

5.2 

0.77 

2.1 

0.68 


25.0 

7.32 

3.047 

0.387 

143.5 

4.43 

23.9 

4.5 

0.79 

1.9 

0.68 


20.7 

6.03 

2.940 

0.280 

128.1 

4.61 

21.4 

3.9 

0.81 

1.7 

0.70 


35.0 

10.27 

3.180 

0.820 

115.2 

3.34 

23.0 

4.6 

0.67 

1.9 

0.69 


30.0 

8.80 

3.033 

0.673 

103.0 

3.42 

20.6 

4.0 

0.67 

1.7 

0.65 

10 

25.0 

7.33 

2.836 

0.526 

90.7 

3.52 

18.1 

3.4 

0.6S 

1.5 

0.62 


20.0 

5.86 

2.739 

0.379 

78.5 

3.66 

15.7 

2.8 

0.7C 

1.3 

0.61 


15.3 

4.47 

2.600 

0.240 

66.0 

3.87 

13.4 

2.3 

0.72 

1.2 

0.64 


25.0 

7.33 

2.812 

0.612 

70.5 

3.10 

15.7 

3.0 

0.64 

1.4 

0.6! 


20.0 

5.86 

2.648 

0.448 

60.6 

3.22 

13.5 

2.4 

0.65 

1.2 

0.59 

9 

15.0 

4.39 

2.485 

0.285 

50.7 

3.49 

11.3 

1.9 

0.67 

1.0 

0.59 


13.4 

3.89 

2.430 

0.230 

47,3 

3.49 

10.5 

1.8 

0.67 

0.97 

0.61 


21.25 

6.23 

2.619 

0.579 

47.6 

2.77 

11.9 

2.2 

0.60 

1.1 

0.59 


18.75 

5.49 

2.527 

0.487 

43.7 

2.82 

10.9 

2.0 

0.60 

1.0 

0.57 

8 

16,25 

4.76 

2.435 

0.395 

39.8 

2.89 

9.9 

1.8 

0.61 

0.94 

0.56 


13.75 

4.02 

2.343 

0.303 

35.8 

2.99 

9.0 

1.5 

0.62 

0.86 

0.56 


11.5 

3.36 

2.260 

0.220 

32.3 

3.10 

8.1 

1.3 

0.63 

0.79 

0.58 


19.75 

5.79 

2.509 

0.629 

33.1 

2.39 

9.4 

1.8 

0.56 

0.96 

0.58 


17.25 

5.05 

2.404 

0.524 

30.1 

2.44 

8.6 

1.6 

0.56 

0.86 

0.55 

7 

14.75 

4.32 

2.299 

0.419 

27.1 

2.51 

7.7 

1.4 

0.57 

0.79 

0.53 


12.25 

3.58 

2.194 

0.314 

24.1 

2.59 

6.9 

1.2 

0.58 

0.71 

0.53 


9.8 

2.85 

2.090 

0.210 

21.1 

2.72 

6.0 

0.9S 

0.59 

0.63 

0.55 


15.5 

4.54 

2.279 

0.559 

19.5 

2.07 

6.5 

1.3 

0.53 

0.73 

0.55 


13.0 

3.81 

2.157 

0.437 

17.3 

2.13 

5.8 

1.1 

0.53 

0.65 

0.52 

0 

10.5 

3.07 

2,034 

0.314 

15.1 

2.22 

5.C 

0.87 

0.53 

0.57 

0.50 


8.2 

2.39 

1.920 

0.200 

13.0 

2.34 

4.3 

0.70 

0.54 

0.50 

0.52 


11.5 

3.36 

2.032 

0.472 

10.4 

1.76 

4.1 

0.82 

0.49 

0.54 

0.51 

6 

9.0 

2.03 

1.885 

0.325 

8.8 

1.83 

3.5 

0.64 

0.49 

0.45 

0.48 


6.7 

1.95 

1.750 

0.190 

7.4 

1.95 

3.0 

0.48 

0.50 

0.38 

0.40 


7.25 

2.12 

1.720 

0.320 

4.5 

1.47 

2.3 

0.44 

0.46 

0.35 

0.46 

4 

6.25 

1.82 

1.647 

0.247 

4.1 

1.50 

2.1 

0.3S 

0.45 

0.32 

0.46 


5.4 

1.56 

1.580 

0.180 

3.8 

1.56 

1.0 

0.32 

0.45 

0.29 

0.46 


6.0 

1.75 

1.596 

0.356 

2.1 

1.08 

1.4 

0.31 

0.42 

0.27 

0.46 

3 

5.0 

1.46 

1.498 

0.258 

1.8 

1.12 

1.2 

0.25 

0.41 

0.24 

0.44 


4.1 

1.19 

1.410 

0.170 

1.6 

1.17 

1.1 

0.20 

0.41 

0.21 

0.44 
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Table XI. — Properties op Equal Anoles 



Sise 

B 

Weight 

per 

foot 

Area 

of 

seotion 

Axis 1-1 and Axis 2-2 

Axis 3-3 

1 

Jb 

I 

c 

5 

1 min. 

k min. 

In. 

In. 

Lb. 

In.* 

In.^ 

In. 

m 

In. 

In.4 

In. 


IH 

56.0 

16.73 

98.0 

2.42 

17.6 

2.41 

40.2 

1.55 



64.0 

15.87 

93.5 

2.43 

10.7 

2.39 

38.6 

1.50 


1 

51.0 

15.00 

89.0 

2.44 

15.8 

2.37 

36.5 

1.56 



48.1 

14.12 

81.3 

2.44 

14.9 

2.34 

34.3 

1.66 


H 

45.0 

13.23 

79.6 

2.45 

14.0 

2.32 

32.2 

1.56 

8X8 


42.0 

12.34 

74.7 

2.46 

13.1 

2.30 

30.4 

1.67 


H 

38.9 

11.44 

69.7 

2.47 

12.2 

2.28 

28.2 

1.57 



35.8 

10.53 

64.6 

2.48 

11.2 

2.25 

26.2 

1.58 



32.7 

9.61 

59.4 

KKiil 

10.3 

2.23 

23.9 

1.58 


Me 

29.6 

8.68 

54.1 

2.60 


2.21 

21.6 

1.68 


H 

26.4 

7.76 

48.0 

2.51 

8.4 

2.19 

19.3 

1.58 


1 

37.4 

11.00 

35.5 

1.80 


1.86 

14.8 

1.16 



35.3 

10.37 

33.7 

1.80 

8.1 

1.84 

13.9 

1.16 



33.1 

9.73 

Kiftl 

1.81 

7.6 

1.82 

13.3 

1.17 


^Me 

31.0 

0.09 

30.1 

1.82 

7.2 

KKSl 

12.4 

1.17 



28.7 

8.44 

28.2 

1.83 

0.7 

1.78 

11.5 

1.17 

6X6 

»Ha 

26.5 

7.78 


1.83 

0.2 

1.75 

10.6 

1.17 



24.2 

7.11 

24.2 

1.84 

6.7 

1.73 

9.7 

1.17 



21.9 


22.1 

1.85 

5.1 

1.71 

9.0 

1.18 



19.6 

6.75 

19.9 

1.86 

4.0 

1.08 

8.0 

1.18 


He 

17.2 


17.7 

1.87 

4.1 

KKlil 

7.2 

1.19 



14.0 

4.36 

15.4 

1.8S 

3.5 

1.04 

6.2 

1.19 


1 

30.6 

9.00 


1.48 

5.8 

■ml 

8.3 

0.96 


'He 

28.0 

8.50 

18.7 

1.48 

6.5 

1.69 

7.8 

0.96 



27.2 


17.8 

1.49 

5.2 

1.67 

7.3 

0.96 



25.4 

7.47 

10.8 

1.50 

4.9 

1.65 

7.0 

0.97 


H 

23.6 


15.7 

1.60 

4.5 

1.63 


0.97 

6X6 

^He 

21.8 

0.40 

11.7 

1.61 

4.2 

1.50 


0.97 



20.0 

5.86 

mSiEiM 

1.52 

KKl 

1.43 

5.5 

0.97 



18.1 

6.31 

13.4 

1.53 

3.5 

1.43 

6.1 

0.98 



16.2 

4.75 

11.3 

1.54 

3.2 

1.43 


0.98 


^18 

14.3 

4.18 

10.0 

1.55 

2.8 

1.41 

4.0 

0.98 



12.3 

3.01 

8.7 

1.56 

2.4 

l.SO 

3.5 

0.99 


*He 

19.9 

5.84 

8.1 

1.18 

3.0 

1.29 

3.5 

0.77 



18.6 

5.41 

7.7 

1.19 

2.8 

1.27 

3.2 

0.77 


^He 

17.1 

5.03 

7.2 

1.19 


1.25 

3.0 

0.77 



16.7 

4.61 

6.7 

1.20 

2.4 

1.23 

2.7 

0.77 

4i V A 

'^e 

14.3 

4.18 


1.21 

2.2 

1.21 

2.6 

0.78 

« A » 


12.8 

3.75 

5.6 

1.22 

2.0 

1.18 

2.3 

0.78 


^e 

11.3 

3.31 

6.0 

1.23 

1.8 

1.16 

2.0 

0.78 



9.8 

2.86 

4.4 

1.23 

1.6 

1.14 

1.8 

0.79 


e 

8.2 


3.7 

1.21 

1.3 

1.12 

1.6 

0.79 


H 

0.6 

1.94 

.3.0 

1.25 

1.0 

1.09 

1.2 

0.79 
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Table XI. — Properties op Equ4L Angles. — Continued 
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Table XII. — Properties op Unequal Angles. — Continued 




Weight 



Axis 2-2 Axis 3-3 


1 min. k min, 
In.< I In. 



0.74 

0.74 

0.76 

0.76 

0.76 

0.76 

0.76 

0.75 

0.76 

0.76 

0.77 

0.77 

0.84 

0.84. 

0.84 

0.84 

0.84 

0.86 

0.86 

0.85 

0.86 

0.76 

0.76 

0.76 

0.76 

0.76 

0.76 

0.76 

0.76 

0.76 

0.76 

0.64 

0.64 

0.64 

0.64 

0.66 

0.66 

0.66 

0.65 

0.66 
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Tabim XII. — Propeeties op Unequal Angles . — CorUinued 



Size 

■ 

Weight 

per 

loot 

B 

Axis 1-1 

Axis 2-2 

Axis 3-3 

i 


i 


B 


B 

y 

I min . 

k min . 

In . 

In . 

Lb . 


■ 

In . 

In .£ 

In . 




In . 

In .< 

In . 


li 


18.5 

5.43 

10.3 

1.38 

3.6 

1.65 

3.6 

0.81 

1.7 

BIB 

2 2 

0.64 



i 

17.3 

5.06 

0.7 

1.39 

3.4 

1.63 

3.4 

0.82 

1.6 

J . S 8 

2.1 

0.64 


11 


16.0 

4.68 

9.1 

\iwm 

Emm 

1.60 

3.2 

0.83 

1.5 

0.85 

1.9 

0.64 




14.7 

4.30 

8.4 

1.40 

2.9 

1.58 

3.0 

0.83 

1.4 

0.83 

1.8 

0.64 

4 H X 3 


'l ft 

13.3 

3.90 

7.8 

1.41 

2.6 

1.66 

2.8 

0.85 

1.3 

0.81 

1.6 

0.64 


1 


11.9 

3.50 

7.0 

1.42 

2.4 

1.54 

2.5 

0.85 

1.1 

0.79 

1.5 

0.65 




10.6 

3.09 

6.3 

1.43 

2.1 

1.51 

2.3 

0.85 

1.0 

0.76 

1.3 

0.65 




9.1 

2.67 

5.5 

1.44 

1.8 

1.49 

2.0 

0.86 

0.88 

0.74 

1.2 

0.66 


J 


7.7 

2.25 

4.7 

1.44 

1.5 

1.47 

1.7 

0.87 

0.75 

0.72 

O.CS 

0.66 


1^ 


18.5 

5.43 

7.8 


2.9 

1.36 

5.5 


2.3 

1.11 

2.8 

0.72 


i 


17.3 


7.3 

ilRi] 

2.8 

1.34 

5.2 

1.01 

3.1 

1.09 

2.6 

0.72 


i1 


16,0 

4.68 

6.9 

1.21 

2.6 

1.32 

4.9 

1.02 

2.0 

1.07 

2.4 

0.72 




14.7 

4.30 

6.4 

1.22 

2.4 

1.29 

4.5 

fwm 

1.8 

1.04 

2.2 

0.72 

4 X 8 M 


L 8 

13.3 

3.90 

5.9 

1.23 

2.1 

1.27 

4.2 

1.03 

1.7 

1.02 

2.0 

0.72 


1 

a 

11.9 

3.60 

5.3 

1.23 


1.25 

3.8 

1.01 

1.5 

1.00 

1.8 

0.72 



i ft 

10.6 

3.09 

4.8 

1.24 

1.7 

1.23 

3.4 

flpM 

1.3 

0.98 

1.6 

0.72 


1 


9.1 


4.2 

1.25 

1.5 

1.21 

3.0 

ill»M 

1.2 

0.96 

1.4 

0.73 


? 

Ift 

7.7 

2.25 

3.6 

1.26 

1.3 

1.18 

2.6 

1.07 

1.0 

0.93 

1.2 

0.73 



^ft 

17.1 

5.03 

7.3 

1.21 

2.9 

1.44 

3.5 

0.83 

1.7 

0.94 

2.1 

0.64 


1 

> 

16.0 

4.69 

6.9 

1.22 

2.7 

1.42 

3.3 

0.84 

1.6 

0.92 

1.0 

0.64 



'l 0 

14.8 

4.34 

6.6 

1.22 

2.5 

1.39 

3.1 

0.84 

1.5 

0.89 

1.8 

0.64 


J 


13.6 

3.98 

6.0 

1.23 

2.3 

1.37 

2.9 

0.85 

1.4 

0.87 

1.6 

0.64 

A WO 

* 

^ ft 

12.4 

3.62 

5.6 

1.24 

2.1 

1.35 

2.7 

0.86 

1.2 

0.85 

1.5 

0.64 

4 X 3 


< 

11.1 

3.25 

5.0 

1.25 

1.9 

1.33 

2.4 

0.86 

1.1 

0.83 

1.3 

0.64 



1 8 

9.8 

2.87 



1.7 

1.30 

3.2 

0.87 

1.0 

0.80 

1.2 

0.64 




8.5 

2.48 

EIG 


1.6 

1.2 S 

1.9 

O.SS 

0.87 

0.78 

1.0 

0.64 


I 


7.2 

2.09 

3.4 

1.27 

1.2 

1.26 

1.7 

0.89 

0.7^ 

0.76 

0.89 

0.65 


> 


B .8 

1.69 


1.2 S 

1.0 

1.24 

1.4 


0.60 

0.74 

0.72 

0,65 



fft 

15.8 

4.62 


ilBrI 

3.2 

1.23 

3.3 

0.85 

1.7 


1.8 

0.62 



4 

14.7 

4.31 

4.7 

iKi! 

2.1 

1.21 

3.1 

0.85 

1.5 

0.96 

1.7 

0.62 



1 ft 

13.6 

4.00 

4.4 

1.05 

1.9 

1.19 

3.0 

0.86 

1.4 


1.5 

0.62 



4 

12.5 

3.67 

4.1 

mij4j 

1.8 

1.17 

2.8 

0.87 

1.3 

0.92 

1.4 

0.62 

8 H X 3 


xft 

11.4 

3.34 

mm 


1.6 

1.15 

2.6 

0.87 


OKIE 

1.3 

0.62 


I 

10.2 

gmnj 

mm 

iiti>3 

1.5 

1.13 

2.3 

0.88 

1.1 

0.88 

1.2 

0.62 


% 

1 ft 

9.1 

2.65 

3.1 

1.08 

1.3 

1.10 

2.1 

0.80 

0.98 

0.85 

1.0 

0.62 


I 

4 

7.0 

2.30 

2.7 

1.09 

1.1 

1.08 

1.8 

0.90 

0.85 

0.83 

0.89 

0.62 


7 

? ft 

6.6 

1.93 

2.3 

1.10 

UAL] 

1.06 

1.6 

0.90 

0.72 

0.81 

0.77 

0.63 


> 


5.4 

msm 

l.C 

1.11 

0.7 G 

1.04 

1.3 

0.91 

0.58 


0.62 

0.63 

i 


fft 

12.5 

3.65 

4.1 


1.9 

1.27 

1.7 

Hfiq 


0.77 

1.0 

0.53 



4 

11.5 

3.36 



1.7 

1.25 

1.6 

EjEsj 

0.92 

0.76 


0.53 


ft 

^ ft 

10.4 

3.06 

ft; It; 


1.6 

1^23 

1.5 

0.70 

0.84 

0.73 

0.86 

0.53 

OL^ Ol-/ 

1 


9.4 

2.75 


Ivfl 

1.4 

1.20 

1.4 

0.70 

0.76 

0.70 

ESI 

0.53 


T 

1 ft 

8.3 

2.43 



1.3 

1.18 

1.2 

0.71 

0.68 

0.68 

0.71 

0.54 


1 

4 

7.2 

2.11 

ft^Jt; 

It J 

1.1 

1.16 

1 1 

0.72 

0.50 

0.66 

0.61 

0.54 

• 

5 

Tft 

6.1 

1.78 

2.2 


0.93 

1.14 

0.04 

0.73 

0.50 

0.64 

0.62 

0.54 



‘ 

4.0 

1.44 

1.8 

1.12 

0.76 

1.11 

0.78 

0.74 

0.41 

0.61 

0.42 

0.54 
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Tablb XII. — PsoPEBTiBB OP Uneqttal Anolbs. — Continued 
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Tablb XV. — Safe Stresses in Structural Steel Recommended by the 
Building Code Committee, U. S. Department of Commerce, 1926 
(Pounds per Square Inch) 



Acceptable 

steel 

Standard 

steel 

Tension, rolled steel, on net section 

16,000 

18,000 

Compression, rolled steel, maximum for short 
columns 

12,500 

lC,000-60g 

14,000 

Compression on rolled-steel columns, unit load 

18,000-70^ 

Flexure, stress in tension flange of rolled beams 
Flexure, stress in compression flange, ^ below 15 

16,000 

18,000 

16,000 

18,000 

Flexure, stress in compression flange, ^ between 
15 and 40 ; . . . 

19,600-240^ 

22,000-2705 

Flexure, stress in pins 

24,000 

27,000 

Bearing, plane faced or rolled surfaces 

24,000 

27,000 

Shear, webs of girders, ~ less than 43 

t 

10,700 

12,000 

Shear, webs of girders, ^ greater than 43 

V 

Shear, pins and power-driven rivets 

13,300-62^ 

15,000-70^ 

12,000 

13,500 

Shear, rough bolts and hand-driven rivets .... 

9,000 

10,000 

Bearing, of plates on pins or power-driven 
rivets whfch are subjected to single shear. . . 

24,000 

24,000 

Bearing, of plates on pins or power-driven 
rivets which are subjected to double shear. . . 

30,000 

30,000 

Bearing, of plates on rough bolts or hand- 
driven rivets which are subjected to single 
shear 

16,000 

16,000 

20,000 

Bearing, of plates on rough bolts or hand- 
driven rivets which are subjected to double 
shear 

20,000 



In the table above, I is the unsupported length of the column or of the beam flange, k is the 
least radius of gyration of the column cross-section, 6 is the width of the beam flange, d is 
the unsupported height of the web and t is the thickness of the web of the girder. 
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Table XVI. — Safe Stresses in Structural Steel 
Specifications of the American Institute of Steel Construction, 1941. 
(Pounds per Square Inch) 


Standard steel 


Tension, rolled steel, on net section 

Tension, on rivets, computed on nominal diameter. . . 
Tension, on bolts, area at root of thread 

Compression, axial, on columns, | not over 120 

Compression, axial, on columns, r above 120 


Flexure, stress in tension flange 

Flexure, stress in compression flange, ^ not over 40. . . . 


20,000 

15.000 

12.000 


17,000 - 0.485^^ 
18,000 


1 + 


i-(Ly 


18, 
20,000 
22,500 


1 + 


1 n 


l,S00\hJ 

with a maximum of 


Flexure, on pins 

Shear, webs of beams and plate girders 

Shear, rivets, pins, and turned bolts in reamed or 

drilled holes 

Shear, unfinished bolts 

Bearing, rivets, and turned bolts in reamed or drilled 

holes, double shear 

Bearing, rivets, and turned bolts in reamed or drilled 

holes, single shear 

Bearing, on pins 

Bearing, on unfinished bolts, double shear 

Bearing, on unfinished bolts, single shear 

Bearing, milled surfaces 

Bearing, fitted stiffeners 


20,000 

30.000 

13.000 

15.000 

10.000 

40.000 

32.000 

32.000 

25.000 

20.000 

30.000 

27.000 


In the table above, Z is the unsupported length of the column or of the beam flange; k is 
the least radius of gyration of the column croee-section; and 6 is the width of the beam flange. 







INDEX 


A 

Actual stresses, 25 
Aeronautics, National Advisory 
Committee for, 112 
Allowable stresses, table, 292, 293, 
306, 307 
Aluminum, 4 

American Bridge Company, 24, 238, 
292 

American Institute of Steel Con- 
struction, 24, 45, 238, 256, 307 
American Railway Engineering As- 
sociation, 238, 250 
American Society of Civil Engineers, 
254 

American Society of Mechanical 
Engineers, Boiler Code, 53, 63 
American Society for Testing Ma- 
terials, 20, 24, 244, 250 
specifications, 294 
standard test bar, 21, 22 
American Welding Society, 65, 67 
Analysis of reinforced concrete 
beams, 180 

Angles, properties of, 298 
Area moment method, deflection of 
beams, 263 
Axial force, 1 
Axis, neutral, 97, 99 

B 

Balanced reinforcement, 186 
Bar, 1 
curved, 285 
circular section, 286 
rectangular section, 285 
Beam, cantilever, 74 
with constant moment, 139 
of constant strength, 188, 195 


Beam, continuous, 160, 162, 167, 169 
curved, 279 
fixed, 151 

and supported, 154, 158 
of two materials, 176 
overhanging, 74 
reinforced concrete, 180 
simple, 74 
wood and steel, 176 
Beams, curvature of, 124 
^ deflection of, 124, 127, 263 
design of, 105 
impact stresses in, 212 
moment in, 81 
resilience in, 207 
selection of, 108 
shear in, 74, 75 
slope of, 127, 129, 131, 133 
stiffness of, 140 
stresses in, 97, 114 
structural, 295 
Bearing stress, 5, 306, 307 
on rivets, 37, 306, 307 
Bethlehem Steel Company, 238 
Boiler Code, A.S.M.E., 53, 63 
Boiler steel, 54 
Box girder, 196 
Brass, 4, 16 
Brick, 2 

British engineers, 5 
Bronze, 4 

Building Code Committee, 24, 238, 
243, 253, 257, 306 
Building Laws, Chicago, 247 
New York, 24, 292 
Butt joint, 55, 67 

C 

Canadian Pacific Railroad, 54 
Carnegie Pocket Companion, 295 
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Cast iron, '3, 16 
Center, shear, 141 
Channels, structural, 297 
Chicago Bridge and Iron Works, 54, 
63, 238 

Circular section, curved beam, 284 
hooks, 286 

Code, A.S.M.E. Boiler, 53, 63 
Coefficient of temperature, 11, 294 
Coil springs, 204 

Column action, in flange of I-beam, 
259 

in web of plate girder, 255 
Column formula, Euler’s, 226 
Gordon’s, 236 
Rankine’s, 235 
straight-line, 242, 245 
Columns, cast iron, 253 
concrete, 254 
end conditions of, 229 
slenderness ratio of, 226 
steel, 231, 235, 243 
timber, 250 

Combined stresses, 215 
direct and flexural, 215 
direct and shearing, 220, 222 
flexural and shearing, 223 
flexural and torsional, 224 
Compressive stress, diagonal, 33 
direct, 5 
resultant, 222 
Concrete, 2, 16 
beams, 180 
columns, 254 
Constant, Rankine’s, 236 
Constant strength, beams of, 188, 
195 

Continental engineers, 5 
Continuous beam, with fixed ends, 
162, 167 
Copper, 4, 16 
Curvature of beams, 126 
Curve, elastic, of a beam, 128, 129, 
131, 133 
stress-strain, 15 
Curved bars, 285 • 
circular section, 286 
rectangular, 285 


Curved beams, 279 
circular section, 284 
rectangular, 281 
T-section, 283 
Cylinders, stress in, 58, 61 

D 

Danger sections, 92 
Deflection of beams, 124 
by area moment method, 263 
cantilever, concentrated load, 127, 
134, 265, 267 

uniform load, 129, 135, 268, 269 
constant moment, 139, 277 
constant strength, 193 
by double integration method, 127 
fixed, 151, 152 
and supported, 154, 158 
oblique loading, 149 
simple, concentrated load, 131, 
137, 271, 272, 277 
uniform load, 133, 275 
Deformation, compressive, 6 
in riveted joints, 43 
shearing, 31 
in a shaft, 70 
tensile, 6 

Design, of beams, 104 
of columns, 234, 240, 248 
of reinforced concrete beams, 183 
of riveted joints, of maximum 
efficiency, 62 
structural, 47 
Diagrams, moment, 85 
shear, 77 
stress-strain, 14 
Differential equation, 127 
Double integration method, deflec- 
tion of beams, 127 
Dow metal, 4 
Duralumin, 4 

E 

Eccentric loads, on blocks, 217 
on columns, 261 
Economic sections^ 104 
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Effective net thickness, 59 
Efficiency, maximum, 62 
of riveted joints, 52, 55 
Elastic, curve, 128, 129, 131, 133 
Elastic deformation, 6 
Elastic limit, 7, 8, 17, 291 
Elastic resilience, 200 
Elastic solid, 1 

Elasticity, modulus of, 9, 31, 291, 
293, 294, 304, 305 
Elongation, percentage of, 19 
End conditions, of columns, 229 
Endurance limit, 23 
Engineers, British, 5 
Continental, 5 
Equation, differential, 127 
Equivalent area, 10 
Euler, column formula, 226 
External work on beams, 209 

F 

Factor, form, 112 
of safety, 23, 24 
Failure, fatigue, 23 
Fillet weld, 29, 65 
Fixed beam, 151 

Flexural stress, 97, 98, 100, 215, 292, 
293, 304r-307 
Flexure of beams, 124 
Force, axial, 1 

Forest Products Laboratory, 2, 8, 9, 
- 24, 113, 114, 250, 293 

Form factor, 112 

G 

Gage, rivet, 52 
Girder, box, 196 
plate, 119, 196 

Gordon’s column formula,^ 236 
H 

Helical springs, 204 
Hookers Law, 1, 6 
Hooks, 279 

of circular section, 286 


Hooks, of rectangular section, 285 
of T-section, 287 
of triangular section, 288 

I 

Impact loads, on bars, 202 
on beams, 212 

Induced shearing stresses, 31, 34 
Internal work in beams, 209 
Investigation of columns, by Euler’s 
formula, 233 

by Rankine’s formula, 238 
by straight-line formula, 247 
Iron, cast, 3 
wrought, 3 

J 

Joints, riveted, 37, 43 
butt, 55 
lap, 37, 52 

of maximum efficiency, 62 
structural, 43 
welded, 65 
butt, 67 
fillet, 65 

L 

Lap joint, 37, 52 
Leaf springs, 192, 193, 211 
Limit, elastic, 7, 8, 17, 291, 304, 305 
endurance, 23 

Loads, eccentric, on blocks, 217 
on columns, 261 

Loads, impact and sudden, on bars, 
202 

on beams, 212 
moving, on beams, 94 
Long ton, 5 

M 

Materials, engineering, 2 
Maximum efficiency, riveted joints, 
62 
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Maximum resultant stress, normal, 
222 

shearing, 220 
Modulus, of elasticity, 9 
in bending, 304, 305 
in shear, 31, 294 
in tension and compression, 9, 
291, 293, 304, 305 
of resilience, 200 
of rupture, 110 
section, 100 

Moment, in beams, 81, 98 
diagrams, 85 
equations, 85 
maximum, 92 

due to moving loads, 94 
of inertia, polar, 69 
rectangular, 99 

Moments, theorem of three, 160, 169 

Monel metal, 4 

Moving loads, on beams, 94 

N 

National Advisory Committee for 
Aeronautics, 112 

National Lumber Manufacturer’s 
Association, 250 
Net thickness, effective, 59 
Neutral axis, 97, 99 
Neutral surface, 97 
Newlin, 114 

New York Building Laws, 24, 292 
New York Central Railway, 238 
Nominal stress, 18 
Nonchrcular shafts, 72 

O 

Oblique loads on beams, 146, 149 
P 

Percentage, of elongation, 19 
of reductimi of area, 19 
Permaiient siiti 8, 20 
Pitch of rivets, 51, 120 


Plate girders, design of, 196 
riveting of, 119 
web stresses in, 255 
welding of, 119 
Poisson’s ratio, 12, 32 
Polar moment of inertia, 69 
Power, transmission of, by a shaft, 
71 

Properties, of angles, 298 
of beams, 295 
of channels, 297 

Proportional elastic limit, 7, 8, 17 
R 

Radius of curvature of a beam, 125 
Rankine’s, column formula, 235 
constant, 236 
Ratio, Poisson’s, 12, 32 
slenderness, 226 
Rectangular curved bars, 285 
Rectangular curved b^ms, 281 
Rectangular moment^ of inertia, 99 
Reduction of area^ pei^ei^ge of, 19 
Reinforced concrete, bc^ms^*180, 183 
columns, 254 t 

Reinforcement, balanced, 186 
Resilience, 200 
in beams, 201 
of coil springs, 206 
of leaf springs, 211 
modulus of, 200 
in shafts, 206 
Rivet, gage, 52 
pitch, 51, 120 
Riveted joints, 37 
deformation ii^ 43 
efficiency of, 52, 55 
of maximum efficiency, 62 
strength of, 52 ^ " 

Riveting, of boil^s, 60 
of plate girders, 119 
structural, 43 

Rolled skuci^ral beams, selection 
of, 108 
tabl^, 295 

Rupture, modulus of, 110 
strength, 17, 18 
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S 

Safety, factor of, 23, 24 
Saint Venant, 72 
Scale, of a spring, 205 
Section, danger, 92 
of maximum moment, 92 
repeating, 61 
Section modulus, 100 
Sections, economic, 104 
Selection of rolled structural beams, 
108 

Set, permanent, 8, 26 
Shaft, noncircular, 72 
shearing deformation in, 70 
shearing stress in, 69 
torque in, 69 
torsion of, 69 

transmission of power by, 71, 
Shear, 29 
in beams, 74 
center, 141 
angle section, 145 
chapnel section, 141 
H-i^tion, l44 
defoilii^tion, 32 
in ek shaft, 70 
diagrams, 77 
equations, 77 
in rivets, 38 

Shearing modulus of elasticity, 31, 
294 

Shearing strain, 31, 70 
Shearing stress, 29 
in beams, 75, 114, 293, 306, 307 
in I-beams, 118 
induced, 31, 34 
resultant, 219, 220 
in shafts, 69 
Slenderness ratio, 226 
Slope of beanos, 127, 129, 131, 133 
Solid, elastic, t 

Southern Pacific Railroad, 246 
Specific gravity, table, 291 
Specifications, A.S.'F.M., 294 
Spheres, stresses in, 61 
Springs, helical, 204 
leaf; 192, 193 


Standard test bar, A.S.T.M., 21, 22 
Steel, 3 
boiler, 54 
cold-drawn, 27 
nickel, 54 
tank, 54 

Stiffness of beams, 140 
Stone, 2 

Straight-line column formula, 242, 
245 

Strain, 1, 7 
shearing, 31 

Strength, of riveted joints, 52, 55 
rupture, 17 

ultimate, 17, 291, 304, 305 
Stress, 1 
actual, 25 

^ allowable, 292, 293, 306, 307 
in bars of two materials, 10 
in beams, flexural, 97, 98, 100, 
306, 307 

shearing, 114, 118 
bearing, 5, 306, 307 
combined, 215, 217, 219 
in cylinders, 68, 61 
impact, in bars, 202 
in beams, 212 
in joints in pipes, 58, 61 
nominal, 18 
shearing, 29, 306, 307 
in shafts, 69 
in spheres, 61 
temperature, 11 
tensile, 4 
ultimate, 17 
unit, 5 

Stress-strain diagram, 14 
Structural angles, 298 
Structural beam's, 295 
Structural channels, 297 
Structural riveting, 43, 47 
Surface, neutral, 97 

T ^ 

Tables, 291 
Tank steel, 54 

Temperature, coefficient of, 11, 294 
stress, 11 
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Tensile stress, direct, 4 
diagonal, 33, 184 
resultant, 222 

Test bar, standard A.S.T.M., 21, 22 
Theorem of three moments, 160, 169 
Timber, 2, 16, 293, 304, 305 
Timber columns, 250 
Tin, 4 
Ton, long, 5 
Torque, in a shaft, 69 
Torsion, resilience in, 206 
of shafts, 69 

Transmission of power by a shaft, 71 
Trayer, 114 

Tnsection, curved beams, 283 
hooks, 287 

U 

Ultimate strength, 17, 291, 304, 305 
Ultimate stress, 17 
Unit, deformation, 7 
stress, 5, 23 

U. S. Department of Commerce, 24, 
238, 244, 253, 257, 306 
U. S. Forest Service, 2, 8, 9, 114, 250 


V 

Vertical shear, 77 

W 

Weights, of materials, 291 
of timber, 304, 305 
Weld, butt, 67 
fillet, 29, 65 

Welding of plate girders, 119 
Wood and steel beams, 176 
Work, 200 
external, 209 
internal, 209 
Wrought iron, 3 

Y 

Yield point, 17, 18 

Young^s modulus of elasticity, 9 

Z 

Zinc, 4 






